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ABSTRACT

Our research work is on the construction of new absolute irreducible testing criteria and the
creation of criteria that guarantee the existence of an absolute irreducible factor defined over
[F, and its applications towards the exceptional almost perfect nonlinear (APN) conjecture.

Our results have direct implications and applications to algebraic geometry, algebraic num-
ber theory, coding theory, cryptography, sequence design, exceptional polynomials, finite
geometry and combinatorics, where absolute irreducibility is critical.

We use these new criteria and previous well establish results to solve many pending cases of
the exceptional APN conjecture. We resolved the conjecture completely when the polynomial
degree is Gold, and the second term is an odd degree term. We do this by generalizing a
previous result by Delgado and Janwa. When the degree is Gold, and the second term is an
even degree term, we use a method designed by Delgado and Janwa to prove the conjecture of
all the possible cases with three exceptions. In these three cases, we gave a series of conditions
the polynomials left need to fulfill.

For the Kasami-Welch degree case, first, we extend the criteria for factorization into abso-
lutely irreducible factors for the monomial case. When the degree of the polynomial is a
Kasami-Welch exponent, and the degree of the second term is 1 (mod 4), we generalize a
result by Delgado and Janwa in two different ways. First, we give a bound on the degree of
the second term that allows us to cover more cases than the one of degree 5 (mod 8). Second,
we gave a condition on the Kasami exponent, which allows us to guarantee the existence of
an absolutely irreducible factor defined over [F,. Using a technique similar to the Gold, we
manage to provide an upper bound on the multiplicity of the point {(1,1,1)} for the second
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term. If this bound is not met, then we can guarantee the existence of an absolutely irre-
ducible factor defined over F,. Using this bound, we can partially prove the conjecture when
the second term has an even degree. For the even degree case, we provide a characterization

of the factorization for an infinite family of cases. We also give a conditional proof for the
general case. Using this characterization and the results of Caullery and Rodier, for the case,
when the degree of the polynomial is 4e, when e is a Gold or Kasami-Welch exponent, we
prove that under a certain condition in the second term, the polynomial is not exceptional

APN.
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LIST OF SYMBOLS

N set of natural numbers

7 set of integer numbers

F,n, GF(p") field of order p™

[, multiplicative group (without the zero element)

R[X] a ring of polynomials in the variable X with coefficients in a ring

R

R[X3, ..., X,] aring of multivariate polynomials in the variables X, ..., X,
with coefficients in a ring R

v,(G) multiplicity of a ploint p of a Multivariate polynomial G
Gal(F,/F,), the Galois group of F,» associated with I,

m(G), the minimal extension in which G factors into absolutely
irreducible components

APN almost prefect nonlinear function
EAPN exceptional almost prefect nonlinear
(a,b) greatest common divisor of a and b
T the tangent cone of G at 0

to the first cone of G

DG(F) the degree-gap of F/(X)

X represent the variables Xq,..., X,
|a] the floor of a

6;(X,Y, Z) the polynomial ¢(X, v, 7) — LX) T/ + J(Z) £ J(X +V + Z)

(X+YV)Y+2Z)(X+2)
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1. INTRODUCTION

Finite Fields were discovered by Evariste Galois and are usually referred to as Galois fields.
During this thesis, every field we consider will be a finite field except is stated otherwise.
Let F be any finite field, then F[X] is the polynomial ring in X with coefficients in F. Let
p(X) € F[X] be an irreducible polynomial over F,, then it is well known that the ideal
< p(X) > is an irreducible ideal and hence a maximal ideal in this principal ideal domain.
Therefore, the resulting quotient ring F[X]/ < p(X) > is a finite field of degree extension
deg(p(X)). Specifically, if p(X) is an irreducible polynomial of degree n in F[X]| and the
order of F is ¢, then ff[X]/ < p(X) > is a finite field of order ¢". The resulting field is the
field of polynomials modulo p(X) of degree less than n with coefficients in F. This field is
also represented as F[a|, where « is any root of p(X). It is well known that every finite field
has order p™, where p is a prime number and it is the characteristic of the field. We denote
the finite field of ¢ elements by F, or GF(q). By Galois Theory, finite fields are unique up
to isomorphisms, namely the splitting fields of separable polynomial X" — z over the finite

field F,.

The order of an element « in the multiplicative group of nonzero elements of F,, is the
smallest positive integer [ such that o/ = 1. F, always contains at least one element of order
g — 1, any such element is called a primitive element. Given a finite field [F;, and an integer
n > 1, we can always find a finite field (F,») with ¢" elements, this field is known as the
extension of F, of degree n. We can define a map o : Fjn — Fn by o(z) = 29, with the
property that for every element a € F,, we have that o(a) = a (that is, it fixes F, pointwise),
and is also a linear map. This map is known as the Frobenius automorphism. We can show
that the Galois group Gal(F /IF,) is the group of automorphism of F» such that F, is fixed.
It turns out this group is generated by the Frobenius automorphism i.e. the group is cyclic
of order n.

Example 1. Let Fy = {0,1, a, a?} is the group of order 4 of characteristic 2. Then the map
o : Fy — F, defined by o(x) = z? is the Frobenius automorphism and the generator of the
group Gal(Fy/Fq) =< 0 >.

1.1. Algebraic Geometry. We present a background on the algebraic geometry results
that is used in this thesis. For a more comprehensive and detail study of the subject we refer
to Fulton [27|, Shafarevich [49], and Hartshorne [30].

Definition 1. Let G € F,[Xy,...,X,], and P € F}. Then we called P a rational point if
G(P) =0. If G is a not a constant, the set of rational points of GG is called the hypersurface
defined by G. A hypersurface in Fg is called an affine plane curve.

Every irreducible factor of G is called a component. We can classify the rational points of
a hypersurface and assign them a multiplicity. Later in chapter 2, we will use the multiplicity
of rational points to create absolutely irreducible criteria.
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Definition 2 (Fulton [27]). Let f(Xy,...,X,) € F,[X1,...,X,]. A point a = (ay,...,a,)
on f is singular if %(a) == %(a) = 0. The multiplicity of a on f, denoted va(f), is

the smallest degree term with nonzero coefficients in F(X) = f(X —a). Any point o a curve
will have multiplicity at least 1, while a singular point has multiplicity at least 2. Define
T(F) to be the homogeneous polynomial composed of the terms of degree v,(f) in F. Then
T(F) is called the tangent cone of F' at a and the tangent lines to f at a are the factors of
T(F).
Let G(X) € Fy[Xy,...,X,] and a € F} we will denote by v,(G) be the multiplicity of a.

We can establish the following properties.
Lemma 1. Let G(X), F(X) € F,[X;,..., X,] and a € F. Then the we have the following

(1) 1(FG) = v(F) + 1,(G),

(2) vo(F + G) > min(v,(F), v.(Q)).
Definition 3. Let G(X) € F,[X1,..., X,], such that every rational point of the hypersurface

obtained by G has multiplicity 1. Then G(X) is called a non-singular polynomial, otherwise
we called G(X) a singular polynomial.

Proposition 1 (Fulton [27]). Let H be a hypersurface and let P be a singular point of H,
then vp(H) > 1.

Proposition 2 (Fulton [27]). Let H be a hypersurface and let P be a simple point of H,
then vp(H) = 1.

Definition 4. Let G(X) € F,[X1,...,X,] be a polynomial in which every term has the
same degree d. We called G(X) a homogeneous polynomial or form of degree d.

The following definition will be important in chapter 2. We will put conditions sufficient
conditions on the tangent cone to guarantee that a polynomial has an absolutely irreducible
factor defined over F,.

Definition 5. Let G(X) € Fy[X;,..., X,,] and let P € F}. Let G(X — P) = Gg(X) +--- +
G.(X), be the degree-decreasing order, where G;(X) is either a homogeneous polynomial

of degree i or 0. We called G(X) the tangent cone of G(X) at P. If P is not specified is
assumed to be the point 0.

We will denote the tangent cone of a polynomial G at P by Tp(G). If no point P is
specified we will assume is 0.

Example 2. Let G(X,Y) = X2+ Y? € Fy[X,Y]. Then the hypersurface obtain by G is
given by {(07 0)7 (]-a ]-)’ ((1/7 OZ), (O[ +1la+ 1)}

Example 3. Let G(z) = 2* + y* € F5[X,Y]. Then v()(G) = 2, that is (0,0) is a singular
point. the point (1,1) is a simple point since v 1y(G) = 1.

Example 4. The polynomial from Example 2 is nonsingular, while the polynomial from
Example 3 is singular.

Example 5. Let G(X,Y) = X?+Y? € F [ X, Y], then G(X,Y) is a homogeneous polynomial
of degree 2.
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Let Fq is an algebraically closed field. Let F,G be plane curves and let P € IFg. We
will denote the intersection number of F' and G at P by I(P, F'N G). We say that F' and
G intersect properly at P if F and G have no common components that pass through P.
Two curves F' and G intersect transversally at P if P is a simple point on both F' and G
with different tangent lines from F' and G. We require the intersection number to have the
following properties.

(1) I(P, FNG) is a nonnegative integer for any F', G and P given that F' and G intersect
properly at P. Otherwise if they do not intersect properly at P we have I(P, FNG) =
0.

(2) I(P, FNG) = 0if and only if P ¢ FNG. I(P, FNG) depends only on the components
of F and G that pass through P. Moreover I(P,FFN G) = 0 if either F or G is a
nonzero constant.

(3) The intersection number is invariant under affine change of coordinate in the following
sense. If T is an affine change of coordinates on A% and T(Q) = P, then I(P, FNG) =
I(Q,FT nGT).

(4) I(P,FNG) =I1(P,GNF) (symmetric).

(5) I(P, FNG) > my(F)m,(G) with equality occurring if and only if /' and G have no
tangent lines in common at P.

(6) If FF= HP;” and G = HG;J, then I(P,Fﬂ G) = Zi,j T’Z'SjI(P, Fz N G])

(7) If F is irreducible, I(P, FFNG) should depend only on the image of G in I'(F"). Which
is equivalent to [(P,FNG) =I(P,F N (G+ AF)) for any A € k[X,Y].

The following theorem defines the intersection number.

Theorem 1. There is a unique intersection number I(P, F'NG) defined for all plane curves
F. G, and all points P € A?, satisfying the previous seven properties. Moreover, this number
is given by the formula

I(P,FNG) = dimy(Op(A2)/(F,G)).

One can also prove teo more properties about the intersection number.
(8) If P is a simple point then I(P, F N G) = ord] (G).
(9) If F, G have no common components then
Yopl(P, FNG)=dimg(klz,y]/(F,G)).
Remark: This properties can be extended to include projective plane curves.
The following theorem has great importance in analysing singularities and points in common

between two projective plane curves. Janwa, Wilson, and McGuire [35] used the following
theorem to give an algorithm to test absolute irreducibility.

Theorem 2 (Bezout’s Theorem [27]). Let F' and G be absolutely irreducible projective
plane curves of degree m and n respectively. Assume F' and G have no common component.
Then

Y.pI(P,FNG)=mn.
1.2. Absolutely Irreducible Criteria.
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Definition 6. Let G(X) € F,[X}, ..., X,] be a non-constant multivariate polynomial. We
say G(X) is absolutely irreducible if G(X) is irreducible over F,, where F, is the algebraic
closure of IF,.

Finding Criteria to test whether or not a polynomial is an absolutely irreducible is a
very complex problem in mathematics. There only exists a few criteria in the literature
that can be applied to any polynomial. Many times we only need that the polynomial
g9(X) € F,[Xy,...,X,] contain an absolutely irreducible factor defined over F,. There exist
many criteria that guarantee the existence of an absolutely irreducible factor defined over
[F,. Later in chapter 2, we will present new criteria to guarantee the existence of absolutely
irreducible factors defined over FF,. Absolute irreducibility have applications in many areas of
mathematics; for example, finite geometry [32, 33|, combinatorics [53], algebraic-geometric
codes [52], permutation polynomials [42], function field sieve [1], coding theory [34], cryp-
tography [34] and algebraic geometry [30].

For polynomials in 1 variable, we have a well-known test for irreducibility given by Eisen-
stein [22].

Theorem 3 (Eisenstein’s Criterion 1850). Let R be a unique factorization domain and let
f=fot+ fixt+---+ fuz™ € Rlx], where fo, f,, # 0. If there is a prime p € R such that all the
coefficients except f,, of f are divisible by p but f; is not divisible by p? then f is irreducible
over the fraction field of R.

This theorem can be generalized to multiple variables. The following two theorem are
generalizations due to Dumas [20] and Wan [54].

Theorem 4 (Eisenstein-Dumas Criterion). Let R be a unique factorization domain and let
f=fo+ fir+---+ fox™ € R[z], where fy, f, # 0. Assume that f is primitive; i.e. fo,..., fn
have no common factor in R. If the Newton polygon of f with respect to some prime p € R
consists of the only line segment from (0, m) to (n,0) and (n,m) = 1 then f is irreducible
in R[X]

This theorem can be generalized into another context such as local fields or fields with
valuations [7, 38, 43].

Theorem 5 (Special Case of Eisenstein-Dumas Criterion). Let F be any field and let f =
foly) + fily)x + -+ + fu(y)z™ € Flx,y]. Assume that fo(y) # 0 and f,(y) is a nonzero
constant in F. If the Newton polygon of f has only one line segment from (0,m) to (n,0)
and (n,m) =1 then f is absolutely irreducible over F.

The following criterion to test absolute irreducibility is due to Stepanov and Schmidt
[48, 50, 51].

Theorem 6 (Stepanov-Schmidt Criterion). Let F be a field and let f € Flz,y] with degree
n in X. If the upper Netwon polygon of f with respect to y has only one line segment from
(0,m) to (n,0) and (n,m) = 1, then f is absolutely irreducible over F.

These methods using the Newton polygon has been generalized to Newton Polytopes by
Gao in [28] obtaining the following two absolute irreducibility criterion.
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Theorem 7 (Gao 2001 [28]). Let f = g(X) + h(Xy,...,X,), where g € F[X] of degree r
and h € F[Xy,..., X,] of total degree m. If (r,m) = 1, then f is absolutely irreducible over
F.

Theorem 8 (Gao 2001 [28]). Let f = aX™ +by" + > ¢;; X'Y? € F[X,Y] with a,b # 0 and
(1,7) different from (m, 0), (0,7n). Suppose that the Newton polytope of f is contained in the
triangle with vertices (m,0), (0,n) and (u,v) for some point (u,v) € R If (m,n) = 1, then
f is absolutely irreducible over F.

One can use algebraic geometry to create many absolute irreducibility testing criteria. The
following two criteria are well-known results.

Theorem 9. Let F/(X) € F,[X] be a non constant polynomial. If /'(X) is non singular then
F(X) is absolutely irreducible.

Theorem 10. Let F(X) € F,[X] be a non constant polynomial and F/(X) = Fy(X) +--- +
Fy(X), where F;(X) is a form of degree i or 0. If F;(X) is absolutely irreducible then F(X)
is absolutely irreducible.

The following lemma is proven in [14]|. Later in Chapter 2 in Lemma 18 we generalize
Lemma 2 by lower the condition of relatively primeness of the highest degree two nonzero
homogeneous polynomials to the relative primeness of all the nonzero homogeneous poly-
nomials. We also generalized for polynomials in several variables. This generalization will
then prove all the exceptions left in the Gold degree case when the second-highest degree is
congruent with 1 (mod 4).

Lemma 2. [Delgado and Janwa [14]| Let K be a field. Let G(X,Y,Z) € K[X,Y, Z] be a
polynomial whose graded homogeneous representation is: G = Gy + G, + - - - + Gg, where G;
is 0 or homogeneous of degree i € {0, ...,b}. We also assume that b > 2a and that G factors
into distinct irreducible factors over K and (G,,G}) = 1. Then, G is absolutely irreducible.

One can also test absolute irreducibility by using Noether irreducibility forms [37].

Janwa and Wilson [34] and Janwa, McGuire and Wilson [35] introduce the algorithm 1.
This is one of the most powerful tools to test the absolute irreducibility of polynomials of sev-
eral variables. This algorithm is quite powerful and valuable since it is one of the few criteria
that can be used for arbitrary polynomials. The algorithm is based on intersection theory,
singularity analysis by using Bezout’s Theorem. The main problem with this algorithm is
that finding all the singularities for many polynomials is quite difficult and computationally
exhaustive.

Algorithm 1. [Janwa and Wilson [34], Janwa, McGuire and Wilson [35]] Let F(X,Y,Z) €
K[X,Y, Z], where K is an arbitrary field.
1. Assume F(X,Y, Z) factors as P(X,Y, Z2)Q(X,Y, 7).
2. Compute and classify multiplicities of each singular point.
3. Find intersection multiplicities.
4. If the sum of intersection multiplicities exceeds that predicted by Bezout’s theorem,
then factorization can not occur.
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For many applications we do not need to prove the whole polynomial is absolutely irre-
ducible, instead it is enough to show the existence of an absolutely irreducible factor defined
over the same field as the polynomial. For example, in the Segre Bartocci conjecture re-
garding exceptional hyperovals, Hernando and McGuire show that if a specific polynomial
contains an absolutely irreducible factor, its corresponding hyperoval can not be exceptional
hyperoval [32]. Using Algorithm 1 Hernando and Mcguire show that apart from the excep-
tions every polynomial associate with the hyperoval has an absolutely irreducible factor, and
thus, they prove the conjecture [32]. Similarly, Jedlicka [36], and Hernando and McGuire [31]
use Algorithm 1 to prove the Exceptional APN conjecture for monomials.

In 2010 Aubry, McGuire, and Rodier [2] using intersection analysis gave the following
criteria to determine the existence of an absolutely irreducible factor.

Let X be a hypersurface in three variables and let X be its projective closure.

Lemma 3. [2| Let H be a projective hypersurface in P2, If X N H is a reduced absolutely
irreducible curve, then X is absolutely irreducible.

The following lemma gave conditions to guarantee the existence of an absolutely irreducible
factor.

Lemma 4. 2] Let H be a projective hypersurface. If X N H has a reduced absolutely
irreducible factor defined over IF, then X contains an absolutely irreducible factor defined
over F,.

Recently Bartoli and Schmidt [3] have proved the lemma below. In chapter 2 we generalized
this lemma in two different ways. We generalize to several variables and for reduced absolutely
irreducible factors rather than linear factors. Moreover, we create new criteria by changing
the conditions of Lemma 5 to obtain many new criteria, including absolute irreducibility
criteria. Furthermore, we gave a construction we will call the first cone, which has similar
properties to the ones of the tangent cone. We present analog theorems to the tangent cone
criteria by using the first cone.

Lemma 5. [3] Let H € F,[z, y] and suppose that the tangent cone of H contains a reduced
linear factor over F,. Then H has an absolutely irreducible factor defined over F,.

The following results regarding the factorization of a polynomial are important. In Chapter
2, we present an improvement of this result. The following lemma will play an important
role in chapters 3 and 4.

Lemma 6. [39] Suppose p(X) € F,[X1,...,X,]is of degree d and is irreducible in F,[ X1, ..., X,].
Then there exists r with 7 | d and an absolutely irreducible polynomial h(X) € Fr[ Xy, ..., X,]
of degree d/r such that

p(X) =[] o(n(x))
where G = Gal(F,/F,) and ¢ € F,. Furthermore, if p(X) is homogeneous, then so is h(X).

For a computational approach to factor into absolutely irreducible factors, we refer to the
Lenstra algorithm [41].
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1.3. Almost Perfect Nonlinear Conjecture. One can obtain the definition of almost
perfect nonlinear functions by different areas of mathematics. The following construction is
obtained by cryptography. The differential cryptanalysis is an attack invented by Biham and
Shamir in 1991 [4] which exploit the symmetries of the difference and the fact that some
difference occurs with high probability. Precisely, differential cryptanalysis is an iterative
process that can summarize as follows. Let consider an r-round, symmetric block cipher. We
can summarize the differential cryptanalysis as follows [40] :
(1) Find a differential («, ) such that P(AX = a|AX (r—1) = ) with high probability.
(2) Choose a random plaintext x and compute z* such that AX = a Now encrypt z,
x* (under the secret key) and obtain the outputs y and y*. Now using the expected
difference in the (r—1)-round and partially decrypting predict some of the key values.
(3) Repeat this process until some key values occur with a great frequency. Take these
values as the values of the key.

A natural way to make a cryptographic system that is resistant to this type of attack is
to make sure every difference occurs with low probability. This motivates the definition of a
0-uniform function. For the rest of the document let L = Fys.

Definition 7. A function f : For — Far is d-uniform if for every a € Fqr, a # 0, then the
equation f(x 4 a) + f(x) = b has at most 0 solutions for every b € Fyx.

If a function is 2-uniform then it is called an almost perfect nonlinear (APN). More for-
mally:

Definition 8. Let f : F, — F,. We say that f is an Almost Perfect Nonlinear Function if
for every a,b € IF;, a # 0 the equation

fz+a) = f(X)=0

has at most 2 solutions.
Example 6. Consider the function f : Fys — Fys define by f(x) = z3. Then f(z) is APN.

Notice that if = is a solution of the equation f(z + a) + f(z) = b, then x + a is also a
solution, so the solutions come in pairs. In this sense, APN functions minimize the probability
of success of the differential cryptanalysis.

We can also derive the concept of APN function using code theory. Lets start by recalling
the Hamming codes are [2,2™ — 1 — m, 3] codes. Let H,, := [hi,ho,..., hom_1] where
h; € 3 — {0} where n = 2™. Now we can think F} as a vector space over Fy with dimension
m. Also we can think on it as the extension field Fy given by the following quotient Fa[z] 2" —2z
give us an extension of Fy in which the polynomial 2" —z = x(2"~* — 1) split completely (i.e.
every root of this polynomial is an element of the field). The following theorem is a classical
theorem in algebra that state a relation between every nonzero element.

Theorem 11. Let K be a finite field then (K*,*,1) is a cyclic group.

By using this theorem we can express F5* — {0} as < o > where o € F}* and « is a
generator of ff* — {0}.
Let H=[a" a,a? ...a*" 7%, a®" 7! =1 = o’ Now we can define the hamming code:
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CH,, .= {z|H,x =0}

ie. v € CH,, if Y0zl = 0. Let f(z) = sum?’y2za’. So f(a) = 0. Notice that
0 = f(a) = sum?y ?x;a'. Now if we multiply by a we obtain

2m_2

0=0-a=a- fla)= Z e
i=0
= o+ 1102 + -+ Tom 507 2 4 Tom_oa? !

Therefore, (xom_s), Tg, 1, ..., Tam_o) € CH,,. A code with this property that if x is a solution
then all the solutions are shift of this element is called a cyclic code. Now given a cyclic code
C we can try to obtain a new code by adding more rows to increase the minimum distance
and hence it can correct more errors. Consider the matrix analyze previously H,, and add
extended as follows: Let

m_
0 o a o ... o
=00 of o2 . g2t

Now consider the code CH = {z|Hz' = 0} and let z = [0,0,...,1,0,0,...,1,0,
..., 1,0,...,1,0,...,0] be the vector with nonzero coordinates in the 0 <, 75k, 1 < 2™ — 2
position. Now Hz! give us the following system of equations:

o +al+ab+a =0
a + ot +aft ot =0

If 4 columns are linearly independent then the code C'H has minimum distance d,;,(CH) >

5. Lets see an example,

Example 7. Let ¢t = 3 and (m,t) = 1 then we obtain the following matrix:

o ¥ a a? ... o2
“\a® o af . @23 )
Let z be the mentioned vector and denote z; = o', x; = o/, xy = of, and z; = . So we
obtained the following system of equation:

ritrj+axp+2=0
x} +ad+ap+a} =0

We can extend this system and create the following system of equation. Let first

Ty Tj T X
V- R
T xy T T
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then the system can be express as V,, *1 = 0 where 1 is the vector with all entries equal to 1.
Now notice that V;, is a Vandermonde matrix so is invertible if x; # x; for ¢ # j. Therefore,
the columns V,,, are linearly independent and 4 columns of H are linearly independent. This
implies that distance of CH > 5.

Now a function that extend the minimum distance of the code to 5 is APN.

Definition 9. A function f : For — Far is APN if the cyclic codes o generated by f has
a minimum distance 5.

The definition of an almost perfect nonlinear function can be derived also from algebraic
geometry. The following proposition gives another characterization of these functions.

Proposition 3 (Rodier [46]). A function f : F, — F, is APN if and only if the rational
points f, of the affine surface

FX)+ )+ @)+ fle+y+2)=0
are contained in the surface (x + y)(z + 2)(y + 2) = 0.
Almost perfect nonlinear property is invariant under certain transformations. This allows

us to define equivalence classes. The following three are the equivalence transformation. The
last transformation is the most general one and includes the other two.

Definition 10. A polynomial in Fom[z] of the form
L(z) = Z cia?

is called a [linearized polynomial. The addition of a linearized polynomial and a constant
term is called an affine polynomial. A linearized (resp. affine) polynomial which defines a
permutation over Fom is called a linear (resp. affine) permutation.

Proposition 4. Let A(z) be affine polynomial and f(x) be a APN polynomial in Fom|[x],
then f(z) + A(z) is APN over Fom|[x].

Proposition 5. Let A;(x) and Ay(x) be affine permutations, A(x) be an affine polynomial
and f(z) be an APN polynomial in Fon[z]. The polynomial

Ajo foAy(z)+ Alx)
is APN over Fom|[x].

The last equivalence was introduced by Carlet, Charpin, and Zinoviev [6] and it includes
the previous equivalences.

Proposition 6 (Carlet, Charpin and Zinoviev [6]). Let f and g be two polynomials in F,[x].
Suppose there exists a linear permutation £ : F, — F, between the sets {(z, f(z))|x € F,}
and {x,g(x))|x € F,}. Then f is APN if and only if g is APN.

Finding functions that are APN is not an easy task and is a good research problem the
following table summarize the known APN monomial functions.



© 2021 Carlos

A. Agrinsoni Santiago

f(z) = Exponent d Constraints References
Gold 2"+1 (r,n) =1 [45]
Kasami-Welch 2 —2m +1 (r,n) =1 [34]
Welch 2" +3 n=2r+1 [18]
Niho 2" 272 — 1 n=2r+1, r even [17]

2r 4 2Br+1/2 n=2r+1,r odd
Inverse 27r — 1 n=2r+1

Dobbertin | 2% 423" + 2% 427 — 1 n=>5r [19]

TABLE 1. Monomial APN functions
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It is conjectured that these are the only monomial up to equivalence that is APN functions.
Until 2006 this was the only APN function that is known up to equivalence. In this year
Y.Edel, G.Kyureghyan, and A.Pott discover the first APN polynomial function that is not
equivalent to any APN monomial [21]. Since then, the researcher has found many APN
polynomial functions. A similar list of known families of polynomials that are APN is given
in [29] (see table 2). Now let’s define what is an exceptional APN function. For a good survey
on APN function see [29], and see [5] for a good survey on cryptography and APN functions.

f(z)

Constraints

s t__ it rt+s
1.2 +1+a2 1x2 +2

n=3t,(t,3) = (s,3t) =1,t >3

T T TF
$25+1_|_a2 11‘2Z +2rtTs

(
i = st (mod 3),r =3 — i, a is primitive in L
n=A4t, (t,2) = (s,2t) = 1,t > 3
i = st (mod 4) r =4 —14, a is primitive in L

+
axQS—i—l + a2m:E2m s42m + bx2m+1—|—

m—1 ) 2m+i+2i
ijl T

n=2m, m odd ¢; € Fam, (s,m) =1, s odd
a,b are primitive in L

n—t T+s T s+1 n—t
CLI2 4-2t7¢ + CL2 1,2 + bl’2 +1

n =3t (s,3t)=1,(3,t) =1,3|(t+ s)
a es primitive en L, b € Fo:

T n—t TFs s+1 n—t
a¥ 2?2 g bt

n=3t,(s,3t) =1,(3,t) = 1,3|(t + s)
a es primitive en L, b € Fo:

3 =T ot FT =T
C1]2 332” +2 SJra:L,QS +bl‘2n +1+

t t+s s
ca2 +1ZE‘2 +2

n =3t (s,3t) =1,(3,t) =1,3|(t + s)
a es primitive en L, b, ¢ € Fqgt,bc #£ 1

2k k 2k k
222 4 ppatl 4 ega(2TH2Y)

n = 2m, m odd, ¢ a power of (¢ — s)
but no a power of (g — 1)(2° +1),cb? +b# 0

23 + tr](27)

kaH + tr%@)ﬁﬂ

n=2m=4t,(n,k) =1

TABLE 2. Nonmonomial APN functions

Definition 11. A polynomial function f : L — L is an exceptional APN if f is APN over

L and on infinitely many extensions of L.

Notice that Gold and Kasami-Welch monomials are exceptional APN.
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Example 8. Let f(z) = 2'3 € Fys. Now we have 13 = 2% —224+1 and (2, 3) = 1. Therefore,
f(z) is APN over Fys. Moreover, f(x) is also APN over any odd extension of Fas, thus f(z)
is APN in infinitely many extension. Hence, f(z) is exceptional APN.

Janwa and Wilson [34] characterize the exceptional almost perfect nonlinear monomials
using algebraic geometry. Later in 2009 Rodier in [46] gave a characterization of APN and
Exceptional APN functions. For any f(z) € F,[z], we define

fXO+ ) + () + flzt+y+2)
(@ +y)(z+2)(y + 2) '
If deg(f) = d and d is not a power of two then ¢ (X, Y, Z) has degree d—3. For convenience
if f(X) = X" we will denote ¢;(X,Y,Z) by ¢:(X,Y,Z). Notice that if every f(X) = a
or f(X) = a;X¥, (a,a; € F,) then there corresponding ¢;(X,Y,Z) = 0. Now for every
f(X) € Fy[z] of degree d we have

Qbf(X?Y?Z) =

d
61(X,Y,Z) = a;ii(X,Y, Z).
=3

The following theorem characterizes the Exceptional APN functions.

Theorem 12. [46] Let f : F, — [, a polynomial function of degree d. Suppose that the
surface X of affine equation
fXO+FW) +fE) +flaty+2)
(@ +y)(z+2)(y+2)

is absolutely irreducible (or has an absolutely irreducible factor defined over L) and d > 9,
d < 0.45¢"/* 4+ 0.5, then f is not an APN function.

=0

Using this theorem is easy to prove that it is enough to satisfy the following condition to not
be an APN function.

Corollary 1. If ¢4(X,Y,Z) is absolutely irreducible or contain an absolutely irreducible
factor different from (z +y), (x + 2), (y + z), then f is not exceptional APN.

In 2009 Hernando and Mcguire stated the next conjecture. In the next subsections, we
will detail all the known results regarding the exceptional APN conjecture.

Exceptional APN conjecture [31]. The only exceptional APN functions up to equivalence
are the Kasami-Welch and Gold monomials.

1.3.1. Monomial Case. Consider f(z) = z™, if n is even then f(z) is CCZ equivalent to a
monomial 2", where n’ is an odd number. To be precise, n = 2%n/. So it is enough to work
only with the monomials of odd degree. If f(x) is linear then it is clear by the definition
that f(z) is not APN. It is well known that X?"*' (Gold) and X*"~2"*! (Kasami-Welch)
are APN in Fom whenever (n, m) = 1. Therefore, both are exceptional APN over f f,. Janwa
and Wilson [34] prove the following factorization for their corresponding surfaces ¢(X,Y, 7).
For the Gold Case we have that

brn(XY,Z)= ] (@+ay+(a+1)) (1)

a€lFon —Fg
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while for the Kasami Welch case we have
b (XY, Z) =[] pa(X.Y.2), (2)

a€lFon —Fo
where P,(X,Y,7) is an absolutely irreducible polynomial of degree 2¥ + 1, defined over Fox
and P,(X,0,1) = (X + )21,
The next two results characterize the multiplicity of (1,1, 1) in the absolutely irreducible
factors of the Gold and Kasami-Welch cases respectively. This will be important in Chapter
3 and Chapter 4 in the proofs of new cases of the exceptional APN conjecture.

Lemma 7. [Janwa and Wilson [34]] In the absolutely irreducible factorization of Equation
1, the component (X +aY +(a+1)Z), o € For —Fy, we have v 1 1) (X +aY +(a+1)Z) =1
for every a € For — .

Lemma 8. [Delgado and Janwa, [12]] In the absolutely irreducible factorization of Equation
2, the components P,(X,Y, Z), a € For — Fy, intercept transversally at p = (1,1, 1).

This lemma implies directly that v 1,1)(Pa) = 1, for every a € For — Fs.
Aubry McGuire and Rodier prove the following result.

Lemma 9. If d is an odd integer, then (X +Y)(Y + Z)(X + Z) t pa(X + Y + Z).

We also have the following characterization of the factorization when d is even. Suppose
d = 2™e, where e is an odd number, then we have

pome(X,Y, Z) = ¢ NX,Y,Z)$?" (XY, 2), (3)

where ¢6(X,Y, Z) = (X+Y)(Y+Z)(X+Z). The following lemmas regarding the relatively
prime between two different factor as well as the resulting polynomial obtained after intersect
¢a(X,Y, Z) with the hyperplane Y = Z are important results.

Lemma 10 ([13]). For an integer k > 1,let [ =2+ 1, m =2%* —2* + 1 and n = 28 + 3 be
Gold, Kasami-Welch and Welch numbers, respectively. Then (¢, ¢.n) = 1, (¢, ¢n) = 1, and
(Om, dn) = 1. Also:
a) If [, = 28 +1 and I, = 2*2 + 1 are two different Gold numbers such that (ky, ks) = 1,
then (¢l17¢l2) =1
b) (¢my, Om,) = 1 for different Kasami-Welch numbers m; and m.
) (¢ny, Pny) = 1 for different Welch numbers n; and ns.

Later Delgado and Janwa using an affine transformation manage to prove that ¢qr; is
relatively prime with ¢4, d odd whenever d is not a Gold or a Gold satistying the previous
lemma [13].

Theorem 13. [Delgado and Janwa [13]] If d is an odd integer, then ¢, and ¢, are relatively
prime for all k£ > 1 except when d = 2! + 1 and (I, k) > 1.

The following Lemma characterizes the intersection of the surface ¢(X,Y,Z) with the
plane Y = Z.
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Lemma 11. [Delgado and Janwa [15]] Let ¢,,(X,Y, Z) € F5[X,Y, Z]. Then
a) Forn=2"+1>3, 6,(X,Y,Y) = (X +Y)¥ 2
b) For n = 3 (mod 4) > 3, ¢,(X,Y,Y) = R(X,Y) such that X +Y does not divides
R(X,Y).
¢) For n =1 (mod 4) > 5, ,(X,Y,Y) = (X + Y)¥29(X,Y), such that X +Y does
not divides S(X,Y), where n = 1 + 2'm, and m > 1 is an odd number.

Janwa and Wilson [34] also show the following results:

Theorem 14 (Janwa and Wilson [34]). Suppose that ¢ = 3 (mod 4), say ¢ = 2!, with [
an odd integer. If the maximal cyclic code B; of length [ has no codewords of weight 4, in
particular if the minimum distance of B; is at least 5, then the curve defined by ¢;(X,Y, Z)
is a nonsingular curve. Hence, ¢,(X,Y, Z) is absolutely irreducible.

The following two corollaries are a direct consequence of the previous theorem.

Corollary 2 (Janwa and Wilson [34]). The curve ¢(X,Y, Z) is nonsingular for those values
of t = 2l + 1, where [ is an odd integer such that 2" = —1 (mod ) for some 7.

Corollary 3 (Janwa and Wilson [34]). The curve ¢(X,Y, Z) is nonsingular for those values
of t = 2l + 1, where [ is a prime > 17 such that the order of 2 modulo [ is (I —1)/2.

Janwa and Wilson also show the following key result.

Lemma 12. [Janwa and Wilson [34]] If ¢ = 3 (mod 4), then (1,1,1) is not a rational point
of the curve given by ¢,(X,Y, 7).

This theorem implies that v(;11)(¢) = 0 if ¢ = 3 (mod 4). This will be important in
Chapter 3, 4, and 5.

Later in 1995 Janwa, McGuire, and Wilson in [35] extend the results obtained by Janwa
and Wilson in 1993.

Theorem 15 (Janwa, McGuire and Wilson [35]). If t =3 (mod 4), ¢ > 3, then ¢,(X,Y, Z)
is absolutely irreducible.

Theorem 16 (Janwa, McGuire and Wilson [35]). Suppose that t =5 (mod 8), ¢ > 13 and
that the maximal cyclic code B; has no codewords of weight 4. Then ¢,(X, Y, Z) is absolutely
irreducible.

Ferard in the next theorem provides other criteria for the case when ¢ = 5 (mod 8) to
guarantee that ¢;(X,Y, Z) is absolutely irreducible.

Theorem 17 (Ferard [24]). Let I be an odd integer, [ > 7, t = 4/ + 1 and ¢(v,y,1) as
in equation. We assume that there are no points (z,y) € (F2)? which satisfy the following
system

r#Ly#lLx#y
d=1Ly=1(x+y+1)=1
¢13(f’3ay)20

Then the polynomial ¢, is absolutely irreducible.
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In the case when ¢, is not absolutely irreducible Ferard proved the following theorem.

Theorem 18 (Ferard [23, 9]). Suppose that ¢ = 5 (mod 8), ¢ > 29 and that ¢; is not
absolutely irreducible. Then ¢13 divides ¢.

Theorem 19 (Janwa, McGuire and Wilson [35]). Suppose that the maximal cyclic code B,
has no codewords of weight 4, and that Fy does not contain a nontrivial /th root of unity
ie., (1,2" —1) = 1. Then ¢(X,Y, Z) is absolutely irreducible.

Using Algorithm 1 and the following characterization of APN functions Jedlicka proved
Theorem 20 below. He also classifies the singularities and their corresponding multiplicities
for many cases, see table 3 for the classification.

Definition 12. Define ¢(z,y) = (x + 1)™ + 2™ + (y + 1)™ + y™ and h(z,y) = 7420

Proposition 7. If h(x,y) has an absolutely irreducible factor over Fy, then f(z) = 2™ is
not APN over Fy. for large enough n.

Theorem 20. Let f(z) = 221 € Fylz]. If (I,2° — 1) < I, then f(z) is not exceptional APN.

Type | description vp(h) | I, bound Max number of points
Ia Affine, on a line, xg,y € Fj, 2! (20-1)2 2(d-1)
Ib Affine, on a line, 29, yo & Fy, 20110 m' —3

Ila | Affine, off both lines, g, yo € F, [ 2/ +1 27121 +1) | (d —1)(d — 3)

IIb Affine, off both lines,

exactly one of xg,yo € F}, 2! 0 Not important
Ilc | Affine, off both lines, g, yo ¢ Fj | 2 2Lif [ > 1, (=2 (m' —a —3)—
(d—=1)(d=3)
0if =1 and (=3)(2! —2)(2' + 1)
Ma | (1:1:0) o 2| (2 1) d—1
b |[(w:1:0),w?=1w#1 2! (20-1)2 d—1
Mlc | (w:1:0),w?#1 20 —110 Not important

TABLE 3. All singularities of h [36]

The constants m, [, m’, d are defined by the following definition.

Definition 13 (Jedlicka [36]). Let f(z) = 2™. Define [ to be the largest integer such that

2! divides m — 1. Also let m' = Z=F + 1. Let d = (m — 1,2 — 1) = (m;_l,Ql —1).

The remaining case was settled by Hernando and McGuire [31]. They also classified the
singularities for ¢4(X,Y, Z) for the remaining case. Table 4.

Theorem 21 (Hernando and McGuire [31]). Let f(z) = 2**! € F,, not a Kasami-Welch
exponent. If (1,2° — 1) = [, then ¢(X,Y, Z) contain an absolutely irreducible factor defined
over Fy. Therefore, f(z) is not exceptional APN.
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Type | Number of Points | v,(fai;41) | Vp(P2is1)
I 1 2'+1 20— 2
T (30-1) 21 |2

nr |[<(@-1)1-3) [2°+1 20 +1
TABLE 4. Singularities of ¢gi;,1 [31]

Where foi,1(X,Y, Z) = XZHL 4 Y24 72000 4 (X +Y 4 Z)%!FL. The following are the
three types of singular points («, 5, \).
) a=p=1=1.
(IT) Either « =1l and f # l,or f=1and a # 1, or « =  # 1 and A = 1 We divide
these singular points into two cases:
(IT.A) Where II holds and «, 8 € Fy.
(I1.B) Where II holds and a3 not both in GF(2°).
(ITI) a # 1, B # 1 and a # . We divide these singular points into two cases:
(ITII.A) Where III holds and «, 5 € Fa;.
(III.B) Where III holds and «, 5 not both in Fo..

This last theorem complete the case of all monomials. Now let take a look to the polynomial
case. We will separate the polynomial case into the following 4 subcases.

(1) Odd degree case, not Gold or Kasami-Welch.
(2) Gold degree case.

(3) Kasami-Welch degree case.

(4) Even degree case.

1.3.2. Odd degree case, not Gold or Kasami-Welch case. This case was completely solved
by Aubry, McGuire and Rodier [2] in the following theorem. Later in Chapter 2 we give an
alternative proof of this theorem by using the new criteria develop in that chapter.

Theorem 22. If the degree of the polynomial function f is odd and not a Gold or a Kasami-
Welch number, then f is not APN over Fy for all n sufficiently large.

1.3.3. The degree of f is a Gold number. Now we are going to explore the case of polynomials
of degree 2" + 1. The following results summarize what is known in this case.

Theorem 23. 2| Suppose f(X) = X¥ !+ h(X) h(X) have deg(h) < 271 +1. Let h(X) =
Z?;lﬂ a;X7. If there exist a coefficient a; # 0 in h such that ¢;(X,Y,Z) is absolutely

irreducible, then ¢(X,Y,Z) is also absolutely irreducible. Moreover f is not exceptional
APN.

Theorem 24 ([2]). Suppose f(X) = X? ™' + h(X) € Fou[z] and deg(h) = 277! + 2. Let
r be odd and relatively prime to n. If g(x) does not have the form az? '*+2 4+ o2z® then

¢ is absolutely irreducible, while if g(z) does have this form, then either ¢ is absolutely
irreducible or ¢ splits into two absolutely irreducible factors that are both defined over L.

Theorem 25 (DJ [15]). Let & > 2 and a # 0. Take h(z) = E?i;“ a;jxd € Fy[2"] and
suppose that a) or b) holds.
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a) as =0
b) There is a nonzero a;¢; for some j # 5.

Set f(z) = 22"+t + a2 '3 4 h(x) € Fan[z]. Then ¢(X,Y, Z) is absolutely irreducible.

Theorem 26. [15] If f(X) = X?'*! + h(X), deg(h) = 3 (mod 4), deg(h) < 2" + 1 and
r > 2. then f(X) is not exceptional APN.

Theorem 27. [15] For k > 2, let f(X) = 2" + 1+ h(X) € L[z|, where deg(h(X) = 1
(mod 4) < 2F + 1. If (¢gr 41, ¢a) = 1, then f is not exceptional APN.

Later Delgado and Janwa improve this theorem.
Theorem 28 ([15]). For k > 2, let f(X) = 28 + 1+ h(X) € L[z|, where deg(h(X) = 1

(mod 4) < 2% + 1. If deg(h) is not a Gold number, then f is not exceptional APN.

This last theorem left some exceptions which have been partially solved. In Chapter 3 we
will prove the remaining cases.

Theorem 29. [11, 16] For k > 2, let f(X) = X* '+ h(X) € Fyn,) where deg(h) = 2°+1 <
2% + 1. Then:
a. If (k,s) =1, then f is not exceptional APN.
b. If (k,s) # 1 and h contains a term of degree m such that (¢ox, 1, ¢5,) = 1, then ¢y is
not exceptional APN.

Theorem 30. [44, 14| For k; > 2, let f(x) = 22" 1+ h(x) € Fan[z], where deg(h) = 21! <
2% 4+ 1. Then ¢ is absolutely irreducible when h(z) = Zj:z ajx2kj+1, is such that a; # 0
for 2 < j <t, and (ky,...,k) = 1 and f is not an exceptional APN function. Under the
same conditions, if (kq,...,k;) = ¢ > 1, then ¢ is divisible by ¢9q¢11 and ¢ is not absolutely
irreducible.

Theorem 31 ([14]). Let f(z) = 2" +' + h(z) € Fan[z], where deg(h) = 2F+1 < 20 4 1. If
h(z) = 23.:2 a;z?" @40 and (ky, ... k) = (k1,ks) = q > 1, then ¢ contains an absolutely
irreducible factor and f is not exceptional APN.

In Chapter 3 we remove the condition (ki,...,k;) = (ki, k2) from the previous theorem
and thus finish the conjecture in the odd degee case of the Gold case.

1.3.4. Kasami-Welch Case. From the odd cases, the Kasami-Welch turns out to be the most
difficult. Only a few results have been obtained. Here we are just going to present the two
main results that have been obtained so far. The first results in these cases whereby Ferard,
Oyono, and Rodier in [26]. Apart from those results and the ones presented here, there is
nothing much proved.

Theorem 32. [26] Suppose that f(X) = X* 2"+ L 4(X) € Fyn[z] where deg(g) <
22k=1 _ 2k=1 1 9 TLet k > 3 be odd and relatively prime to n. If g(X) does have the form
a X122 4 02 X3 then ¢ is absolutely irreducible, while if g(X) does have this form
then either ¢ is irreducible or ¢ splits into two absolutely irreducible factors which are both
defined over Fan.
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Theorem 33. [26] Let f(z) = 22" 2+ 4 g(x) € L[z] where deg(g) < 221 — 21 4 1.
Let g(x) = Zjik(; i a;jx?. Assume, there exists a nonzero coefficient a; of g such that
¢;(x,y, z) is absolutely irreducible. Then f is not exceptional APN.

Theorem 34. [12, 25] Let f(X) = X221 £ h(X) € Fyn, where d = deg(h) = 3 (mod 4).
Then ¢(X,Y, Z) is absolutely irreducible.

Ferard in [25] obtains the same result by using different arguments.

Theorem 35. [12] Let f(X) = X%~ 2+ 4 p(X), where d = deg(h) = 5 (mod 8), h <
228 — 3(2%) — 1. If (hy2x_9k 11, ¢a) = 1, then f is not exceptional APN.

In Chapter 4 we generalize this result in two different ways.
Theorem 36. |Ferard [25]| Let r be an integer > 2, k. = 2% — 2" + 1 a Kasami exponent,
d and odd integer, 5 < d < k, and f(z) = 2" + h(x) where h(z) is a polynomial of degree
d. Assume that d = 1 (mod 4). We write d = 127] with [ an odd integer and j and integer
> 2. If 2" — 1 does not divide [, then ¢;(X,Y, Z) is absolutely irreducible.

1.3.5. Even degree. This case is the hardest case of all except when the degree is of the form
2e, with e odd. Until now there not exists a clear path on how to proceed. We gave a new
criterion that can potentially simplify these problems.

Theorem 37. [2] If the degree of the polynomial function f is 2e with e odd, and if f
contains a term of odd degree, then f is not APN over Fy. for all n sufficiently large.

We will give in Chapter 2, an alternative proof of this theorem using our new techniques.

Theorem 38. [47] If the degree of the polynomial function f is even such that deg(f) = 4e
with e = 3 (mod 4), and if the polynomials of the form
(@ + )+ 2)(w+2) + P,
with
PX,Y,Z)=ci(X?+9y* 4+ 2°) +eylwy + 2z 4+ 2y) + (v +y+2) +d
for ¢1,c4,b1,d € Fys, do not divide ¢ then f is not APN over Fy» for n large.

Theorem 39. [§| Let f : F, — F, such that deg(f) = 4e with e = 3 (mod 4) and e > 3,
then f cannot be APN over infinitely many extensions of F,.

Caullery also proves the following theorem. This theorem characterizes the exceptional APN
polynomials of degree 4e, e odd. We are going to use later this theorem together with some
new techniques to prove that certain polynomials of degree 4e when e =1 (mod 4) are not
exceptional APN.

Theorem 40 ([10]). Let f : Fon — Fon be an exceptional APN function of degree 4e with
e odd and let ¢¢(X,Y, Z) be its associated polynomial. Let o be a generator of the Galois
group Gal(Fasn /Fan). One of the three conditions holds

(1) The polynomial ¢; is divisible by
(66 + P(X,Y, Z))(¢6 + 0(P(X,Y, Z))) (b + 0 (P(X,Y, 2))),
where P(X,Y, 7) is a symmetric polynomial of degree 2 defined over [Fs.
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(2) The polynomial ¢ is divisible by
R(X,Y,Z))o*((ps¥(X,Y, Z) + R(X,Y, Z)),

where U(X,Y, Z) is a non absolutely irreducible symmetric factor of ¢, defined over
Fa3. but not over Fon and R(X,Y, Z) annd L(X,Y, Z) are symmetric polynomials of
degree respectively less than deg(AW) and deg(¥) defined over Fosn and Fon.

(3) The polynomial ¢ is divisible by

(06 (X,Y, 2) + S(X,Y, 2))o(d60®(X,Y, Z) + S(X,Y, 2))o*(¢* (X, Y, Z) + S(X, Y, Z)),

where ¥(X,Y, Z) is a square-free non absolutely irreducible symmetric factor of ¢,
defined over Fys» such that v, o(¢) and o%(¢)) are coprime.
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2. NEW ABSOLUTE IRREDUCIBILITY TESTING CRITERIA

This chapter is divided into four sections. In the first section, we define the reverse poly-

nomial for a certain class of polynomials and then prove there exists a relationship between
the factorization of a polynomial and its reverse polynomial. Moreover, in definition 14 we
introduce a new concept that we called the first cone of a polynomial. Then, we show there
exists a relationship between the first cone of a polynomial and the tangent cone of its reverse
polynomial.
In the second section, we use the tangent cone, the first cone, and the combination of both
cones to create a new absolute irreducibility testing criterion as well as some criteria that
guarantee the existence of absolutely irreducible factors. Moreover, we generalized lemma 5
for the case of more than two variables. In the third section, we introduce a new definition
called the degree-gap of a polynomial. Using this definition, we can characterize the factor-
ization of a large family of multivariate polynomials. Moreover, we generalize Lemma 2. In
the last section of this chapter, we gave an alternative proof of some results of the exceptional
APN conjecture.

2.1. Reverse Mapping. Before proving some results, we first introduce some notation
that is useful for stating the results. Let G(X) = G(Xi,...,X,) € F[X1,...,X,] be a

polynomial. Define d; to be greatest integer such that Xl-di divides at least one of the terms of

the polynomial G(X). Notice that if the polynomial is symmetric then dy == --- =d,, = d.
Define the polynomial ¢a(X) = vg(X1,...,X,) = X ... Xﬁf”f(XLl, ce Xin) We called

e (X) the reverse polynomial of G(X). When the context is clear we will denoted ¥ (X)
by simply (X). Notice that if G(X1,...,X,) = X{* ... X% then ¢)(X) = 1. For the rest of
this article we will assume that X; do not divide G(X) for every i € {1,...n}.

Lemma 13. Let G(X) € F,[X;,...,X,], then G(X) is reducible over F, if and only if
e (X) is reducible over F,.

Proof: Suppose that G(X) = P(X)Q(X). Define ¢; to be the greatest integer such that X"
divides at least one term of Q(X) (respectively define p; to be the greatest integer such that
XP" divides P(X)). Notice that p; + ¢; = d;. Then

1 1
X)=Xt. . X"GQ(—,...,—) =
wG( ) 1 n (X17 ,Xn>
1 1 1 1
XProoo XPrp(— . X" X Q(—, ... —
! T (Xl’ ’Xn) 1 ”Q<X1’ ’Xn)

Since X; do not divide G(X) for every i € {1,...,n}, we have that X; do not divide P(X)
and Q(X) for every i € {1,...,n}.

Notice that X{'--- , XPP(3-, ..., x-) € F [X, ..., X,] and

X Xg"Q(X%, ce XLn) € F,[Xy,...,X,]. Since X; do not divide any of the polynomials

for every i € {1,...,n} is clear that the degree of both polynomial is > 1. Therefore, ¥ (X)
is reducible.
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Now we will prove that the reverse of ¢¢(X) is G(X). For every i € {1,...,n}, since X; do
not divide G(X) this implies there exists a term (we will denote it by ¢;(X)) in G(X) such
that X; do not divide it. Now this implies that the term X .. -Xg”gi(x%, e Xin) is a term
of 1¢(X). Therefore, X divide at least one term of 1) (X ). Now by the definition of 1q(X)
we know there not exists a i € {1,...,n} such that X;ii divide a term of 1)g(X). Therefore

the reverse of (X)) is given by

1 1 1
X X, =) = X X ———— f(X) = f(X).
1 nwf<X17 7Xn) 1 n Xfl---Xg"f( ) f( )
Therefore, if 1¢(X) is reducible by the first part, f(X) is also reducible. O

Definition 14. Let G(X) = G4(X) + --- 4+ Go(X) € F[X;, ..., X,,], where G;(X) is either
a homogeneous polynomial of degree i or 0. We called G4(X) the first cone of G(X).

Lets denote by T (X) € F,[X1, ..., X,] the tangent cone of G(X) and t¢(X) € F [ Xy,..., X,]
the first cone of G(X'). When the context is clear we will denoted T:(X) by T'(X) and to(X)
by t(X).

Lemma 14. Suppose G(X) € F,[X1,...,X,], then the tangent cone of 1)¢(X) is given by
1 1

Tp(X) =X Xta(—, ... =) 4

%D( ) 1 n G(X]_’ ) Xn) ( )

Moreover, if for every i € {1,...,n}, s; is the highest power of X; such that Xfi divides at
least one term of ¢¢(.X), then T}, (X) can be written as follows

Tp(X) = X7 X, (X, -, Xo) (5)

Proof: Let G(X) = Gs(X) + Gs-1(X) + - + Go(Xy, ..., X,), where G;(Xq,...,X,) is a

form of degree ¢ or 0. Now taking the reverse on both sides we obtain that

1 1
X)=Xb.  Xhf(—, . =)=
w( ) 1 n f(X]_’ ’Xn)
1 1 1 1
Xh. X — ) — ey —
This implies that Xfl---X;‘f”Gi(%,...,XLn) is either a form of degree d; +dy +---+d,, — 1

or 0. Since deg(G(X)) = s and G4(Xy,...,X,) # 0. We can conclude that equation 4 is
the equation of the tangent cone. Equation 5 is obtained directly from equation 4 and the
definition of s;. O

The following two corollary are a direct consequence of lemma 13 and equation 5.

Corollary 4. Let G(X) € F [Xy,..., X,]. If the t5(X) contains an irreducible factor (abso-
lutely irreducible factor) of multiplicity n; defined over F,, then T, (X) contains an irreducible
factor (absolutely irreducible factor) of multiplicity n, over F,.

Proof: Suppose that t5(X) contains an irreducible factor (absolutely irreducible factor) of
multiplicity n; over F,. By lemma 13 and equation 5 we can conclude that 7 (X) contains
an irreducible factor (absolutely irreducible factor) of multiplicity n; defined over F,. O
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Remark: Every result we obtain for the tangent cone of a polynomial will imply an analog
result for the first cone of a polynomial since the first cone of G(X) will correspond to the
tangent cone of g (X).

2.2. New Absolute Irreducibility Testing Criteria.

2.2.1. Using the Tangent Cone to Create Criterion for Testing Absolute Irreducibility. The
following proposition extends lemma 6 to Theorem 41 which will be useful for the proof of
Theorem 43.

Proposition 8. Suppose that h(Xi,...,X,) € F[X1,...,X,] is absolutely irreducible,
then for every o € Gal(F,/F,), o(h) = o(h(Xy,...,X,)) is absolutely irreducible.

Proof: Assume that for some o € Gal(F,-/F,) we have that o(h) is reducible, i.e. o(h) = ab,
where a,b € F,[Xi,...,X,]. Now apply o' to both sides to obtain, h = (¢~ o o)(h) =
o~ (a)o~1(b). This implies that either 071(a) is constant or o~1(b) is a constant. This lead
to either a be constant or b be a constant, which is a contradiction with o(h) being reducible.
Assume that for some g € Gal(F,-/F,) we have that $(h) is not absolutely irreducible. By
lemma 6 we know there exists a &, an absolutely irreducible polynomial G' € F -+ and ¢ € F,

such that:
Bhy=c [ @)
0 €Cal(F i [Fyr)
Notice that Gal(F g, /Fyr)) <Gal(F i [Fy) and Gal(Fy- /Fy) < Gal(F o« /Fy). Therefore, every
o € Gal(F v /Fy) and 3, 371 are element of Gal(F .« /F,) so we can apply 57! to both sides

to obtain
h=c J[ (870G
oEGal(quk [Fqr)
Since h is absolutely irreducible we obtain the same contradiction as before. 0

The following theorem generalizes lemma 6 in the sense that we show that each factor is
absolutely irreducible.

Theorem 41. Suppose p(X) € F,[X1,...,X,]is of degree d and is irreducible in F,[ Xy, ..., X,].
Then there exists a unique r with r | d and an absolutely irreducible polynomial h(X) €
Fr[X1,...,X,] of degree d/r such that

p(X) = e [[ o(h(x)
oelG
where G = Gal(F,/F,) and ¢ € F,. For each ¢ € G, o(h(X)) is absolutely irreducible.
Furthermore, if p(X) is homogeneous, then so is h(X).

Remark: Let F(G) be the splitting field of G(X), where G(X) split completely into
absolutely irreducible factors. Let m(G) = [F,(G)) : F,]. Then m(G) is an invariant of
G(X). It is clear that if G(X) is irreducible then the r obtained in theorem 41 is equal to
m(Q).
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Let G(X) be an irreducible polynomial. Then, there exist an absolutely irreducible poly-
nomial h(X) € F (G)[X,...,X,] and c € F,

¢x)= JI o)) (6)
c€Gal(Fy(G)/Fq)
Let T'(X) € F,[Xq,..., X,] be the tangent cone of G(X) and let T),(X) € Fyr[Xy,...,X,]
be the tangent cone of h(X). Then we have that

TX)=c ] o(@uX)). (7)
o€Gal(Fyr [Fy)
Let t(X) € F (X1, ..., X,] be the tangent cone of G(X) and let ¢,(X) € Fr[ X1, ..., X,] be
the tangent cone of h(X). Then we have that

() =c J[ o). )

o€Gal(Fyr [Fy)

The following theorem is a generalization of lemma 5 above. This is a generalized to
multi-variable case and for absolutely irreducible component rather than a linear factor.

Theorem 42. Let G(X) € F,[Xy,...,X,]. If T¢(X) contains a reduced absolutely irre-
ducible factor defined over I, then G(X) contains an absolutely irreducible factor defined
over F,.

Proof: Note that if G(X) factors then the tangent cone of G(X) is the product of the tan-
gent cone of the factors. Therefore, without loss of generality we can assume that G(X) is
irreducible. So there exists h(X) € F,(G)[ X7, ..., X,] such that G(X) satisfy equation 6 and
T(X) satisty equation 7.

Since T¢;(X) contains a reduce absolutely irreducible factor ¢1 (X ), there exists o € Gal(F,(G)/F,)
such that ¢,(X) | a(T,(X)). For every 5 € Gal(F,(G)/F,) we have B(t1(X)) = t1(X) |

(B o a)(Th(X)). Since t1(X) is reduced, this force r = 1. Therefore G(X) be absolutely
irreducible over [F,. O

Corollary 5. Let G(X) € F [ X1, ..., X,]. If t(X) contains a reduced absolutely irreducible
factor defined over F, then G(X) contains an absolutely irreducible factor defined over F,.

Proof: Let ¥g(X) be the reverse polynomial of G(X), then by theorem 42 1) (X) contains
an absolutely irreducible component defined over F,. Therefore, by lemma 13 G/(X) contains
an absolutely irreducible component defined over F,. 0

Before stating and proving the new criterion for testing absolute irreducibility we will
prove the following lemmas which will be useful during the proof.

Lemma 15. Let G(X) € F,[Xy,...,X,] be an irreducible polynomial. If T¢;(X) contain an
absolutely irreducible factor ¢;(X) of multiplicity ny, then m(G) | n.

Proof: Suppose G(X) is irreducible, then there exists h(X) € F (G)[Xy,...,X,], c € F,
such that G(X) satisfy equation 6 and Tg(X) satisfy equation 7. Since t1(X) is abso-
lutely irreducible there exist o € Gal(F,(G)/F,) such that t;(X) | a(T,(X)). Take I to
be the greatest integer such that ¢1(X)" | a(T,(X)). For every 8 € Gal(F,(G)/F,) we have
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Bt (X)) = t1(X) | (Boa)(Th(X)). Since every element of Gal(F,(G)/F,) can be written
in the form (3 o a) we can conclude that ¢;(X)! | v(T(X)) for every v € Gal(F,(G)/F,).
Notice that there not exists § € Gal(F,(G)/F,) such that £/ (X) | §(7,(X)) because if there
exist that would imply by the first part that ¢/ | a(T},(X)) which is a contradiction of the
definition of [. Therefore, we can conclude that |Gal(F,(G)/F,)| = m(G) | ny. O

Corollary 6. Let G(X) € F,[X, ..., X,] be an irreducible polynomial. If (X)) contain an
absolutely irreducible factor R;(X) of multiplicity ny, then m(G) | ny.

Proof: Let 1c(X) be the reverse polynomial of G(X), then by lemma 13 we have that
m(G) = m(¢¢). By lemma 4 the tangent cone of 1)¢(X) contains an absolutely irreducible
factor of multiplicity n,. Therefore, by lemma 15 m(G) | n;. O

Lemma 16. Let G(X) € F,[X1,...,X,] be an irreducible polynomial. If T¢;(X) contains a
reduced irreducible factor R(X) € F [X;, ..., X,], then m(G) | m(R).

Proof: Suppose G(X) is irreducible, then there exists h(X) € F,(G)[Xq,...,X,], c € F,
such that G(X) satisfy equation 6 and T(X) satisfy equation 7. Let t1(X) € F, (R)[ X1, ..., X,)
be an absolutely irreducible factor of R(X) and #(X) | T(X). Notice that ¢;(X) is reduced
otherwise it contradict the fact that R(X) is reduced. By theorem 42 G(X) contains an
absolutely irreducible factor defined over IF,(R). Since the factorization in equation 6 is the
factorization into absolutely irreducible factors which is unique up to ordering and associates
we have that either m(G) | m(R) or m(R) | m(G).

Assume that m(R) | m(G) with m(G) > m(R). Let a € Gal(F,(G)/F,) be a generator of
Gal(F,(G)/F,). Since t1(X) is absolutely irreducible there ex1sts a € Gal(F,(G)/F,) such
that £ (X) | A(T},(X)). Then a™® (t,(X)) = £(X) | ("M o B)(Ty(X)) # B(T(X)) which
contradicts the fact that ¢,(X) is a reduced factor. Therefore, m(G) | m(R). O

Corollary 7. Let G(X) € F,[Xy,...,X,] be an irreducible polynomial. If ¢(X) contains a
reduced irreducible factor R(X) € F [z, ..., X,], then m(G) | m(R).

Proof: Let 1¢(X) be the reverse polynomial of G(X). Then by lemma 13 we have that
m(G) = m(yg). By lemma 4 the tangent cone of 1¢(X) contains a reduced irreducible
factor ¢¢(X) with m(R) = m(r(X)). Therefore, by lemma 16 m(G) | m(R). O

Lemma 17. Let G(X) € F,[X;,...,X,] be an irreducible polynomial. If T¢;(X) contains
an irreducible factor R(X) € F,[X;, ..., X, of multiplicity ny; and (m(R), m(G)) = 1. Then
m(G) | ny.

Proof: Suppose G(X) is irreducible, then there exists h(X) € F (G)[Xy,...,X,], c € F,
such that G(X) satisfy equation 6 and T (X) satisfy equation 7. Now (m(R),m(G)) = 1
this implies that R(X) is irreducible over F (G). Then there exist o € Gal(F,(G)/F,) such
that R(X) | Tj,(X).Take [ to be the greatest integer such that R(X)" | a(T},(X)). For every
B € Gal(F,(G)/F,) we have B(R(X)") = R(X)" | (80 «a)(Th(X)). Since every element of
Gal(F,(G)/F,) can be written in the form (8 o o) we can conclude that R(X)" | y(T5(X))
for every v € Gal(F,(G)/F,). Notice that there not exists 6 € Gal(F,(G)/F,) such that
R™YX) | 6(Tw(X)) because if there exist that would imply by the first part that R |
a(T,(X)) which is a contradiction of the definition of [. Therefore, we can conclude that

|Gal(F,y(G)/Fy)| = m(G) | na. m



© 2021 Carlos A. Agrinsoni Santiago
35/93

Corollary 8. Let G(X) € F,[X},...,X,] be an irreducible polynomial. If ¢5(X) contains
an irreducible factor R(X) € F,[X}, ..., X,] of multiplicity ny; and (m(R), m(G)) = 1. Then
m(G) | ny.

Proof: Let 1(X) be the reverse polynomial of G(X). Then by lemma 13 we have that
m(G) = m(¢¢). By lemma 4 the tangent cone of 1 (X) contains a absolutely irreducible
factor of multiplicity ny. Therefore, by lemma 16 m(G) | n;. O

Remark: Notice that J(X) € F,[Xi, ..., X,] is irreducible if and only if for any a € Fy,
J(X — a) is irreducible. Therefore, m(.J) is invariant to translation of J(X).

Theorem 43. Let G(X) € F,[X,,..., X,] be an irreducible polynomial and let a,b € F}. If
one of the following conditions is satisfied then G(X) is absolutely irreducible.

(1) The tangent cone of G(X — a) contain a absolutely irreducible factor R;(X) €
F,[Xy, ..., X,] of multiplicity n; and the tangent cone of G(X — b) contain an abso-
lutely irreducible factor Ry(X) € F [ Xy, ..., X,] of multiplicity ny with (ny,ny) = 1.

(2) The tangent cone of G(X — a) contain an absolutely irreducible factor Ry(X) €
F,[X1,..., X, of multiplicity ny and the tangent cone of G(X — b) contain an irre-
ducible polynomial Ry(X) € F,[X,...,X,] of multiplicity ny with (n;,ne) = 1 and
(m(G), m(Rz)) = 1.

(3) The tangent cone of G(X — a) contain an irreducible factor R;(X) € F [ X, ..., X,)]
and the tangent cone of G(X —b) contain irreducible factor Ry(X) € F,[X1,...,X,],

Proof: Suppose G(X) is irreducible. We prove that each of the conditions implies that G(X)
is absolutely irreducible.

(1) Suppose that the tangent cone of G(X — a) contain a absolutely irreducible factor
Ri(X) € F,[Xy,...,X,] of multiplicity n; and the tangent cone of G(X — b) con-
tain a absolutely irreducible factor Ry(X) € F,[X,...,X,] of multiplicity n, with
(n1,n9) = 1. Then, by applying lemma 15 twice we obtain that m(G) divides both
ny and ng. Therefore, m(G) | (ny, ny). Thus G(X) is absolutely irreducible.

(2) Suppose that the tangent cone of G(X — a) contain an absolutely irreducible factor
Ry(X) € F [ Xy, ..., X,] of multiplicity n; and the tangent cone of G(X —b) contain
an irreducible factor Re(X) € F [X7, ..., X,] of multiplicity ne with (ny,ns) = 1 and
(m(R2), m(G)) = 1. Then applying lemma 15 to the tangent cone of G(X — a) we
obtain that m(G) | ny. Applying lemma 17 to the tangent cone of G(X —b), we obtain
that m(G) | ny. Therefore, m(G) | (ny,ng). Thus G(X) is absolutely irreducible.

(3) Suppose The tangent cone of G(X — a) contain an irreducible factor R;(X) and the
tangent cone of G(X —b) contain an irreducible factor Ry(X), with (m(Ry), m(Rs)) =
1. By applying lemma 16 to the tangent cone of G(X —a), we obtain that m(G) | n,.
Similarly, if we apply lemma 16 to the tangent cone of G(X — b), we obtain that
m(G) | ny. Therefore, m(G) | (ny,ng). Thus G(X) is absolutely irreducible.

O

Corollary 9. Let G(X) € F,[X}, ..., X,] be an irreducible polynomial. If one of the follow-
ing conditions is satisfied, then G(X) is absolutely irreducible.
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(1) T(X) contain two absolutely irreducible factors Ry (X), Ra(X) € F [ Xy,..., X,] of
multiplicities ny, ny (respectively) with (ny,ng) = 1.

(2) Te(X) contain an absolutely irreducible factor Ry (X) € F,[X7,. .., X,,] of multiplicity
ny and an irreducible factor Ry(X) € F,[X7, ..., X,,] of multiplicity ne with (ny,ng) =
1 and (m(R),m(G)) = 1.

(3) Te(X) contains two reduced absolutely irreducible factors Ry (X) € Fy[X, ..., X,)]
and Ry(X) € F [Xy, ..., X,], with (m(R;), m(R2)) = 1.

Proof: Take a = b = 0 and apply theorem 43 to conclude that G(X) is absolutely irreducible.
O

Corollary 10. Let G(X) € F,[Xy,..., X,,] be an irreducible polynomial and let a,b € F.
If one of the following conditions is satisfied then G(X) is absolutely irreducible.

(1) The first cone of G(X —a) contain a absolutely irreducible factor Ry (X) € F,[ Xy, ..., X,]
of multiplicities n; and the first cone of G(X — b) contain a absolutely irreducible
factor Ro(X) € F [X7, ..., X,] of multiplicities ny with (ny,n2) = 1.

(2) The first cone of G(X —a) contain a absolutely irreducible factor Ry (X) € F [ Xy, ..., X,)]
of multiplicities ny and the first cone of G(X — b) contain an irreducible polynomial
Ry(X) € F [ Xy, ..., X,] of multiplicity ng with (n1,n2) = 1 and (m(Rs), m(G)) = 1.

(3) The first cone of G(X — a) contain an irreducible factor Ry (X) € F,[Xy, ..., X,] and
the first cone of G(X —b) contain an irreducible factor Ry(X) € F [Xq,..., X,], with
(m(Ry), m(Ry)) = 1.

Proof: Let 1c(X) be the reverse polynomial of G(X). By lemma 4 the tangent cone of
e (X) satisfy the same conditions as the first cone of G(X). By theorem 43 ¢ (X) is
absolutely irreducible. Therefore, by lemma 13 G(X) is absolutely irreducible. 0]

Corollary 11. Let G(X) € F,[X1,...,X,] be an irreducible polynomial. If one of the
following conditions is satisfied then G(X) is absolutely irreducible.

(1) te(X) contain two absolutely irreducible factors Ry (X), Ro(X) € F [X;, ..., X,,] of
multiplicities ny, ny (respectively) with (ny,ns) = 1.

(2) te(X) contain an absolutely irreducible factor Ry (X) € F [X7, ..., X,] of multiplicity
ny and an irreducible polynomial Ry(X) € F,[Xq,...,X,] of multiplicity n, with
(n1,mn2) =1 and (m(Rs), m(G)) = 1.

(3) te(X) contains two reduced irreducible factors Ry (X), Ro(X) € F,[X1,. .., X,], with
(m(Ry),m(Rz)) = 1.

Proof: Take a = b = 0 and apply corollary 10 to conclude that G(X) is absolutely irre-
ducible. 0

Let G(X) € Fy[Xy, ..., X,] and a € F; we will denote by M,(G) be the multiplicity of a.

Theorem 44. Let F(X), H(X) € F[X,..., X,]. If there exists a = (ai, ..., a,) € Fy such
that 1 < M,(F) < M,(H) and the tangent cone of FI(X — a) contains a reduced abso-
lutely irreducible factor defined over F,, then G(X) = F(X)+ H(X) contains an absolutely
irreducible factor defined over [F,.
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Proof: Take G(X — a). Lets compute the tangent cone of this polynomial. Since m,(f) <
mq(h) we know the tangent cone is of G(X —a) is the same as the tangent cone of F'(X —a).
Then by assumption the tangent cone of G(X — a) contains a reduced absolutely irreducible
factor defined over F,. By theorem 42, G(X; + a4, ..., X,, + a,) contain an absolutely irre-
ducible factor defined over F,. Thus, G(Xi,...,X,,) contains an absolutely irreducible factor
defined over F,. 0

Corollary 12. Let F(X), H(X) € Fy[Xy,..., X,]. If there exists a = (a1,...,a,) € Fy
such that M,(F) =1, and M,(H) > 1, then G(X) = F(X) + H(X) contains an absolutely
irreducible factor defined over FF,.

2.2.2. Using the Tangent and the First Cone to Create Absolute Irreducibility Testing Crite-
710,

Theorem 45. Let G(X) € F [X;,...,X,] and a,b € F} be an irreducible polynomial. If
one of the following condition is satisfied, then G(X) is absolutely irreducible.

(1) The first cone of G(X —a) contains a reduced irreducible factor R;(X) € F,[ X5, ..., X,],

and the tangent cone of G(X — b) contains a reduced irreducible factor Ry(X) €
Fq[Xl, ce ,Xn} with (m(Rl), m(Rg)) = 1.

(2) The first cone of G(X —a) contains an absolutely irreducible factor Ry (X) € F,[Xq, ..
of multiplicity n; and the tangent cone of G(X — b) contains a reduced irreducible
factor Ry(X) with (ny,m(Rs)) = 1.

- Xn)

(3) The first cone of G(X —a) contains a reduced irreducible factor R;(X) € F,[ X7, ..., X,)]

and the tangent cone of G(X —b) contains an irreducible factor Ry(X) of multiplicity
ne with (m(Ry),ne) = 1.

(4) The first cone of G(X —a) contains an absolutely irreducible factor R, (X) € F,[Xq,. ..
of multiplicity n, and the tangent cone of G(X —b) contains an absolutely irreducible
factor Ro(X) defined over F, of multiplicity ny with (ny,nq) = 1.

Proof: Since G(X) is irreducible we have that G(X —a) and G(X —b) are irreducible. Now
we prove that each of the conditions implies that G(X) is absolutely irreducible.
(1) By corollary 7 m(G) | m(R;). Similarly by lemma 16 m(G) | m(Rs). Therefore,
m(G) | (m(Ry), m(Ry)). Thus, G(X) is absolutely irreducible.
(2) By corollary 6 m(G) | ny and by lemma 16 m(G) | m(Rz). Therefore, m(G) |
(n1, m(Ry)). Thus, G(X) is absolutely irreducible.
(3) By corollary 7 m(G) | m(R;) and by lemma 15 m(G) | ng. Therefore, m(G) |
(m(Ry1),n2). Thus, G(X) is absolutely irreducible.
(4) By corollary 6 m(G) | ny. Similarly, by lemma 15 m(G) | ne. Therefore, m(G) |
(n1,n2). Thus, G(X) is absolutely irreducible.

O

Corollary 13. Let G(X) € F [ X}, ..., X,] be a irreducible polynomial. If one of the follow-
ing condition is satisfied, then G(X) is absolutely irreducible.

(1) te(X) contains a reduced irreducible factor Ry(X) € F,[X,...,X,], and Tx(X
contains a reduced irreducible factor Ry(X) € F,[X7, ..., X,,] with (m(R;), m(Rs)) =
1.

, Xn)
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(2) te(X) contains an absolutely irreducible factor Ry (X) € F,[X, ..., X,,] of multiplic-
ity n1, and Tz (X) contains a reduced irreducible factor Ro(X) € Fy[ Xy, ..., X,] with
(n1,m(Ry)) = 1.

(3) te(X) contains a reduced irreducible factor Ry(X) € F,[X;,...,X,], and T5(X)
contains an absolutely irreducible factor Ry(X) € F,[X7, ..., X,] of multiplicity ny
with (m(Ry),n2) = 1.

(4) te(X) contains an absolutely irreducible factor R;(X) € F,[X;, ..., X,,] of multiplic-
ity ny1, and T(X) contains an absolutely irreducible factor Ro(X) € F [ Xy, ..., X,
of multiplicity ny with (ny,ny) = 1.

Proof: Take a = b = 0 and apply theorem 45 to conclude that G(X) is absolutely irreducible.
O

Theorem 46. Let G(X) € F [Xy,..., X,] and a,b € F}. If the tangent cone of G(X — a)
contains a reduced irreducible factor Ry (X) € F,[Xy,...,X,], the first cone of G(X —b) is
reduced, and every irreducible factor of the first cone of G(X —b) over F, are also irreducible
over F (R;), then G(X) contains an absolutely irreducible factor defined over F,.

Proof: Suppose that G(X) is irreducible, then G(X — a) and G(X — b) are irreducible.
Let Ro(X) € F,[Xq,...,X,] be an irreducible factor of the first cone of G(X — b), then
(m(R1), m(Ry)) = 1. Therefore, by theorem 45 part 1, G(X) is absolutely irreducible.

Suppose that G(X) factors over F,, then G(X — a) and G(X — b) also factors over F,. Let
Q(X —a) = P(X)Q(X), where P(X),Q(X) € F,[X;,...,X,] and Q(X) is an irreducible
polynomial such that the tangent cone of Q(X) contains R;(X). Notice that Q(X + a —b)
is an irreducible factor of G(X — b). Since the degree of the first cone of Q(X + a — b) is
greater than 1, it contains a reduced irreducible factor. Now Q(X + a) is a factor of G(X),
and by the first part of this proof it is absolutely irreducible. Therefore, G(X) contains an
absolutely irreducible component defined over F,. 0

Corollary 14. Let G(X) € F,[X3,...,X,]. If T¢(X) contains a reduced irreducible factor
Ri(X) € F,[Xy,...,X,], and every irreducible factor of the first cone of G(X) over I, are
also irreducible over F,(R;), then G(X) contains an absolutely irreducible factor defined over

F

Proof: Take a = b = 0, then by theorem 46 G(X) contains an absolutely irreducible factor
defined over F,. O

q-

2.3. Characterization of Factorization of a Large Family of Polynomials of Sev-
eral Variables. In this section, we will define a new concept called the degree-gap of a
polynomial. This definition will allow us to characterize the factorization of a large family of
multivariate polynomials. In concrete, we can bound the number of factors the polynomial
can have as well as give a lower bound on the degree of the factors.

Definition 15. Let f(Xi,...,X,) be a polynomial of degree n with at least two terms.
We defined the degree-gap DG(f) as the difference between the two highest degree of the
polynomial. If f(Xi,...,X,) is a homogeneous polynomial then DG(f) is defined to be
infinity.
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Notice that if f(X) = f(X1,...,X,) € F,[X1,...,X,] satisty that deg(f(X)) < DG(f)
then f(X) is a homogeneous polynomial.

Theorem 47. Let F(X) = F(X) = F,,(X) + H(X). If F,,(X) is square free, then every
factor of F'(X) has degree-gap at least that of F'(X).

Proof: If F(X) is a homogeneous polynomial, then this result is immediate since a homo-
geneous polynomial factors as the product of homogeneous polynomials. Without loss of
generality we can assume that F'(X) is not a homogeneous polynomial. It is clear that every
homogeneous factor of F'(X) satisfy the stated property.

We may assume that without loss of generality that (F,,, H) = 1 that is there are no
homogeneous factors. If DG(F') = 1, then this is a trivial result. Suppose that DG(F) =
k > 1, then assume that F(X) factors as follows

F(X) = (P(X) + - + B(X))(Qu(X) + - - - 4+ Qo(X)),
where P, (respectively ();) is homogeneous polynomials of degree i (respectively degree j)
or zero, and DG(Q) > DG(P). Assume that DG(F) > DG(P). Let j = DG(P), then we
have the following equation

J
0= mej = Z PsfiQtfj+i- (9)
i=1
By the degree-gap of P(X) we have that P,y = ... Ps_j11 = 0 (respectively by the degree-
gap of Q(X) Q-1 = -+ = Q4—j+1 = 0). Substituting these in Equation 9 we obtain

J
0= Z Py iQi—jri = PsQi—j + Ps_;Qy
i—1

implying that P,Q,_; = Q:Ps_;. Since (Ps, Q) = 1 as F,,(X) is square free, we obtain that
P, | P,_; that is P,_; = 0. This is a contradiction with DG(P) = j. Therefore, DG(F) <
DG(P) < DG(Q). Since P(X) and Q(X) are arbitrary factor we can conclude that every
factor of F(X) has degree-gap at least that of F'(X).

0

Corollary 15. Let F(X) = F,(X) + H(X) € F,[X;,...,X,], F,(X) is square free, and
(F, H) = 1. If P(X) is a factor of F'(X), then deg(P) > DG(F).

This corollary follows directly from the proof of Theorem 47
The following corollary gave a bound on the number of factors a polynomial satisfying
certain conditions can have.

Corollary 16. Let F(X) = F,,(X) + H(X) € F,[X1,..., X,]. If F,,(X) is square free and

(F, H) = 1, then F(X) have at most {%eg((?” factors.

Proof: By Theorem 47 and Corollary 15 we have deg(G) > DG(F). Then F(X) can have
at most {deg(F)J factors. O

DG(F)
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Using this corollary we can prove a generalization of Lemma 2 for finite fields in two
different ways. First, we generalize to any multivariate polynomial and second, we weaken
the greatest common divisor condition.

Corollary 17. Let F'(X) € F,(X) + H(X) € F,[X;,...,X,]. If F,(X) is square free,
(Fm, H) =1, and 2DG(F) > deg(F), then F(X) is absolutely irreducible.

Proof: By Corollary 16, F/(X) can have at most one factor. O

The following corollary gives sufficient conditions to guarantee that the degree-gap is
preserved through factorization.
Corollary 18. Let F(X) = F,,(X)+H(X) € F,[Xy, ..., X,)]. I F,,,(X) is square free,(F,,, Hy) =
1, and P(X) is a factor of F'(X), then DG(P) = DG(F).
Proof: Assume that FI(X) = (Py(X)+- -+ Py(X))(Q(X) + - - - + Qo(X). Then by the proof
of Theorem 47 we have the following system of equations.

Fp(X) = P(X)Qi(X)
Hd(X) = PS(X)Qt—e X) + Ps—e(X)Qt(X)' (1

(X)
Since (F,,, H;) = 1, we have that P;_.(X) # 0, and Q;_.(X) # 0. Therefore, DG(P)
DG(F).

)
~—

Ol

Using this theorem we can show that many polynomials are absolutely irreducible. The
following corollary proves that a class of polynomials is absolutely irreducible. Let Tg(X)
denote the tangent cone of a polynomial i.e., the lowest degree form of the polynomial.

Corollary 19. Let F(X) = F,(X) + H(X) € F,[X,...,X,], where deg(F) = m and

deg(H) = d < m. If F,,(X) is square free, (F,,, H) = 1 and deg(Tr) > deg(F) — 2DG(F),
then F'(X) is absolutely irreducible.

Proof: Assume that F(X) = P(X)Q(X), then DG(P) > DG(F) and DG(Q) > DG(Q)
Then deg(Tp) < deg(P) — DG(P) < des(P) — DG(F) and deg(Ty) < deg(Q) — DG(Q) <
deg(Q) — DG(F). Therefore, deg(Ty) = deg(Tp) + deg(Ty) < deg(Q) — DG(F') + deg(P) —

DG(F) = deg(F) — 2DG(F). O

One can characterize the factorization of all monomials in which the highest degree form
is square free.

Corollary 20. Let FI(X) = F,,(X) + Fy(X) € F [ Xy, ..., X,], where deg(F') = m. If F,,,(X)
is square free and (F,,, Fy) = 1, then F/(X) is absolutely irreducible.

Proof: Assume that F(X) = P(X)Q(X). Then by Theorem 47 DG(P) = DG(F)
DG(Q) = DG(F). Therefore, Tr(X) = Tp(X)T(X), and deg(Tr) = deg(Tp) + deg(Ty) <
m —2DG(F) <m — DG(F) =d.

Remark: Every polynomial F(X) = F,,(X) + Fy(X) € F,[Xi,...,X,], where F,,(X) is
square free can be written as follows

F(X) = LX)Q(X),
where L(X) = (F,, Fy) and Q(X) € F,[X7, ..., X,] is absolutely irreducible.
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Corollary 21. Let F'(X) = F,,(X)+H(X) € F,[Xy,...,X,], where deg(F) = m, deg(H) =

d, F,(X) is square free and (F,,, H) = 1. If F(X) is irreducible in F; fori =1,..., L%eg((lg))J :

then F'is absolutely irreducible.

Proof: Assume F(X) factors over F,-, where r > U)eg((?”. Then, by Lemma 6 F(X) have

r-factors, but this contradicts Corollary 16. O

From this corollary, one can derive the following algorithm to test absolute irreducibility.

Algorithm 1: Absolute irreducibility testing
Result: The polynomial is absolutely irreducible or not
t <+ 1;
F(X) < polynomial in F [X] satisfying conditions in Theorem 47;
while ¢ x DG(F') < deg(F') do
if of F(X) is irreducible in F,(X) then
| t+t+1;
else
return(F(X) is not absolutely irreducible);
exit;
end
end
return(F(X) is absolutely irreducible)

The following lemma is a generalization of Lemma 2 in two ways. It mild the conditions
as well as generalized for polynomials of n variables.

Lemma 18. Let K be a field. Let G(z1,...,2,) € Klzi,...,z,] be a polynomial whose
graded homogeneous representation is: G = G, + G, + G,_1 + - - - + Gy, where G is 0 or
homogeneous of degree i € {0,...,b}. If b > 2a, G, factors into distinct irreducible factors
over K and (Gy, Ga, Ga_1,...,Go) = 1, then G is absolutely irreducible.

Proof: Suppose that G(X) = P(X)Q(X). Notice that (G, Go, Ga-1,...,Go) = 1 implies
that neither P(X) or Q(X) is homogeneous polynomial. By Definition 15 and Theorem 47
we have deg(P) > DG(G) > degT(G) and deg(Q) > DG(G) > degT(G). This is a contradiction
with the degree of GG. Therefore, GG is absolutely irreducible. OJ

2.4. Alternative Proofs. For the rest of this thesis, let ¢ = 2¢. We will assume that every
polynomial f(X) € F [z] contains an odd degree term. We can make this assumption without
losing generalization because every polynomial with every term that has an even degree is
EA-equivalent to a polynomial that contains an odd degree term.

Theorems 48 and 49 were proved originally in [2]. Here we gave new proofs of these
theorems using the techniques developed at the beginning of this chapter.

Theorem 48. If the degree of the polynomial function f(X) € F, is odd and not a Gold or
a Kasami-Welch number then f(X) is not APN over F,» for all n sufficiently large.

Proof: By Hernando and Mcguire [31] we know that if the degree of deg(f) = d is odd
and not a Gold or a Kasami-Welch number then ¢4(X,Y, Z) contains a reduced absolutely
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irreducible factor defined over F,. Therefore, by corollary 5 ¢ (X, Y, Z) contains an absolutely
irreducible factor defined over F,. Thus, f(X) is not APN over F;» for all n sufficiently
large. 0

Theorem 49. If the degree of the polynomial function f(X) € F,[z] is 2e with e odd, and
if f contains a term of odd degree, then f is not APN over F,» for all n sufficiently large.

Proof: Notice that g9, = ¢6(X,Y, Z)¢? and ¢(X, Y, Z) 1 ¢. This implies that ¢, contains a
reduced linear factor. Therefore, by corollary 5 ¢¢(X,Y, Z) contains an absolutely irreducible
factor defined over IF,. Thus, f(X) is not APN over Fy for all n sufficiently large. O
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3. COMPLETION OF THE GOLD DEGREE CASE WITH EVEN DEGREE-GAP AND
SUBSTANTIAL PROGRESS IN THE ODD DEGREE-GAP CASE

This chapter is divided into four sections. In the first section, we use the concept of degree
gap to provide bounds to guarantee the existence of absolute irreducible factors. Later in the
next two sections this bounds will be improve using the multiplicity of the point (1,1,1) to
give an upper bound in the number of factors ¢;(X,Y, Z) can have in the remaining open
cases in the literature. In the second section we prove the case when the second term have
odd degree. We use 17 develop in the previous chapter to proof the remaining cases in the
literature.

In the third section we investigate the case when the second term have even degree 2" /e,
when e = 3 (mod 4). We gave a bound in the number of factors the polynomial could have
and show that if j > 4 then ¢(X,Y, Z) contains an absolute irreducible factor defined over
[F, and therefore, f(X) is not exceptional APN. In the last section we investigate the case
when e = 1 (mod 4). Similarly to the previous case we show that if j > 4 and e is not a Gold
exponent, then ¢(X,Y, Z) contain an absolute irreducible factor defined over IF,. Therefore,
f(X) is not exceptional APN. At the end of Sections 3 and 4 we state all the cases left to
proof in the exceptional APN conjecture with Gold degree.

Lemma 19. Let f(X) = X¢+ h(X) € F,[X], where deg(h) < e and e is a Gold or Kasami-
Welch number. If ¢, contains an absolutely irreducible factor defined over F, then ¢¢(X,Y, Z)
contains an absolutely irreducible factor defined over F,.

Proof: Let ¢p(X,Y,Z) = ¢.(X,Y,Z) + ¢p(X,Y, Z) and suppose ¢.(X,Y,Z) contains an
absolutely irreducible factor defined over F,. Therefore, by corollary 5 ¢;(X,Y, Z) contains
an absolutely irreducible factor defined over F,,. O

Theorem 50. Let f(X) = X*"'"*! + h(X) € F,[X], where (ny,ny) = 1, ny,ng > 1. If
¢r(X,Y, Z) is irreducible over F, then, ¢;(X,Y, Z) is absolutely irreducible.

Proof: Suppose ¢¢(X,Y,Z) is irreducible over F, and (ny,n2) = 1, ny,ne > 1, then by
corollary 11 ¢¢(X,Y, Z) is absolutely irreducible. O

Theorem 51. Let f(X) = X°¢+ h(X) € F,[z] where deg(h) < e and e is Gold or Kasami-
Welch number. If Ty, (X, Y, Z) contains a reduce irreducible factor R(X,Y, Z) € F,[X,Y, Z],
with (m(¢.),m(R)) = 1, then ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,.

Proof: Suppose that ¢¢(X,Y, Z) is irreducible, then by corollary 13 ¢;(X,Y, Z) is absolutely
irreducible. Suppose ¢;(X,Y,Z) = P(X,Y,2Z2)Q(X,Y, Z), where P(X,Y,Z) is irreducible
and Tp(X,Y, Z) contains R(X,Y,Z). Notice that m(P) | m(¢s). Therefore, by corollary
13 P(X,Y, Z) is absolutely irreducible. Thus, ¢¢(X,Y, Z) contains an absolutely irreducible
component defined over F,. 0

3.1. Using the degree-gap to prove most of the Gold exception cases. Notice that
if do not contain any linear term f(X) and ¢;(X,Y,Z) have the same degree-gap. Now
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consider the polynomial f(X) = X?"*' + h(X) € F,, where h(X) = 3.7 4, X?"@"+1) with
a; € F, and deg(h(X)) < 2" + 1. Then the maximum degree of h(X) is 2"72(2 + 1). This
implies that the degree-gap in these cases is > 2" +1 — (277! 4+ 2772) = 272 4 1,

Proposition 9. Let f(X) = X?"*' + h(X) € F,, where h(X) = 37, a; X?" "+ with
a; € F, and deg(h(X)) < 2" + 1. If ¢¢(X,Y, Z) factors over F, and (¢ani1,¢n) = 1 then,
¢f(X,Y, Z) contains an absolutely irreducible factor defined over F.

Proof: Suppose that ¢¢(X,Y,Z) = P(X,Y, 2)Q(X,Y, Z), where P(X,Y, Z) and Q(X,Y, Z)

are non constant polynomials. Now writing its factor as sum of homogeneous term we obtain:
op( X, Y, Z) = (Ps+ Poy+ -+ Bo)(Qr + Q1 + -+ + Qo).

where P;, ); are zero or homogeneous of degree i, s+t = 2" — 2. Without loss of generality
assume that s > ¢ then, ¢ < 2"! — 1. Now the degree-gap of @Q is > 2" 2 + 1. Now
we claim that @ is absolutely irreducible. If deg(Q¢—1) < DG(G) then, @ is absolutely
irreducible (where DG(G) is the degree-gap of G). By theorem 47 degree-gap > 2" 2 + 1
then, deg(Q;_;) < 2"' —1 — (22 +1) = 22 — 2 < DG(G).Therefore G is absolutely
irreducible. U

Corollary 22. Let f(X) = X?"*' + h(X) € F,, where h(X) = 3.7 a; X¥' "+ with
a; € F, and deg(h(X)) < 2" + 1 and let ¢g = (pony1, dp). If % factors over F, then,
¢(X,Y, Z) contains an absolutely irreducible factor defined over F.

Proof: Let py = % Suppose that pr(X,Y,Z) = P(X,Y,2)Q(X,Y, Z), where P(X,Y,Z)
and Q(X,Y, Z) are non constant polynomials. Now writing its factor as sum of homogeneous
term we obtain:

pr=Ps+ Pooi+ -+ F)(Qr + Qo1 + - + Qo)

where P;, Q; are zero or homogeneous of degree i, s +¢ = 2" — 2% Without loss of
generality assume that s > ¢ then, ¢t < 277! — 2971 Now the degree-gap of Q is > 2772 + 1.
Now we claim that ) is absolutely irreducible. If deg(Q;_1) < DG(G) then, @ is absolutely
irreducible (where DG(G) is the degree-gap of G). By theorem 47 degree-gap > 2" 2 4 1
then, deg(Q;_1) < 277t — 2471 —(2n=2 4 1) = 22 — 24-1 _ 1 < DG(G).Therefore G is
absolutely irreducible. 0

Theorem 52. Let f(X) = X?"*! + h(X) € F,, where deg(h(X)) < 2" + 1. If there exists
a prime number p, p > 3 such that p;|n and (¢ori1, ¢p) = 1 then, ¢;(X,Y, Z) contains an
absolutely irreducible factor defined over F,,.

Proof: Without loss of generality assume that (¢any1, ¢p) = 1 (in case when it is # 1, we just
divide the polynomial by (¢gn41, @) and proceed in the same way). If ¢ (X, Y, Z) is reducible
over [, then, by lemma 9 ¢¢(X, Y, Z) contain an absolutely irreducible factor defined over F,.
So we can suppose ¢¢(X,Y, Z) is irreducible over F,. Now ¢9n; contains reduced absolutely
irreducible factors over Fg. By lemma 4 we have that the tangent cone of 14 contains a
reduced absolutely irreducible factor defined over F». By Bartoli (generalization of Bartoli)
we obtain that 1), contain an absolutely irreducible factor defined over Fg. By lemma 13
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¢7(X,Y, Z) contain an absolutely irreducible factor H; over Fg». By lemma 6 there exists an
r, c € F, and an absolutely irreducible polynomial 4 € F, such that

¢f(X’Y72): H o(H).
o€Gal(Fyr [Fy)

Since H; is absolutely irreducible we have that there exists 8 € Gal(F,/F,) such that
H, | B(H). Notice that by lemma 8 S(H) is absolutely irreducible. Therefore, p | r.
By lemma 6 the degree of o(H) is deg(¢y)/r for every o € Gal(F,/F,). Then deg(c(H)) <
deg(¢;)/4. Notice that 4DG(¢y) > 4(2"2 +1) = 2" + 4 > deg(¢s). Therefore, DG(¢;) >
deg(o(H)) which implies by theorem 47 that o(H) is a form which is a contradiction with
(¢2n+1,¢h) =1 0

Theorem 53. Let f(X) = X* '+ 1(X) € F,[z], where deg(h) < 2P +1, p prime number. If
DG(¢y) > deg(¢pawrs1)/p then, ¢¢(X,Y, Z) contains an absolutely irreducible factor defined
over F,.

Proof: Notice that (¢ori1,¢n) = 1. Suppose that ¢y = PQ), where P is irreducible over
F,. We are going to show that P is absolutely irreducible. By theorem 47 we know that
DG(P) > DG(¢y) > deg(dart1)/p. By Kopparty lemma 6 there exists a positive integer r,
absolutely irreducible polynomial ¢(X,Y, Z) € F,[X,Y, Z] and ¢ € F, such that

P=c ]I olXY 2).
o€Gal(Fyr [Fy)

Notice that P = P, +---+ I, Ps contains a reduced linear factor over F,» which implies by
lemma 13 and theorem 42 that P have an absolutely irreducible factor defined over Fg». The
factorization by Kopparty lemma gave the factorization into absolutely irreducible factors
which implies the factor that lies in Fy» also lies in F,» which only gave leave us with two
options either P is absolutely irreducible or p | r). If » > 1 by theorem 47 each factor satisfy
o(g(X,Y, Z)) have degree DG(o(g(X,Y,Z))) > deg(dars1)/p > deg(o(g(X,Y, Z))). This
implies that every factor of P are forms and therefore P is a form. This is a contradiction
to the fact that (¢ori1,¢n) = 1. Therefore » = 1. Thus we can suppose that ¢¢(X,Y, Z) is
irreducible over F,.

Similarly by Kopparty lemma 6 there exists a positive integer r1, absolutely irreducible
polynomial ¢;(X,Y,Z) € F;ri [X,Y, Z] and ¢; € F, such that

(XY, Z)=ci  J] ola(X.Y 2).
o€Gal(F ry [Fq)

Notice that ¢ory1 contains an absolutely irreducible factor defined over [Fg» which implies that
¢7(X,Y, Z) have an absolutely irreducible factor defined over F» by lemma 13 and theorem
42. The factorization by Kopparty lemma gave the factorization into absolutely irreducible
factors which implies the factor that lies in F» also lies in F;-, which only gave leave us with
two options either P is absolutely irreducible or p | 7). If 71 > 1 by theorem 47 each factor
satisfy DG(o(91(X, Y, Z))) > deg(¢pows1)/p = deg(o(g1(X,Y, Z))). This implies that every
factor of ¢;(X,Y, Z) are forms and therefore ¢;(X,Y, Z) is a form. This is a contradiction
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to the fact that (¢ori1, ¢p) = 1. Therefore r = 1. Thus ¢(X,Y, Z) contains an absolutely
irreducible factor defined over F,. O

But we can even improve further this result.

Theorem 54. Let f(X) = X?"*' + h(X) € F,[z], where deg(h) < 2" + 1. Let p’ be
the highest prime that divide n and (¢y,,,¢5) = 1. If DG(¢5) > deg(¢ani1)/p’ then,
¢7(X,Y, Z) contain an absolutely irreducible factor defined over F,.

Proof: Suppose ¢;(X,Y,Z) is irreducible over F,. Notice that ¢onyq contains a reduced
linear term over F,/, by applying the reverse to ¢;(X,Y, Z) we obtain that the tangent cone
of ¢4 (by lemma 4) contains a reduced absolutely irreducible factor defined over F,. By
theorem 42 ¢4 contains an absolutely irreducible factor defined over F . This implies by
lemma 13 that ¢;(X,Y, Z) contains an absolutely irreducible factor defined over F,». Since
¢r(X,Y, Z) is irreducible over F, by lemma 6 there exists a positive integer 7, an absolutely
irreducible polynomial ¢(X,Y, Z) € F,» and ¢ € F, such that

o;(X,Y,Z)=c ][ ole(X,Y,2)).
o€Gal(Fyr [Fyq)

If » > 1, and the fact that every o(g(X,Y, 7)) is absolutely irreducible, we can conclude
that p’ | r (since we know one of the absolutely irreducible factor of ¢(X,Y, Z) lie over
F ). By theorem 47 DG(0(g(X,Y, Z))) > DG(¢y) > deg(¢pany1)/p. This implies that every
o(9(X,Y,Z)) is a form and thus ¢;(X,Y, Z) is a form which is a contradiction. Therefore
r = 1. Similarly if ¢¢(X,Y,Z) = PQ, where P is an irreducible polynomial over I, that
contain an irreducible factor of ¢9»,1. Apply the same argument over P to conclude P is
absolutely irreducible since P is not a form (¢, ,,,¢f) = 1 (implies this, otherwise is a
contradiction with being relatively prime). O

3.2. Completion of the Gold Degree Case with Even Degree-gap of the Excep-
tional APN Conjecture. The following theorem finishes the Gold case when the second
term is of odd degree.

Theorem 55. Let f(z) = 2" '+ h(z) € L[z], where deg(h) = 2% +1 and deg(h) < 2" +1.
If hiz) = Z;ZQ a;a?"’ (2Y+1) then ¢ contains an absolutely irreducible factor and f is not
an exceptional APN polynomial.

Proof: Suppose that (ki,ko..., k) = 1, then by Lemma 18 ¢ is absolutely irreducible.
Suppose that (ki, ks ..., k) = ¢, by Theorem 13, we can conclude that ¢oe, divides ¢(x, y, z).
Consider the factor of ¢ of degree 2¥1 — 2%, defined by:

_ Yy, 2)
H(x7y’ z) . ¢2‘1+1(x7y7 Z). (11>
Then writing (11) as the sum of homogeneous terms, H = Hy, + Hy, + Hp, + - - - + Hp,, where
Hy, = Gopy 1/ P01 and Hy, = a; (% (25 +1)), fori € {2,...,t}. Therefore, (Hy, Hy, Ho 1, . .-
1 and by Lemma 18 H is absolutely irreducible. O

Theorem 56. Let f(X) = 2%+ h(X) € F, [X], where d = 2" + 1, and e = deg(h) < d. If
e =1 (mod 4), then ¢;(X,Y, Z) contains an absolutely irreducible factor defined over F,.

7H0)



© 2021 Carlos A. Agrinsoni Santiago
47/93

Theorem 57. Let f(X) = 2% + h(X) € F [X], where d = 2" + 1, and e = deg(h) < d. If e
is odd, then ¢;(X,Y, Z) contains an absolutely irreducible factor defined over F,.

3.3. Case when deg(h) = 2" J¢, where ¢ = 3 (mod 4). Let f(z) = ¥t + h(x), with
deg(h) = 2"Je, where j > 2 and e = 3 (mod 4). Then we have the following results

Lemma 20. v 11)(¢@n-ie) = (277 —1)(3).
Proof: This follows directly from Equation 3 and Lemma 12. U
Lemma 21. Let R(X,Y, Z) be a factor of ¢on 1, then deg(R) = v11,1)(R)
Proof: By Equation 1 we have that
$r(X,V,2)= [ (X+aY+(a+1)2).

a€Fqon —Fo

Notice that v 1,1)(X + Y + (8+1)Z) =1 for all 5 € Fon — Fy and hence v(111)(¢ani1) =
2" — 2. Since R(X,Y, Z) | ¢ani1(X,Y, Z), then there exist a subset A C Fon — [y such that
R(X,Y,Z) = [[,ea(X +9Y + (v + 1)Z). Therefore, by lemma 1 we have that deg(R) =
V(l,l,l)(R)- |:|

Lemma 22. Let f(x) = 2" "'+ h(z), with deg(h) = 2" Je, where j > 2 and e = 3 (mod 4).
Then, DG(¢f) > 277 + 1.

Proof: The maximum degree term of the form 2" e, with 2" +1 > 2" 7Je is given by
2n73(29 — 1) = 2" — 277J. Therefore, DG(¢f) > 2" +1 — (27 —2"77) = 2777 + 1. O
Proposition 10. Let f(X) = X?"*! + h(X), where deg(h) = 2" e, where ¢ = 3 (mod 4).
Then (¢an41, o) = 1. Moreover, ¢ (X, Y, Z) is not divisible by any homogeneous polynomial.

Notice that if 7 = 2, then we obtain that e = 3 and we obtain in some cases some exception
of the Gold sum Case. For the rest of the article assume that j > 4.

Proposition 11. Let f(X) = X?"*! + h(X), where deg(h) = 2" e, where e = 3 (mod 4).
Then ¢¢(X,Y, Z) can factor up to 5 factors.

Proof: Assume that ¢¢(X,Y,Z) = H?Zl R;(X,Y, 7)) is the product of 6 factors. Notice that
by lemma 22 and lemma 20 3(DG(¢y)) > 3(2"7 + 1) > 3(2"7 — 1) = vq,1,1)(¢Pan-sc). By
theorem 47 and lemma 22 DG(R;) > DG(¢;) > 2" + 1. By proposition 10 then we can
conclude that deg(R;) > DG(R;) > 2"~ + 1. Now consider P(X,Y, Z) = [[._, Ri(X,Y, Z)
and Q(X,Y,Z) = H?:4 Ri(X,Y,Z). We write P and ) as sums of homogeneous terms:

Op( X, Y, Z) = (Ps+ Psy+ -+ Po)(Qt + Qi—1+ -+ + Qo),

where P; and Q; are zero or homogeneous of degree j, s+t = 2¥ — 2. Without loss of
generality assume that s > ¢. Then,

Pth = ¢2”+17
Since ¢yryq is equal to the product of different linear factors, (Ps, @;) = 1. Then, equating
the terms of degree s+t — 1 gives P;Q;_1 + Ps — 1Q; = 0. Hence, we have P; | P,_1Q; and
this implies that Ps | P;_;. Therefore, P, 1 =0 and ;_1 = 0 as P; # 0.
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Similarly, equating the terms of degree > 2" e — 3 we get:
PS—2 = Qt—Q =0

Po ay1=Qia11=0
and
ng"—je(Xa }/a Z) = Pth—d + Ps—th-
Notice that V(Ll,l)(PS) = deg(Ps) > 3DG(¢f) > V(1,171)<¢2"*Je) and V(1,1,1)(Qt) = deg(@t) >
3DG(¢y) > va11)(Pan-ic). By lemma 1 we get v 11)(pon-se) > min(PQy—a, Ps—aQ:) >
V(11,1)(¢an—s.) which is a contradiction. Therefore, ¢(X,Y,Z) can not have more than 5
factors. O

Proposition 12. Let f(X) = X?"*' + h(X) € F,[X], where deg(h) = 2" Je, where e = 3
(mod 4). If n is a prime greater than 6, then ¢¢(X,Y, Z) contain an absolutely irreducible
factor define over IF,.

Proof: 1If ¢pony1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X.,Y, Z], then by lemma 19 ¢¢(X,Y, Z) contains an absolutely irreducible factor defined
over [F,. Without loss of generality we can assume that ¢oni (X, Y, Z) do not contain an
absolutely irreducible factor defined over F,,.

Suppose that ¢;(X,Y, Z) is irreducible over F,. By factorization in Equation 1 ¢gn 4 con-
tains an irreducible factor P(X,Y, Z) € F,[X,Y, Z] with m(P) = n. By Corollary 7 m(¢y) | n
but n prime implies that either m(¢s) = 1 or m(¢s) = n. If m(¢y) = n, then ¢¢(X,Y, Z)
factor into n factors which is a contradiction of proposition 11. Therefore, m(¢;) = 1 and
¢r(X,Y, Z) is absolutely irreducible.

Suppose that ¢¢(X,Y,Z) = P(X,Y,Z2)Q(X,Y,Z), where P(X,Y,Z) is irreducible and
P(X,Y,Z),Q(X,Y, Z) are non constant polynomials. Since P(X,Y, Z) is non constant poly-
nomial, then tp(X, Y, Z) contains an irreducible factor P, (X, Y, Z) € F,[X,Y, Z] with m(P,) =
n. By the first part of the proof P;(X,Y, Z) is absolutely irreducible. Therefore, ¢¢(X,Y, Z)
contains an absolutely irreducible factor defined over F,. 0

Proposition 13. Let f(X) = X?"*! + h(X) € F,[X], where deg(h) = 2" Je, where e = 3
(mod 4). If nis odd, n > 6 and n is not a prime power, then ¢ (X, Y, Z) contain an absolutely
irreducible factor defined over F,.

Proof: If ¢pony1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over [F,. Without loss of generality we can assume that ¢oni (X, Y, Z) do not contain an
absolutely irreducible factor defined over F,.

Suppose that ¢;(X,Y, Z) is irreducible over F,. Since n is not a prime power there exist
at least two primes py,ps (p1 # p2) such that pips | n, then by Theorem 50 ¢/(X,Y,Z) is
absolutely irreducible.

Suppose that ¢ (X, Y, Z) factors over F, and let p;, p2 be prime numbers such that pips | n
with p; # ps. Let

or( XY, Z)=P(X,Y,2)Q(X,Y,Z)R(X,Y, Z),
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where P(X,Y, Z), Q(X,Y, Z) are irreducible non constant polynomials and ¢p(X, Y, Z) con-
tains an irreducible factor of ¢ori11(X,Y, Z). If tp(X,Y, Z) also contain an irreducible fac-
tor of ¢ors11(X,Y, Z), then by Corollary 11 P(X,Y,Z) is absolutely irreducible. There-
fore, we can assume without loss of generality that (tp(X,Y, Z), ¢ar211(X, Y, Z)) = 1. Now
we can assume without loss of generality that ¢o(X,Y,Z) contains an irreducible factor
of ¢ar211(X,Y, Z). Now by Corollary 7 we have that m(P) | p; and m(Q) | pe. If either
m(P) =1 or m(Q)) = 1, then ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Assume that m(P) = p; and m(Q) = pa, then ¢¢(X,Y,Z) have a factorization
with at least p; + po > 5 factors which is a contradiction with proposition 11. Therefore,
either m(P) =1 or m(Q) = 1 and thus, ¢;(X,Y, Z) contains an absolutely irreducible factor
defined over F,. O

Proposition 14. Let f(X) = X*"*! + h(X) € F,[X], where deg(h) = 2" Je, where e = 3
(mod 4). If n is a power of 5, then ¢;(X,Y, Z) contain an absolutely irreducible factor defined
over F,.

Proof: 1If ¢pon1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢oniq(X,Y, Z) do not contain an
absolutely irreducible factor defined over F,.

Suppose that ¢¢(X,Y, Z) is irreducible. Notice that ¢gn41 contains an irreducible factor
R(X,Y, Z) defined over F, with m(R) = 5. By Corollary 7 we have that m(¢s) | m(R) so we
have that either m(¢;) = 5 or m(¢y) = 1. I m(¢y) = 5, ie. 94(X,Y, Z) = [[_, Ri(X,Y, Z),
where R;(X,Y,Z) € F;s[X,Y, Z]. Then by theorem 41 we have that deg(R;) = (2" —2)/5
fori =1,...,5. Notice that ¢on1(X,Y,Z) = H?Zl tr,(X,Y, 7). Now by lemma 21 we have
that V(17171) (tRz) = deg(tRz) = (2” - 2)/5

Notice that 5u1.11(on-se = 15(277 — 1) < 15(27 1 — 1) = 2 — 274 — 15 < 2" — 2. There-
fore, va,11)(tr,) > Va,1,1)(P2n-ie). Now define P(X,Y,7) = Ri(X,Y,Z) and Q(X,Y,Z) =
[1_, Ri(X,Y, Z). We write P and ) as sums of homogeneous terms:

op(X,Y,Z) = (Ps+ Ps_1 + -+ P)(Q + Q-1 + - - - + Qo),

where P; and @); are zero or homogeneous of degree j, s + ¢ = 28 — 2. Then

Pant1 = PsQy,
and
¢2”—je = Pth—a + Ps—aQt-
By Lemma 1, V(1,1,1)(2n_j€) > min(’/(l,l,l)(Pth—d)a V(1,1,1)(Ps—th)) > V(l,l,l)(¢2”*je) which is
a contradiction. Therefore, m(¢s) =1 and ¢4(X,Y, Z) is absolutely irreducible.

Suppose that ¢¢(X,Y, Z) = P(X,Y, Z)Q(X,Y, Z), where P(X,Y, Z), Q(X,Y, Z) € F,[X,Y, Z],
P(X,Y,Z) and Q(X,Y, Z) are non constant polynomials and P(X,Y, Z) is irreducible. Since
P(X,Y,Z) is non constant then there exists an irreducible polynomial W (X,Y, Z) such that
W(X,Y,Z) | tp(X,Y,Z). By Equation 1 m(W) = 5% where k¥ > 1 and by Corollary 7 we
have m(P) | m(W). Therefore, m(P) is either m(P) = 1 or m(P) = 5" where 1 < k; < k.
If m(P) = 5", then by theorem 41 P(X,Y, Z) factors into 5* factors and we obtain that
¢4(X,y,Z) has a factorization with at least 5" + 1 factors which is a contradiction with
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Proposition 11. Therefore, m(P) = 1 and thus, ¢(X, Y, Z) contains an absolutely irreducible
factor defined over F,,.
O

Proposition 15. Let f(X) = X*"*' + h(X) € F,[X], where deg(h) = 2" Je, where e = 3
(mod 4) and j > 4. If n is a power of 3, then ¢;(X,Y, Z) contain an absolutely irreducible
factor defined over F,.

Proof: 1If ¢pon1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢oni (X, Y, Z) do not contain an
absolutely irreducible factor defined over IF,.

Suppose that ¢¢(X,Y, Z) is irreducible. Notice that ¢qn41 contains an irreducible factor
R(X,Y, Z) defined over IF, with m(R) = 3. By Corollary 7 we have that m(¢s) | m(R) so we
have that either m(¢;) = 3 or m(¢;) = 1. I m(¢y;) = 3, ie. o;(X,Y, Z) = [[_, Ri(X,Y, Z),
where R;(X,Y,Z) € Fs[X,Y, Z]. Then by theorem 41 we have that deg(R;) = (2" — 2)/3
for i = 1,2,3. Notice that ¢on 1 (X,Y, 7)) = H?=1 tr,(X,Y,Z). Now by lemma 21 we have
that v11,1)(tr,) = deg(tr,) = (2" — 2)/3.

Notice that 3v; 11 (¢an-s.) = 9(277 —1) <9274 —1) = 271 + 271 — 9 < 2" — 2. There-
fore, V(l,l,l)(tRi) > I/(1’171)(¢2n—je). Now define P(X,}/, Z) = Rl(X, Y, Z) and Q(X, Y, Z) =
[T, Ri(X,Y, Z). We write P and Q as sums of homogeneous terms:

be(X,Y,Z) = (Ps_l'Ps—l+"'+PO)(Qt+Qt—1+"'+Q0)7
where P; and @); are zero or homogeneous of degree j, s +¢ = 2¥ — 2. Then

¢2”+1 = Ptha
and
¢2”*je = Pth—a + Ps—aQt'
By Lemma 1, v(1,1,1)(2" 7€) > min(v1,1)(PsQt—a), Y(1,1,1)(Ps—aQt)) > v(1,1,1)(P2n-s) which is
a contradiction. Therefore, m(¢;) =1 and ¢;(X,Y, Z) is absolutely irreducible.

Suppose that ¢,(X,Y, Z) = P(X,Y, Z)Q(X,Y, Z) R(X,Y, Z), where P(X,Y, Z), Q(X,Y, Z),
R(X,Y,Z)eF,J|X,Y,Z], P(X,Y, Z) and Q(X,Y, Z) are non constant irreducible polynomi-
als. Since P(X,Y, Z) is non constant then there exists an irreducible polynomial W (XY, 7)
such that W(X,Y,Z2) | tp(X,Y,Z). By Equation 1 m(W) = 3F where k > 1 and by
Corollary 7 we have m(P) | m(W). Therefore, m(P) is either m(P) = 1 or m(P) = 3k,
where 1 < k; < k. Similarly, there exists an irreducible polynomial V (XY, Z) such that
V(X,Y,Z) | to(X,Y, Z). By equation 1, m(V) = 3%, where a > 1 and by Corollary7 we have
m(Q) | m(V). Therefore, m(Q) = 1 or m(Q) = 3", where 1 < a; < a. If either m(P) =1 or
m(Q) = 1, then you have an absolutely irreducible factor defined over F,. So we can assume
that m(P),m(Q) > 1, then by Theorem 41 P(X,Y, Z) factors into at least 3 factors. Sim-
ilarly, Q(X,Y, Z) factors into at least 3 factors. Therefore, ¢(X,Y, Z) have a factorization
into at least 6 factors which is a contradiction with Proposition 11. 0]

Proposition 16. Let f(X) = X?"*' + h(X) € F,[X], where deg(h) = 2" e, where e = 3
(mod 4) and j > 4. If n = p™, where p is a prime p > 5, then ¢¢(X,Y,Z) contain an
absolutely irreducible factor defined over F,.
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Proof: 1If ¢pon1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢oniq(X,Y,Z) do not contain an
absolutely irreducible factor defined over F,,.

Suppose that ¢¢(X,Y, Z) is irreducible. Notice that ¢qn41 contains an irreducible factor
R(X,Y, Z) defined over F, with m(R) = p. By Corollary 7 we have that m(¢s) | m(R) so
we have that either m(¢s) = p or m(¢y) = 1. If m(¢s) = p, then by Theorem 41 ¢¢(X,Y, Z)
factors into p absolutely irreducible factors. This is a contradiction with Proposition 11.
Therefore, ¢¢(X,Y, Z) is absolutely irreducible.

Suppose that ¢ (XY, Z) = P(X,Y, Z2)Q(X,Y, Z), where P(X,Y, Z), Q(X,Y, Z), € F,[X,Y, Z],
P(X,Y,Z) and Q(X,Y, Z) are non constant polynomials and P(X,Y, Z) is irreducible. Since
P(X,Y, Z) is non constant then there exists an irreducible polynomial W (X, Y, Z) such that
W(X,Y,Z) | tp(X,Y,Z). By Equation 1 m(W) = p* where k¥ > 1 and by Corollary 7 we
have m(P) | m(W). Therefore, m(P) is either m(P) = 1 or m(P) = p*, where 1 < k; < k.
If m(P) = p*, then by theorem 41 P(X,Y, Z) factors into p*' factors and we obtain that
¢4(X,y,Z) has a factorization with at least p" + 1 factors which is a contradiction with
Proposition 11. Therefore, m(P) = 1 and thus, ¢;(X,Y, Z) contains an absolutely irreducible
factor defined over F,.

0]

Proposition 17. Let f(X) = X?"*' + h(X) € F,[X], where deg(h) = 2" Je, where e = 3
(mod 4). If n is a power of 2, then ¢;(X,Y, Z) contain an absolutely irreducible factor defined
over F,.

Proof: 1If ¢pony1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X.Y, Z], then by lemma 19 ¢¢(X,Y, Z) contains an absolutely irreducible factor defined
over [F,. Without loss of generality we can assume that ¢oni (X, Y, Z) do not contain an
absolutely irreducible factor defined over F,,.

Suppose that ¢;(X,Y,Z) is irreducible. Notice that ¢qni; contains an irreducible fac-
tor R(X,Y,Z) defined over F, with m(R) = 2. By Corollary 7 we have that m(¢;) |
m(R) so we have that either m(¢r) = 2 or m(¢r) = 1. If m(¢y) = 2, ie. ¢4(X,Y,2) =
P(X,Y,Z2)Q(X,Y,Z), where P(X,Y,Z)Q(X,Y,Z) € Fp[X,Y, Z]. Then by theorem 41 we
have that deg(P) = deg(Q) = 2"~' —1. Notice that ¢on 1 (X, Y, Z) = tp(X,Y, Z2)to(X,Y, Z).
Now by lemma 21 we have that v 11)(tp) = va11)(tg) = deg(tp) =271 — 1.

Notice that 2v; 11 (¢an-5, = 6277 —1) < 9(2"*—1) = 2771427419 < 2" —2. Therefore,
V) (te) = vain(te) > Va1 (dan-ic). We write P and @ as sums of homogeneous terms:

¢f(X7KZ) = (P5+Ps—1+"'+P0)<Qt+Qt—l+"'+Q0)7
where P; and @); are zero or homogeneous of degree j, s + ¢ = 28 — 2. Then
¢2”+1 = Pth>
and
¢2”—je = PSQt—a + Ps—aQt-

By Lemma 1, v(3,1,1y(2" 7€) > min(vq.1,1)(PsQt—a), Y(1,1,1)(Ps—aQt)) > v(1,1,1)(Pan-s) which is
a contradiction. Therefore, m(¢s) =1 and ¢;(X,Y, Z) is absolutely irreducible.
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Suppose that ¢(X,Y, Z) factors over F, with factorization

k
¢f<X7Y7Z):HRz(X7Y7Z)a (12)
i=1
where R;(X,Y,Z) € F,[X,Y, Z] is irreducible non constant polynomial for i = 1,... k.
Notice that for each tg, (X, Y, Z), there exists an irreducible polynomial W;(X, Y, Z) such that
m(W;) = 2% where k; > 1 for each i = 1,..., k. By Corollary 7 we have that m(R;) | m(W;)
for each i = 1,..., k. Therefore, m(R;) = 2%, where 0 < a; < k; for every i = 1,... k. If
there exists a iy such that m(R;,) = 1, then we have an absolutely irreducible factor defined
over F,. So we can assume that m(R;) = 2%, where 1 < a; < k; for eachi =1,..., k. Now for
every i = 1,...,k by Theorem 41 there exist an absolutely irreducible factor h;(X,Y, Z) €
F 20 [X,Y, Z], ¢; € Fy such that

R(X.Y.Z)=c || o(XY.2), (13)
aEGal(]FqQai )/Fq)
Combining Equations 12 and 13 we obtain the following equation:
k
61XV, Z) =[] e II o(hi(X,Y, Z)). (14)
1=1 aEGal(FqQai )/Fq)
Notice that |Gal(F e )/F,)| = 2% and that for every o, 8 € Gal(F 0 )/F,) we have that

deg(a(hi)) = deg(B(hi)). Let v; be a generator of Gal(F s )/F,), define g;(X,Y,Z) =
ap—1 a; . .

12, 7 (h(X,Y, Z)) and fi(X,Y,Z) = Hz:%,lﬂ v (hi(X,Y,Z)). Then using this defi-

nitions we can rewrite Equation 14 as

k
¢f(X>Y7 Z) = HQQ@(X?KZ)JCZ(Xva Z)
i=1
Notice that deg(f;) = deg(g;). Define P(X,Y,Z) = [[\_,¢:(X,Y,Z) and Q(X,Y,Z) =
15, c:ifi(X,Y, Z), then ¢;(X,Y,Z) = P(X,Y,Z)Q(X,Y,Z), with deg(P) = deg(Q) =
2=t — 1. Notice that ¢on 1 (X,Y,Z) = tp(X,Y, 2)tq(X,Y, Z). Now by lemma 21 we have
that v11,1)(tp) = va11(to) = deg(tp) = 2" — 1.
Notice that 21 11(¢an—5, = 6(277 —1) < 9(2"*—1) = 2" 14274 —9 < 2" —2. Therefore,
vaan(tp) = a1y > vaan(pan—ic). We write P and @ as sums of homogeneous terms:

¢r(X,Y,Z) = (Ps+ Py + -+ + Po)(Qr + Qe1 + - + Qo)
where P; and @); are zero or homogeneous of degree j, s +¢ = 2% — 2. Then
Pan 1 = PiQy,

and
¢2"*76 = Pthfa + PsfaQt-
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By Lemma 1, V(1,1,1)(2n_j€) > min(V(1,1,1)(Pthfd),V(1,1,1)(Psfth)) > V(1,1,1)(¢2nfje) which
is a contradiction. Therefore, there exist an iy € {1,...,k} such that m(R;,) = 1. Thus,
¢s(X,Y, Z) contains an absolutely irreducible component defined over F,. O

Proposition 18. Let f(X) = X?"*! + h(X) € F,[X], where deg(h) = 2" Je, where e = 3
(mod 4). If n is even, and p | n is a prime p > 3, then ¢;(X,Y, Z) contain an absolutely
irreducible factor defined over F,.

Proof: If ¢pony1(X,Y,Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over [F,. Without loss of generality we can assume that ¢oni (X, Y, Z) do not contain an
absolutely irreducible factor defined over F,,.

Suppose that ¢¢(X,Y, Z) is irreducible over F,. Since n is not a prime power there exist at
least two primes 2,p (p # 2) such that 2p | n, then by Theorem 50 ¢¢(X,Y, Z) is absolutely
irreducible.

Suppose that ¢¢(X,Y, Z) factors over F, and let

or(X,Y,.Z)=P(X,Y,2)Q(X,Y,Z)R(X,Y, Z),

where P(X,Y, Z), Q(X,Y, Z) are irreducible non constant polynomials and ¢p(X, Y, Z) con-
tains @21 (X, Y, Z). If tp(X,Y, Z) also contain an irreducible factor of ¢ory1(X,Y, Z), then
by Corollary 11 P(X,Y, Z) is absolutely irreducible. Therefore, we can assume without loss
of generality that (tp(X,Y,Z), ¢ari1(X,Y,Z)) = 1. Without loss of generality we can as-
sume that to(X,Y, Z) contains an irreducible factor of ¢ory1. By Corollary 7 we have that
m(P) | 2 and m(Q) | p, then we have that either m(P) = 1 (respectively m(Q) = 1) or
m(P) = 2 (respectively m(Q) = p). If either m(P) = 1 or m(Q) = 1, then ¢¢(X,Y, Z)
contains an absolutely irreducible factor defined over F,. We can assume that m(P) = 2 and
m(Q) = p, then ¢;(X,Y,Z) have a factorization with at least 2 + p > 6 factors which is a
contradiction of Proposition 11.

O

Proposition 19. Let f(X) = X?"*' + h(X) € F,[X], where deg(h) = 2" Je, where e = 3
(mod 4). If 6 | n, then ¢4(X,Y, Z) contain an absolutely irreducible factor defined over F,,.

Proof: 1If ¢pon1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X.Y, Z], then by lemma 19 ¢¢(X,Y, Z) contains an absolutely irreducible factor defined
over [F,. Without loss of generality we can assume that ¢oni (X, Y, Z) do not contain an
absolutely irreducible factor defined over F,.

If n is divisible by any prime p different than 2 and 3, then by Proposition 18 ¢;(X,Y, Z)
contains an absolutely irreducible factor defined over F,. So we can assume that n is only
divisible by 2 and 3, i.e. n = 2" 3"2, where ny,ny > 1.

Suppose that ¢;(X,Y, Z) is irreducible over F,. Since n is not a prime power there exist
at least two primes 2,3 such that 6 | n, then by Theorem 50 ¢¢(X,Y,Z) is absolutely
irreducible.

Suppose that ¢¢(X,Y, Z) factors over F, and let

o XY, Z)=P(X,Y,Z)Q(X,Y,Z)R(X,Y, 2),
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where P(X,Y, Z), Q(X,Y, Z) are irreducible non constant polynomials and ¢p(X, Y, Z) con-
tains @21 (X, Y, 7). If tp(X,Y, Z) also contain an irreducible factor of ¢qs,1(X,Y, Z), then
by Corollary 11 P(X,Y, Z) is absolutely irreducible. Therefore, we can assume without loss
of generality that (tp(X,Y, Z), ¢23,1(X,Y, Z)) = 1. Without loss of generality we can assume
that to(X,Y, Z) contains an irreducible factor of ¢g31.By Corollary 7 we have that m(P) | 2
and m(Q) | 3, then we have that either m(P) = 1 (respectively m(Q) = 1) or m(P) = 2
(respectively m(Q) = 3). If either m(P) = 1 or m(Q) = 1, then ¢¢(X,Y,Z) contains an
absolutely irreducible factor defined over F,. We can assume that m(P) = 2 and m(Q) = 3.
If R(X,Y,Z) is a non constant polynomial then we get a contradiction with Proposition 11
(2 factors from P, 3 factors from @) and 1 factor from R). Therefore, we can assume that
or(X,Y,Z)=P(X.,Y,Z)Q(X,Y, Z).

Suppose that deg(P) > deg(Q), then deg(P) > 2"~! —1. Since m(P) = 2, then there exists
Ri(X,Y,Z),Ro(X,Y,Z) € F(X,Y,Z) such that P(X,Y,Z) = R\(X,Y,Z)Re(X,Y, Z),
with deg(R;) = deg(R,). Notice that deg(R;) > 2"2 — 1. By Lemma 21 we have that
V(1,1,1)<tR1) = V(l,l,l)(th) > =2 1> 4(2n—4 — 1) > 3(2n—j — 1) = l/(1’171)<¢2n7je).

Define A(X,Y,Z) = Ri(X,Y,Z) and B = Ry(X,Y,Z)Q(X,Y, Z), then ¢¢(X,Y, Z) =
A(X,)Y, Z)B(X,Y, 7). We write A(X,Y,Z) and B(X,Y, Z) as sums of homogeneous terms:

¢r(X,Y,Z) = (As + Ascr 4+ Ao)(Be + By + -+ + By),
where A; and B; are zero or homogeneous of degree j, s + ¢ = 28 — 2. Then

¢2”+1 = Ath7
and
Pon—se = AsBi—a + As—aB.
By Lemma 1, v 1,1y(2" 7€) > min(vq,1,1)(AsBi—a), Va,1,1)(As—aB)) > v(1,1,1)(Pan—s.) which
is a contradiction. Thus, ¢(X,Y, Z) contains an absolutely irreducible component defined
over F,.

Suppose that deg(Q) > 2"1—1. Since m(Q) = 3, then there exists Ry (X,Y, Z), Ry(X,Y, Z),
R3(X,Y,Z) € Fs[X,Y, Z] such that Q(X,Y, Z) = Hf’zl Ri(X,Y,Z) and deg(R;) = deg(Rz) =
deg(R3). Notice that deg(R;) > 2"% —1 for ¢ = 1,2, 3. Similarly, since m(P) = 2, then there
exists W1 (X, Y, 2), Wa(X,Y, Z) € F2[X,Y, Z] such that P(X,Y, Z) = Wi (X,Y, Z)W5(X,Y, Z)
and deg(WW;) = deg(Ws). By Theorem 47 and Lemma 22 DG(W;) > DG(¢;) > 2" + 1. By
Proposition 10 deg(W;) > DG(W;) > 277 4 1. Define A(X,Y,Z) = Ri(X,Y, Z)W(X,Y, Z)
and B(X,Y,Z) = Ro(X,Y, Z)Rs(X,Y, Z)Wa(X,Y, Z). We write A(X,Y,Z) and B(X,Y, Z)

as sums of homogeneous terms:
(X, Y, Z) = (As+ As1 + -+ Ag)(By + By + - - - + By),
where A; and B; are zero or homogeneous of degree j, s + ¢ = 28 — 2. Then
Pany1 = AsBy,

and
¢2"*je = Athfd + Asdet'
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By Lemma 21 and Lemma 1 we have that va11)(As) = vai1)(te) + van(tw,) >
273 4 om0 > 3(2" — 1) = v(1,1,1)(¢yn—s.). Clearly, deg(B) > deg(A). Therefore, by
Lemma 21 V(171’1)<Bt) > V(1'7171)(A5) > l/(17171)(¢2n7j6>.

By Lemma 1, v(11,1)(2" 7€) > min(va,1,1)(AsBi—a), V1,11 (As—aBt)) > v(1,1,1)(Pan—se) which
is a contradiction. Thus, ¢(X,Y, Z) contains an absolutely irreducible component defined

over F,.
O

Theorem 58. Let f(X) = X*' ™! + h(X) € F,[X], where deg(h) = 2" Je, where e = 3
(mod 4). If j > 4, then ¢;(X,Y, Z) contains an absolutely irreducible factor defined over F,.

Lemma 23. Let f(X) = z? + h(X), where d = 2" + 1, e = deg(h) v1,1)(¢e) < 22 — 1.
Then every irreducible factor R(X,Y,Z) € F,[X,Y, Z] of ¢¢(X,Y, Z) is elther absolutely
irreducible or v 11)(tr) < 2" 2.

Proof: 1t ¢4(X.Y,Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X.Y, Z], then by lemma 19 ¢¢(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢4(X,Y, Z) do not contain an abso-
lutely irreducible factor defined over F,,.

Let ¢¢(X,Y,Z2) = P(X,Y,Z)Q(X,Y, Z), where P(X,Y, Z),Q(X,Y,Z) € F,[X,Y, Z] non
constant polynomials and P(X,Y, Z) be irreducible. If m(P) = 1, then P(X,Y, Z) is abso-
lutely irreducible. Therefore, m(P) > 1. It is enough to show that for every m(P) = p, p
prime the condition is satisfied. Assume that 2772 — 1 < vaan(tp) < 2=l — 1. We write
P(X,Y,Z) and Q(X,Y, Z) as sums of homogeneous terms:

O XY, Z)=(Ps+ P+ -+ P)(Qr + Qior + - -+ Qo),

where P; and @); are zero or homogeneous of degree j, s +t = d. Then

¢d = Pth7

and
¢e = PSQt—a + Ps—aQt~
Since y(l,l,l) (tp) < 271—1 - 1, then V(1,171)<tQ) = V(l,l 1) (¢d) — I/(l 1,1) (tp 2 — 1. Then we
have v(11,1y(¢e) < =2 _1 > min (11,1 (PsQi—a), V(1,1,1)(Psz aQt)) > 2ne — 1 which is a
contradiction. Therefore, v 1,1y(tp) > on—t 1, Assume that Vi (te) > 277 =1
If p = 2, then we have
P(X,Y,Z)=Vi(X,Y,2)W(X,Y, Z)
where V1(X,Y, 2),Va(X,Y, Z) € F[X,Y, Z] are conjugates. Define A(X,Y, Z) = Vi(X,Y, Z)
and B(X,Y,Z) = W(X,Y,2)Q(X,Y,Z), then ¢¢(X,Y,Z) = AX,Y,Z)B(X,Y,Z). We
write A and B as sums of homogeneous terms:
or(X.Y, Z) = (As + Asmi + -+ A0) (B + Bii + -+ + By),

where A; and B; are zero or homogeneous of degree j, s +t = d. Then

¢d = Atha

and
gbe = Ath—a + As—aBt-
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Since Vi, Vs are conjugates then deg(Vi) = deg(V5), thus by Lemma 21 v 11)(ty) =
vaan(ty) > 2"=2 Then we have v (¢e) < on-2_1 > min(v(1,1,1)(AsBi—a), V11,1 (As—a B)) >
27=2 _ 1, which is a contradiction. Therefore, V(Ll,l)(tP) < on—2 1,

If p > 3, then we have

PXY,Z)= ] ©cHXY, 2)
o€Gal(Fyp [Fq)
where H(X,Y, Z) € F»[X,Y, Z]. Therefore deg(a(H)) = deg(B8(H)), for all a, € Gal(Fp /F,),
thus by Lemma 21 v(11)(tamn) = Y1) (tsan) = (2771 = 1)/p. Let v € Gal(Fp /F,) be a
generator. Then,

P(X,Y,Z) H7 (X,Y,2))

Define A(X,Y, Z) = Q(X,Y, Z) [[","* l’<H<X, Y, 2)) and B(X,Y, Z) = [T, 1)1 7 (H(X,Y, 2)),
then ¢;(X,Y,Z) = A(X,Y, Z)B(X,Y,Z). We write A(X,Y, Z) and B(X,Y, Z) as sums of
homogeneous terms:

(XY, Z) = (As+ As1 + -+ A)(By + Byy + -+ - + By),
where A; and B; are zero or homogeneous of degree j, s +t = d. Then
¢d = Ath>
and
Qbe = Ath—a + As—aBt~

Notice that vq11,1)(B;) > (2"71—1)/2 > 2"72. Computing v(,1,1)(A,), we obtain v 1.1)(As) =
AN 1:35’@» +vaanlte) = EE 4 Blvaa(ie) > 321~ 1) +
%V(Ll,l)(tQ) = = 4 2y (tg) > 2772 Then we have vy 1)(¢e) < 2772 —1 >
min(y(LLl)(Ath_a), Y(1,1,1) (AS_aBt)) > 2n=2 > 97=2 _ 1 which is a contradiction. Therefore,
vaain(tp) <22 — 1.

If p = 3, then we have

PX.v,z)= [] oHXY 2)
o€Gal(F 3/Fq)

where H(X,Y,Z) € Fs[X,Y, Z]. Therefore deg(a(H)) = deg(B(H)), for all o, 5 € Gal(F s /F,)
thus by Lemma 21 v(111)(faw)) = vy (taan) = (2771 = 1)/3. Let v € Gal(Fy /Fy) be a
generator. Then,

P(X,Y, H7 (X,Y,Z))

Define A(X,Y,Z7) = [, v/ (H(X,Y, Z)) and B(X,Y.Z) = Q(X,Y,Z)H(X,Y, Z), then
or(X,Y,Z) = A(X,Y, Z)B(X,Y, Z). We write A and B as sums of homogeneous terms:

6f(X,Y, Z) = (As+ As—1+ -+ + Ag) (Bt + Bi-1 + - - - + By),
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where A; and B; are zero or homogeneous of degree j, s +t = d. Then
¢d = Ath7
and
¢e = Athfa + AsfaBt-

Notice that V(l,l,l)(As> Z %(271—1 — 1) = (2"3_2) > 2n—2 — 1. Let ¢ = V(17171)(tQ), then
vaay(By) = ¢+ 2= = 2 4+ X > (271 —1)(3) > (27 — 1)(3). Then we have
Va1 (@) <22 —1 > min(va1,1)(AsBi—a), Ya1,1)(As—aBy)) > 2772 > 2"72 — 1, which is a
contradiction. Therefore, vy 1 1y(tr) < 2" 2 — 1. O
Theorem 59. Let f(X) = X%+ h(X), where d = 2" + 1, deg(h) = e and v(11,1)(¢e) <

2777 — 1. Then every irreducible factor ¢;(X,Y,Z) contains an absolutely irreducible factor
defined over F,.

Proof: Assume that ¢;(X,Y, Z) is irreducible, then by lemma 23 ¢;(X,Y, Z) is absolutely
irreducible. Suppose that

k
05(X,Y, 2) = [ [ R(X.Y,2)
=1

where R;(X,Y,Z) € F,[X,Y, Z] is a non-constant irreducible polynomial for i € {1,...,k}.

If one of the R;(X,Y, Z) is absolutely irreducible then we are done, so we can assume with-

out loss of generality that every R;(X,Y, Z) is not absolutely irreducible for i € {1,... k}.

By Lemma 23 we have v 11)(tg,) < 2772 for every ¢ € {1,...,k}. Define P(X,Y,Z) =

1, Ri(X,Y, Z), where w is the minimum number such that v 1.1)(tp) > 2"2 (i.e. v ([T (tr,)) <
2"72). Define Q(X,Y, Z) = H§:w+1 R,(X,Y,Z). We write P(X,Y, Z) and Q(X,Y, Z) as sums

of homogeneous terms:

¢r(X,Y,Z) = (Ps+ Pooi + -+ Po)(Qe + Qe1 + -+ + Qo)

where P; and (); are zero or homogeneous of degree j, s +t = d. Then

¢d = Ptha
and
¢e = Pth—a + Ps—aQt-
Notice that v 11)(Ps) < 2% (2"72) =21 and v1,11)(Q:) =2" — 2 —va11)(Ps) < 2" —2 —
(2n—1 — ].) = 2n—1 —1> 2n—2' Therefore, V(l,l,l)(¢e) Z miH(V(1,1,1)(Pth—a), V(17171) (Ps—aQt) <
2"~2 which is a contradiction. Thus, there exists a ig € {1,...,k} such that R; (X,Y,Z) is

absolutely irreducible.
OJ

The following theorem extend Proposition 11 for any j > 2.

Theorem 60. Let f(X) = X*'*! + n(X) € F,[X], where deg(h) = 2" e, e = 3 (mod 4),
and j > 2. If ¢¢(X,Y, Z) is not absolutely irreducible, then ¢ (X, Y, Z) has at most 5 factors.
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Proof: Assume that ¢,(X,Y, Z) = [[°_, Ri(X,Y, Z)) is the product of 6 factors. Notice that
by lemma 22 and lemma 20 3(DG(¢y)) > 3(2"7 + 1) > 3(2" 7 — 1) = vq,1,1)(¢an-sc). By
theorem 47 and lemma 22 DG(R;) > DG(¢y) > 2"7 + 1. By proposition 10 then we can
conclude that deg(R;) > DG(R;) > 2"~ + 1. Now consider P(X,Y, Z) = [[._, Ri(X,Y, Z)
and Q(X,Y,7) = H?:4 Ri(X,Y,Z). We write P and ) as sums of homogeneous terms:

gbf(Xv}/aZ):(P5+Ps—1+"'+PO)<Qt+Qt—1+"'+QO)7

where P; and @; are zero or homogeneous of degree j, s +t = 2% — 2. Without loss of
generality assume that s > t. Then,

PQi = ¢any1,
Since ¢orq is equal to the product of different linear factors, (Ps, @;) = 1. Then, equating
the terms of degree s+t — 1 gives P;Q);_1 + Ps — 1Q,; = 0. Hence, we have P; | P,_1Q; and
this implies that P; | P;_;. Therefore, P, 1 =0 and ;1 = 0 as Py # 0.
Similarly, equating the terms of degree > 2" e — 3 we get:

Psz = Qt72 =0

Ps—a11=Qt-a11 =0
and
¢2"*76<X7 Yva Z) = Pthfd + Psfth-
Notice that V(17171) (Ps) = deg(Ps) Z 3DG(¢f) > l/(171’1)(¢2n7j6) and V(l,l,l) (Qt) = deg(Qt) Z
3DG(¢y) > vai1)(Pan-ic). By lemma 1 we get v 11)(gonse) > min(PQy—g, Ps—aQ:) >
V(1,1,1)(¢2n—s.) which is a contradiction. Therefore, ¢(X,Y, Z) can not have more than 5
factors. O

Theorem 61. Let f(X) = X*'*! + h(X) € F,[X], where deg(h) = 2" 3¢, e = 3 (mod 4).
If is not a power of 3 or n = 2"3", with ny,ny > 1 then ¢4(X,Y, Z) contains an absolutely
irreducible factor defined over F,.

Proof: If ¢pony1(X,Y,Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over [F,. Without loss of generality we can assume that ¢oni (X, Y, Z) do not contain an
absolutely irreducible factor defined over F,.

We have two possible cases when n is a prime power and when 7 is not a prime power.
Let assume that n = p™ for p # 3 prime. We have two possible cases n = 2%, where k > 1.
Notice that ¢5(X,Y, Z) | ¢ony1. Suppose that ¢(X,Y, Z) is irreducible, then by Corollary 7
m(¢y) | m(¢s) i.e. m(¢y) | 2. Therefore, either m(¢s) =1 or m(¢y) = 2. If m(¢y) = 1, then
¢7(X,Y,Z) is absolutely irreducible. Suppose m(¢s) = 2, then there exists an absolutely
irreducible polynomial H(X,Y, Z) € F,[X,Y, Z] such that

¢f(X7Y72): H V(H(X,KZ))

+€Gal(F 2 /Fy)
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Now we have deg(H) = deg(a(H)), a € Gal(Fp2/F,), a not the identity. Let P(X,Y, Z) =
H(X,Y,Z) and Q(X,Y,Z) = a(H(X,Y,Z)). We write P and @ as sums of homogeneous
terms:

Or(X. Y, Z) = (Ps+ Pooy + -+ R)(Qe + Qe—1 + - + Qo)
where P; and Q; are zero or homogeneous of degree j, s+t = 2¥ — 2. Without loss of
generality assume that s > ¢. Then,

PQy = dan 1,
and
¢2"—3e = Pthfa + PsfaQt-

By Lemma 21 we have vg11)(Ps) = va1)(Q) = (2" —2)/2 = 2»~! — 1. Computing
V(1,1,1)(¢2n—3e) = (2n_3 - 1)(3) > min(V(l,l,l)(Pthfa)V(l,l,l)(PsfaQt)) > 2t —1 > (2"_3 -
1)(3) which is a contradiction. Suppose that ¢;(X,Y, Z) = Hle R,(X,Y, Z), where R;(X,Y, Z) €
F,[X,Y, Z] is an irreducible non-constant polynomial for ¢ = 1,..., k. Notice that since n is
a power of two, then we have by Corollary 7, m(R;) = 2% for b; € {1,...,n},i=1,...,k
and b; > 0. If for some iy € {1,...,k} we have m(R;,) = 1, then R; (X,Y, Z) is absolutely
irreducible. Therefore, we can assume without loss of generality that m(R;) > 1 for every
i € {1,...,k}. Then there exists polynomials H;(X,Y,Z) € Fp[X,Y,Z], i =1,...,k such
that

(XY, 2) H [ #=Hx Y 2)
i=1 7€Gal(F 2 /Fq)

Now we have deg(H;) = deg( (H;)), o € Gal(Fp/F,), o not the identity and i =
1,2,...,k. Let P(X,Y,Z) = H_lH(XYZ) and Q(X,Y, 7)) = HZ Lo(H(X,Y, Z)). We
write P and () as sums of homogeneous terms:

¢r(X,Y,Z) = (P + Py + -+ P)(Qu + Qo1 + -+ + Qo),

where P; and @; are zero or homogeneous of degree j, s +t = 2% — 2. Without loss of
generality assume that s > ¢t. Then,

PsQi = ¢anya,
and
¢2”—3e = Pthfa + PsfaQt-
By Lemma 21 we have vq11)(Ps) = vu1,)(Q) = (2" —2)/2 = 2" — 1. Computing
Va1,0)(@an-se) = (272 = 1)(3) = min(v1,1)(PsQi—a)Va,1,1)(Po—a@)) = 2771 =1 > (2773 —
1)(3) which is a contradiction.
Suppose that n = p™, where p > 3 is a prime number. Assume that ¢;(X,Y,7) is

irreducible over F,, then there exist an absolutely irreducible polynomial H(X,Y,Z) €
F»[X,Y, Z] such that

Op(X,Y,Z) = HﬂH(X,Y, Z)),
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where v € Gal(Fp /F,) is a generator of Gal(F /F,). Notice that deg(a(H)) = deg(S(H))
for every o, 3 € Gal(Fy /F,). Define P(X,Y, Z) = [[*,V?~(H(X,Y, Z)) and Q(X,Y, Z) =
Hf:(p—l)/Q—I—l Y(H(X,Y,Z)). We write P and @ as sums of homogeneous terms:

Op( XY, Z)=(Ps+ P+ -+ P)(Qr + Qo1 + - -+ Qo),

where P; and Q; are zero or homogeneous of degree j, s+t = 2¥ — 2. Without loss of
generality assume that s > ¢. Then,

PsQ = ¢anya,
and
¢2”—3e = Pthfa + PsfaQt-
By Lemma 21 we have v 11)(FPs) = %(7%1) = (%)(2”_1—1) > %(2"‘1—1) = % and
va,1,1)(Qt) > va11)(Ps). Computing 11,1y (dan-se) = (273 — 1)(3) > min(va,1,1)(PsQi—a),
V1) (Pe—a@t)) > Ll‘l (273 — 1)(3) which is a contradiction.

Suppose that (bf(X, Y, Z) = Hle R/(X,Y,Z), where R,(X,Y,Z) € F,[X,Y,Z] is an ir-
reducible non-constant polynomial for ¢ = 1,... k. Notice that since n is a power a prime
power, then by Corollary 7, m(R;) = p for b; € {1,...,n}, i = 1,...,k and b; > 0. If
for some iy € {1,...,k} we have m(R;,) = 1, then R; (X,Y,Z) is absolutely irreducible.
Therefore, we can assume without loss of generality that m(R;) > 1 for every i € {1,... k}.
Then there exists polynomials H;(X,Y,Z) €e Fp[X,Y, Z], i =1,...,k such that

(XY, Z) H [ EEXY.Z) (15)

i=1 yEGal(Fp Fq)

Now we rewrite Equation 15 as follows. Let 0 € Gal(Fp/F,) be a generator. Define
Wi(X,Y, Z) = ngzl Y (Hy(X,Y, Z)) fori =1,2,...,p. Then we have deg(WW;) = deg(W}), for
i=1,2,...,p.Let P(X,Y,Z) = [[","? Hy(X,Y, 2) and Q(X,Y, Z) = [IL_, 1) o1 @(Hi(X,Y, Z)).
We write P and @) as sums of homogeneous terms:

¢p(X,Y,Z) = (Ps+ Ps_1 + -+ Po)(Q¢ + Qi1 + - - + Qo),

where P; and Q; are zero or homogeneous of degree j, s +t = 2¥ — 2. Without loss of
generality assume that s > t. Then,

Ps@t = ¢2”+17
and
¢2"*3e - PSQt—a + Ps—aQt~
By Lemma 21 we have v 1,1)(Ps) = 2”}%2(7%1) = ((";%1))(2"*1—1) > (2 -1) = 2"+51_4 and
V(l,l,l)(@t) > V(1,1,1) ( ) Computing V(l,l,l)(¢2”*3e) = (2n73 - 1)(3) > min(y(l,l,l)(Pth—a)a
va1.1)(Ps—aQt)) > 2n+1 2 > (2% — 1)(3) which is a contradiction.

Suppose that n is not a prime power and n # 2¥3%2 for some k;,k, > 1. Suppose that
¢r(X,Y, Z) is irreducible then by Theorem 50 ¢;(X,Y, Z) is absolutely irreducible. Suppose
that ¢f(X,Y,2) = Hle R,(X,Y,Z), where R;(X,Y,Z) € F,[X,Y, Z] is an irreducible non-
constant polynomial for ¢ = 1,... k. If there is an iy € {1,...,k} such that m(R;,) = 1,
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then we have an absolutely irreducible factor defined over IF,. Since n is not a prime power
there exists two primes pq, p2, p1 # po such that pips | n and p; + po > 5. Then there exists
two different factors Ry, (X,Y, Z), R, (X,Y, Z), i1,is € {1,...,k} such that m(R;) = p’',
m(R;,) = pb?, with by,b; > 1. Then there exist polynomials H,(X,Y,Z) € Fu[X,Y, Z],
Hy(X,Y,Z) € Fro | X, Y, Z] such that

Ri1(X7Y7Z): H U(Hl(Xaifaz)L
o€Gal(Fpy /Fq)
and
Ri,(X,)Y, Z) = H V(H(X,Y, Z)).
+EGal(F v [Fy)

Now we can write ¢;(X,Y, Z) as follows,
or(XY.2)=RX.Y.2)( [[ oy [ HX.Y.2)

o€Gal(F py [Fq) YEGal(F p2 /Fq)

which is a contradiction with Theorem 60. Therefore, ¢(X,Y, Z) contains an absolutely
irreducible factor defined over F,. O

Notice that in the case f(X) = X*'™' + h(X) € F,[X], where deg(h) = 2" 3¢, e = 3
(mod 4), we only have two cases either e = 3 or e = 7. If e = 3, then DG(¢y) = 2" +
2 —2"73(3) > 2" + 2 — 2773(4) = 277! + 2. Therefore, this case is already solved by Aubry
McGuire and Rodier in [2].

3.4. Case when deg(h) = 2" 7e, where ¢ =1 (mod 4). Define pg(X,Y) = ¢4(X,Y,Y).
Lemma 24. Let d = 1+ 2"m, where k > 2 and m > 1 is odd. Then v(111)(¢a) < v(1,1)(pa)-

Proof: Let G(X,Y,Z) = ¢pa(X +1,Y +1,Z+1). Writing G(X, Y, Z) in homogeneous terms
we obtain

G(X,Y,Z)=Ga( XY, Z) + Ga1 (X, Y, Z)+ -+ Guo(X,Y, Z) (16)
where G; is either 0 or a homogeneous polynomial of degree i. Now intersecting G(X,Y, Z)
with the plane Y = Z, we obtain

F<X’Y> = G(vavuy) = Gd(X7 Y, Y) + Gd—l(Xayay) oot Ga(XaYaY) (17>
It is clear by Equations 16 and 17 that deg(7T) < deg(Tr). Notice that F/(X,Y) = pa(X +

1,Y +1). Therefore, V(l,l)(pd) > I/(171’1)(¢d).
]

Lemma 25. Let f(X) = X*' "1 + h(X) € F,[X], where deg(h) = 2"Je, j > 4, e = 2"m +1,
k>2and m > 1 odd. Then, DG(¢f) > 2"+ — 2n4 4 1.

Proof: Notice that if k¥ > j, then it is clear that deg(h) > 2" + 1 which is a contradiction
with the degree of f. Therefore, we have that k& < j. For fix 7 > 4, we have that the maximum
possible value of e is given by e = 2%(27=% —1). Therefore, DG(¢;) > 2"+ 1 — 29 (2~ (297F —
D+1)=2"+1— (2" —2n Itk 4 on=i) = gn=itk _gn=j 4 1, O
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Lemma 26. Let f(X) = X?"*! + h(X) € F,[X], where d = deg(h) = 2" e, j > 4,
e=2"m+1,k>2and m > 1odd. Then v 1) (¢g) < 3(2"77 — 1) 4 2n—9Fk — 2n=i+l,

Proof: By Equation 3 and Lemma 1 we have that v(111)(¢a) = (2"77 — 1)vaa1)(ds) +
2" 1111y (¢e) Then by lemma 24 v 11)(¢q) < 3(2"77 — 1) + 2" 711 1y(pakmi1)- By Lemma
11 we can deduce that v 1)(parmi1) = 2¥ — 2. Therefore, v(111)(¢a) < 3(2777 —1) + 277+ —
2n—j+1' O

Theorem 62. Let f(X) = X*' ™' + h(X) € F,[X], where d = deg(h) = 2" e, j > 4,
e=2"m+ 1,k >2and m > 1 odd. Then ¢;(X,Y,Z) can have up to 5 factors (non
constant).

Proof: To show it can have up to 5 factors is enough to show that if ¢;(X,Y,Z) is the
product of 6 factors then you have a contradiction. Assume on the contrary that ¢;(X,Y, 2)
can be written as the product of 6 nonconstant factors, i.e.

6
61(X,Y, Z) = [[ Ri(X,Y, Z)

i=1
Notice that by Theorem 13 we have that (¢onyq, ) = 1, thus (¢onyq, Pon-i.) = 1. By
Corollary 15 and Lemma 25 we have that deg(R;) > DG(¢;) > 2"7+F—27=7+1. Notice that,
2nitk > 9(2n=i — 1), 2n—itk _9n=i > 9n=i 1. Therefore, 3DG(¢py) > 3(2" Ik —2n=i 1) =
2n—j+k + 2n—j+k + 2n—j+k o 2n—j+1 . 2n—j + 1> 2(2n—j o 1) + 2n—j -1 + 2n—j+1€ _ 2n—j+1 + 1=
V) (¢a) + 1. Define P(X,Y,Z) = [[2_, Ri(X,Y, Z) and Q(X,Y,2) = [[°, Ri(X.Y, 2).
We write P and @) as sums of homogeneous terms:

¢f(X7KZ):(P5+Ps—1+"'+PO)(Qt+Qt—l+"'+QO)7

where P; and @); are zero or homogeneous of degree i, s+t = 2" —2. Without loss of generality
assume that s > ¢. Then,
PsQ = ¢anya,
and
¢d = Pthfa + PsfaQt-
By Lemma 21 and the previous discussion we have v(11.1)(Ps) > va,1,1)(¢a) + 1, v(1,1,1)(Qr) >
1

V(1,1,1)(¢a) + 1. Computing vy 1.1)(¢q) > min(va 1,1y (PsQi—a) V1,1 (Ps—a®t)) > va1,1)(0a) +1
which is a contradiction.

Proposition 20. Let f(X) = X*'*!' + h(X) € F,[X], where d = deg(h) = 2" Je, j > 4,
e=2"m+1,k>2and m>1odd. If n =2" $;(X,Y,Z) contain an absolutely irreducible
factor defined over F,.

Proof: 1If ¢pon1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢oniq(X,Y, Z) do not contain an
absolutely irreducible factor defined over F,,.

Suppose that ¢¢(X,Y, Z) is irreducible. Notice that ¢4 contains an irreducible fac-
tor R(X,Y,Z) defined over F, with m(R) = 2. By Corollary 7 we have that m(¢;) |

O
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m(R) so we have that either m(¢y) = 2 or m(¢y) = 1. If m(¢y) = 2, ie. ¢5(X,Y,2Z) =
P(X,Y, Z)Q(X,Y, Z), where P(X,Y, Z)Q(X,Y, Z) € F,2[X,Y, Z]. Then by theorem 41 we
have that deg(P) = deg(Q) = 2"~' —1. Notice that ¢on 1 (X, Y, Z) = tp(X,Y, Z2)to(X,Y, Z).
Now by lemma 21 we have that v 11)(tp) = va11)(tg) = deg(tp) =271 — 1.

Notice that 2v; 11 (Pan-se < 2(3(2777 — 1) + 2n=IFk — on=itl) <« (2" — 1) + 2" + k +
1) —2n=9+2 = gn=j 4 gn=jtktl 8 < 9n 2 (since j > k+ 1 otherwise you get a contratiction
with deg(f) > deg(h)). Therefore, v 1,1)(tp) = v1,11)(to) > va1,1)(Pan-ic). We write P and
() as sums of homogeneous terms:

¢p(X. Y, Z) = (Ps+ Pooy + -+ P)(Qr + Qee1 + - + Qo)
where P; and @); are zero or homogeneous of degree j, s + ¢ = 28 — 2. Then

Pani1 = PsQy,
and
¢2”—je = Pth—a + Ps—aQt-
By Lemma 1, v(3,1,1)(2" 7€) > min(vq1,1)(PsQt—a), Y(1,1,1)(Ps—aQt)) > v(1,1,1)(Pan-i) which is
a contradiction. Therefore, m(¢s) =1 and ¢4(X, Y, Z) is absolutely irreducible.
Suppose that ¢¢(X,Y, Z) factors over F, with factorization

k
61X, Y, 2) = | Ri(X,Y, Z), (18)
i=1
where R;(X,Y,Z) € F,[X,Y, Z] is irreducible non constant polynomial for i = 1,... k.
Notice that for each tg, (X, Y, Z), there exists an irreducible polynomial W;(X, Y, Z) such that
m(W;) = 2% where k; > 1 for each i = 1,..., k. By Corollary 7 we have that m(R;) | m(W;)
for each i = 1,..., k. Therefore, m(R;) = 2%, where 0 < a; < k; for every i = 1,... k. If
there exists a iy such that m(R;,) = 1, then we have an absolutely irreducible factor defined
over F,. So we can assume that m(R;) = 2%, where 1 < a; < k; foreachi =1,..., k. Now for
every i = 1,...,k by Theorem 41 there exist an absolutely irreducible factor h;(X,Y, Z) €
F 20 [X,Y, Z], ¢; € F such that

R(X.Y.Z)=c || o(XY.2), (19)
ozEGal(]FqQai )/Fq)

Combining Equations 18 and 19 we obtain the following equation:
k
¢/ XY, Z)=]]e II o(hi(X,Y, Z)). (20)
=1 aEGal(FqQai )/Fq)
Notice that |Gal(F e )/F,)| = 2% and that for every o, 8 € Gal(F 4 )/F,) we have that
deg(a(hi)) = deg(B(hi)). Let v; be a generator of Gal(F e )/F,), define ¢;(X,Y,Z) =
a;—1 ajg . .
T2, v (hi(X,Y,2)) and fi(X,Y,Z) = Hz:2ai71+1 v (hi(X,Y,Z)). Then using this defi-

r=1
nitions we can rewrite Equation 20 as
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k
61XV, Z) = [[egi(X. Y, 2) (X, Y, Z)

i=1
Notice that deg(f;) = deg(g;). Define P(X,Y, Z7) Hlegi(X, Y,Z) and Q(X,Y,Z) =
Hle ¢ifi(X,Y,Z), then ¢;(X,Y.Z) = P(X.,Y,Z2)Q(X,Y,Z), with deg(P) = deg(Q) =
2=t — 1. Notice that ¢on 1 (X,Y, Z) = tp(X,Y, Z)tq(X,Y, Z). Now by lemma 21 we have
that V(171,1)(tp) = V(l,l,l)(tQ> = deg(tp) = on—l 1.

Notice that 2v; 11 (¢an-5, = 6(277 —1) < 9(2"*—1) = 2"~ 142719 < 2" —2. Therefore,

va0)(te) = vaan > vaan(@an-ie). We write P and @ as sums of homogeneous terms:

¢p(X.Y, Z) = (Ps+ Pooi 4 + B)(Qu 4 Qir + -+ - + Qo)
where P; and @); are zero or homogeneous of degree j, s+t = 2¥ — 2. Then
¢2”+1 = Pth>

and

¢2”*J'e = Pth—a + Ps—aQt'
By Lemma 1, V(1,1,1)(2n7j€) > min(V(l,l,l)(Pth—d)aV(1,1,1)<Ps—th)) > V(1,1,1)(¢2n—ie) which
is a contradiction. Therefore, there exist an iy € {1,...,k} such that m(R;,) = 1. Thus,
¢¢(X,Y, Z) contains an absolutely irreducible component defined over F,. U

Proposition 21. Let f(X) = X*'*!' + h(X) € F,[X], where d = deg(h) = 2" Je, j > 4,
e=2"m+1,k >2and m > 1odd. If n = p', where p > 6 is prime, then ¢;(X,Y, Z) contain
an absolutely irreducible factor defined over F,.

Proof: 1If ¢pon1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢oni (X, Y, Z) do not contain an
absolutely irreducible factor defined over F,.

Suppose that ¢¢(X,Y,Z) is irreducible over F,. By factorization in Equation 1 ¢gnig
contains an irreducible factor P(X,Y,Z) € F,[X,Y, Z] with m(P) = p. By Corollary 7
m(¢s) | p but p prime implies that either m(¢f) = 1 or m(¢s) = p. If m(¢s) = p, then
¢¢(X,Y, Z) factor into p factors which is a contradiction of Theorem 62. Therefore, m(¢s) = 1
and ¢¢(X,Y, Z) is absolutely irreducible.

Suppose that ¢;(X,Y,Z) = P(X,Y,2)Q(X,Y, Z), where P(X,Y, Z) is irreducible and
P(X,Y,Z),Q(X,Y, Z) are non constant polynomials. Since P(X,Y, Z) is non constant poly-
nomial, then ¢ p(X, Y, Z) contains an irreducible factor P;(X,Y, Z) € F,[X,Y, Z] with m(P;) =
p*, for some k > 1. By Corollary 7 m(¢;) | p* but p prime implies that either m(¢) = 1
or m(¢s) = p™, where 1 < ky < k. If m(¢y) = p*, then ¢;(X,Y, Z) factor into p™ factors
which is a contradiction of Theorem 62. Therefore, m(P) = 1 and P(X,Y, Z) is absolutely
irreducible. U

Proposition 22. Let f(X) = X?"*! + h(X) € F,[X], where d = deg(h) = 2" e, j > 4,
e=2"m+1,k>2and m > 1 odd. If n is odd, n > 6 and n is not a prime power, then
¢r(X,Y, Z) contain an absolutely irreducible factor defined over F,.
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Proof: 1If ¢pon1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢oniq(X,Y,Z) do not contain an
absolutely irreducible factor defined over F,,.

Suppose that ¢;(X,Y, Z) is irreducible over F,. Since n is not a prime power there exist
at least two primes py,ps (p1 # p2) such that pi;ps | n, then by Theorem 50 ¢;(X,Y, Z) is
absolutely irreducible.

Suppose that ¢;(X, Y, Z) factors over F, and let py, po be prime numbers such that p;ps | n
with p; # po. Let

61(X.Y, Z) = P(X,Y, 2)Q(X.Y, Z)R(X,Y, Z),
where P(X,Y, Z), Q(X,Y, Z) are irreducible non constant polynomials and ¢p(X,Y, Z) con-
tains an irreducible factor of ¢or1(X,Y, Z). If tp(X,Y, Z) also contain an irreducible fac-
tor of ¢oray1(X,Y,Z), then by Corollary 11 P(X,Y,Z) is absolutely irreducible. There-
fore, we can assume without loss of generality that (tp(X,Y, Z), ¢por211(X,Y, Z)) = 1. Now
we can assume without loss of generality that to(X,Y,Z) contains an irreducible factor
of ¢ar211(X,Y, Z). Now by Corollary 7 we have that m(P) | p; and m(Q) | pe. If either
m(P) =1 or m(Q) = 1, then ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Assume that m(P) = p; and m(Q) = ps, then ¢;(X,Y, Z) have a factorization
with at least p; + po > 5 factors which is a contradiction with Theorem 62. Therefore, ei-
ther m(P) =1 or m(Q) = 1 and thus, ¢;(X,Y, Z) contains an absolutely irreducible factor
defined over [F,. ([l

Proposition 23. Let f(X) = X?"*! + h(X) € F,[X], where d = deg(h) = 2" e, j > 4,
e=2m+1, k> 2and m > 1 odd. If n is a power of 5, then ¢;(X,Y,Z) contain an
absolutely irreducible factor defined over F,,.

Proof: 1f ¢pon1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X.Y, Z], then by lemma 19 ¢¢(X,Y, Z) contains an absolutely irreducible factor defined
over [F,. Without loss of generality we can assume that ¢oni (X, Y, Z) do not contain an
absolutely irreducible factor defined over F,.

Suppose that ¢¢(X,Y, Z) is irreducible. Notice that ¢qni; contains an irreducible factor
R(X,Y, Z) defined over F, with m(R) = 5. By Corollary 7 we have that m(¢y) | m(R) so we
have that either m(¢s) =5 or m(¢s) = 1. If m(¢y) =5, 1e. p¢(X,Y,Z) = H?Zl Ri(X,)Y, Z),
where R;(X,Y,Z) € F;5[X,Y, Z]. Then by theorem 41 we have that deg(R;) = (2" — 2)/5
fori =1,...,5. Notice that ¢on1(X,Y, Z) = Hle tr,(X,Y, 7). Now by lemma 21 we have
that V(l,l,l)(tRi) = deg(tp%) = (2” — 2)/5

Define P(X,Y,Z) = Ri(X,Y, Z)Rs(X,Y, Z) and Q(X,Y, Z) = H?:3 Ri(X,Y, 7).

We write P and @) as sums of homogeneous terms:

¢r(X. Y, Z) = (Ps+ Poor + -+ B)(Qr 4+ Que1 + - + Qo)
where P; and @); are zero or homogeneous of degree j, s + ¢ = 2¥ — 2. Then

¢2"+1 = Pth7
and

¢2"—-76 = Pth—a + Ps—aQt-
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Notice that 5vy 1 1 (¢gn-s, = 5(3(277 —1)2n—IHk_on=i+l) = 24(9n=J) 15— 2n=J 4 5(2n—i+k
Qnitly = gn=itd 15 _9on=j on=jtk+2_gn=jt3 4 on=j+k _9n=j+l The maximum multiplicity
is attained when k = j — 2 so we have 5y 11(¢gn-5, = 5(3(2"77 — 1) 4 2n—Ik — =ity <
2nfj+4 —15— 2n7j + on _ 2n7j+3 + 2n72 _ 2nfj+1 = 9on + 2n72 + 2nfj+3 o 2nfj+1 o 2nfj —15 <
201 — 15 < 4(2"71 — 1) that is 5v(1,1)(¢a) < 2" — 4. Now by Lemma 1, v,1,1)(2" 7e) >
min(’/(l,l,l)(Pth—d)a V(1,1,1)(Ps—th)) = V(1,1,1)(Ps) = (%(2" - 2)) > V(1,1,1)(¢2nfje) which is a
contradiction. Therefore, m(¢s) =1 and ¢;(X,Y, Z) is absolutely irreducible.

Suppose that ¢¢(X,Y, Z) = P(X,Y, Z)Q(X,Y, Z), where P(X,Y, Z), Q(X,Y, Z) € F,[X.Y, Z],
P(X,Y,Z) and Q(X,Y, Z) are non constant polynomials and P(X,Y, Z) is irreducible. Since
P(X,Y,Z) is non constant then there exists an irreducible polynomial W (XY, Z) such that
W(X,Y,Z) | tp(X,Y,Z). By Equation 1 m(W) = 5% where k¥ > 1 and by Corollary 7 we
have m(P) | m(W). Therefore, m(P) is either m(P) = 1 or m(P) = 5%, where 1 < k; < k.
If m(P) = 5%, then by theorem 41 P(X,Y, Z) factors into 5" factors and we obtain that
¢¢(X,y,Z) has a factorization with at least 5" + 1 factors which is a contradiction with
Proposition 11. Therefore, m(P) = 1 and thus, ¢¢(X, Y, Z) contains an absolutely irreducible
factor defined over F,.

O

Proposition 24. Let f(X) = X*'*! + h(X) € F,[X], where d = deg(h) = 2" Je, j > 4,
e=2"m+1,k>2and m > 1odd. If n is even, and p | n is a prime p > 3, then ¢;(X,Y, Z)
contain an absolutely irreducible factor defined over F,.

Proof: If ¢pony1(X,Y,Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over [F,. Without loss of generality we can assume that ¢oni (X, Y, Z) do not contain an
absolutely irreducible factor defined over F,,.

Suppose that ¢¢(X,Y, Z) is irreducible over F,. Since n is not a prime power there exist at
least two primes 2,p (p # 2) such that 2p | n, then by Theorem 50 ¢¢(X,Y, Z) is absolutely
irreducible.

Suppose that ¢¢(X,Y, Z) factors over F, and let

or( XY, Z)=P(X,Y,.2)Q(X,Y,Z)R(X,Y, Z),

where P(X,Y, Z), Q(X,Y, Z) are irreducible non constant polynomials and ¢p(X, Y, Z) con-
tains @21 (X, Y, Z). If tp(X,Y, Z) also contain an irreducible factor of ¢ory1(X,Y, Z), then
by Corollary 11 P(X,Y, Z) is absolutely irreducible. Therefore, we can assume without loss
of generality that (tp(X,Y,Z), ¢ari1(X,Y,Z)) = 1. Without loss of generality we can as-
sume that to(X,Y, Z) contains an irreducible factor of ¢ory1. By Corollary 7 we have that
m(P) | 2 and m(Q) | p, then we have that either m(P) = 1 (respectively m(Q) = 1) or
m(P) = 2 (respectively m(Q) = p). If either m(P) = 1 or m(Q) = 1, then ¢¢(X,Y, Z)
contains an absolutely irreducible factor defined over F,. We can assume that m(P) = 2 and
m(Q) = p, then ¢;(X,Y,Z) have a factorization with at least 2 + p > 6 factors which is a
contradiction of Theorem 62.

O
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Proposition 25. Let f(X) = X?"*! + h(X) € F [X], where d = deg(h) = 2" e, j > 4,
e=2"m+1,k>2and m > 1 odd. If nis a power of 3, then ¢;(X,Y,Z) contain an
absolutely irreducible factor defined over F,.

Proof: If ¢pony1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X.,Y, Z], then by lemma 19 ¢¢(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢oni (X, Y, Z) do not contain an
absolutely irreducible factor defined over F,,.

Suppose that ¢(X,Y, Z) is irreducible. Notice that ¢qni; contains an irreducible factor
R(X,Y, Z) defined over F, with m(R) = 3. By Corollary 7 we have that m(¢y) | m(R) so we
have that either m(¢;) = 3 or m(¢y) = 1. I m(¢;) = 3, ie. 9;(X,Y, Z2) = [[_; Ri(X,Y, Z),
where R;(X,Y,Z) € F;s[X,Y, Z]. Then by theorem 41 we have that deg(R;) = (2" —2)/3
for 1 = 1,2,3. Notice that ¢on (XY, Z) = H?Zl tr,(X,Y,Z). Now by lemma 21 we have
that v(11,1)(tr,) = deg(tg,) = (2" — 2)/3.

Define P(X,Y, Z) = Ry(X,Y, Z) and Q(X,Y, Z) = [[°_, Ri(X,Y, Z). We write P and Q

as sums of homogeneous terms:
¢r(X,Y,Z) = (Ps+ Pooi + -+ + Po)(Qe + Qe1 + -+ + Qo)
where P; and @); are zero or homogeneous of degree j, s + ¢ = 28 — 2. Then

Pani1 = PsQy,

and

¢2”—je = Pth—a + Ps—aQt-
Notice that 3v;11(dgn—se) = 3(3(2777 — 1) 4 2nI+k — on=itl) = 9g(2n=J — 1) 4 3(2"I*F) —
3(2n—j+1) — 2n—j+3 + 2n—j+k+1 4 2n—j+k o 2n—j+2 - 2n—j+1 + 2n—j — Q< _9. Therefore,
V(1,1,1)<tRi) > V(1,1,1)<¢2"*je>' Now by Lemma 1, V(1,1,1)(2”_j€) > miH(V(1,1,1)(Pthfd), V(1,1,1)<Psfth)> >
V(1,1,1)(P2n-i.) which is a contradiction. Therefore, m(¢y) = 1 and ¢(X,Y, Z) is absolutely
irreducible.

Suppose that ¢¢(X,Y, Z) = P(X,Y, Z2)Q(X,Y,Z) R(X,Y, Z), where P(X,Y, Z), Q(X,Y, Z),
R(X,Y,Z) e F,|X,Y,Z], P(X,Y, Z) and Q(X,Y, Z) are non constant irreducible polynomi-
als. Since P(X,Y, Z) is non constant then there exists an irreducible polynomial W (XY, Z)
such that W(X,Y,Z) | tp(X,Y,Z). By Equation 1 m(W) = 3F where k > 1 and by
Corollary 7 we have m(P) | m(W). Therefore, m(P) is either m(P) = 1 or m(P) = 3%,
where 1 < k; < k. Similarly, there exists an irreducible polynomial V' (XY, Z) such that
V(X,Y,Z) | to(X,Y, Z). By equation 1, m(V') = 3%, where a > 1 and by Corollary7 we have
m(Q) | m(V). Therefore, m(Q) = 1 or m(Q) = 3**, where 1 < a; < a. If either m(P) =1 or
m(Q) = 1, then you have an absolutely irreducible factor defined over [F,. So we can assume
that m(P),m(Q) > 1, then by Theorem 41 P(X,Y, Z) factors into at least 3 factors. Sim-
ilarly, Q(X,Y, Z) factors into at least 3 factors. Therefore, ¢(X,Y, Z) have a factorization
into at least 6 factors which is a contradiction with Theorem 62. 0J

Proposition 26. Let f(X) = X*'*! + h(X) € F,[X], where d = deg(h) = 2" Je, j > 4,

e=2"m+1,k >2andm > 1odd. If 6 | n, then ¢;(X,Y, Z) contain an absolutely irreducible
factor defined over IF,.



© 2021 Carlos A. Agrinsoni Santiago
68/93

Proof: 1If ¢pon1(X,Y, Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢oniq(X,Y,Z) do not contain an
absolutely irreducible factor defined over F,,.

If n is divisible by any prime p different than 2 and 3, then by Proposition 24 ¢(X,Y, Z)
contains an absolutely irreducible factor defined over F,. So we can assume that n is only
divisible by 2 and 3, i.e. n = 2™ 3"2, where nqy,ny > 1.

Suppose that ¢;(X,Y, Z) is irreducible over F,. Since n is not a prime power there exist
at least two primes 2,3 such that 6 | n, then by Theorem 50 ¢¢(X,Y,Z) is absolutely
irreducible.

Suppose that ¢¢(X,Y, Z) factors over F, and let

or(X,Y,.Z)=P(X,Y,2)Q(X,Y,Z)R(X,Y, Z),

where P(X,Y, Z), Q(X,Y, Z) are irreducible non constant polynomials and ¢p(X, Y, Z) con-
tains ¢z (X, Y, Z). If tp(X,Y, Z) also contain an irreducible factor of ¢qs,1(X,Y, Z), then
by Corollary 11 P(X,Y, Z) is absolutely irreducible. Therefore, we can assume without loss
of generality that (tp(X,Y, Z), ¢23,1(X,Y, Z)) = 1. Without loss of generality we can assume
that to(X,Y, Z) contains an irreducible factor of ¢93,1.By Corollary 7 we have that m(P) | 2
and m(Q) | 3, then we have that either m(P) = 1 (respectively m(Q) = 1) or m(P) = 2
(respectively m(Q) = 3). If either m(P) = 1 or m(Q) = 1, then ¢¢(X,Y,Z) contains an
absolutely irreducible factor defined over F,. We can assume that m(P) = 2 and m(Q) = 3.
If R(X,Y,Z) is a non constant polynomial then we get a contradiction with Theorem 62
(2 factors from P, 3 factors from @) and 1 factor from R). Therefore, we can assume that
or(X,Y,Z)=P(X.,Y, Z)Q(X,Y, Z).

Suppose that deg(P) > deg(Q), then deg(P) > 2"~! — 1. We write P and Q as sums of
homogeneous terms:

op(X,Y,Z) = (Ps+ Ps_1 + -+ Po)(Qr + Q-1 + - - - + Qo),

where P; and @); are zero or homogeneous of degree j, s + ¢ = 28 — 2. Then

Pant1 = PsQy,
and
gb?”—je = Pth—a + Ps—aQt-

Notice that by Lemmas 21, 25 and m(Q) = 3, we have v 1,1)(Q:) = deg(Q:) > 3DG(¢5) >
V(11,1)(¢an-ic). Similarly, by Lemma 21 we have that v 11)(Ps) > va,1,1)(P2n—ie. Now by
Lemma 1, v.1,1)(2"7e) > min(vq1,1)(PsQt—a), V(1,1,1)(Ps—aQt)) > v(1,1.1)(¢an-s.) which is a
contradiction. Therefore, m(¢;) =1 and ¢¢(X,Y, Z) is absolutely irreducible.

Suppose that deg(Q) > 2" '—1. Since m(Q) = 3, then there exists Ry (X,Y, Z), Ry(X,Y, Z),
R3(X,Y,Z) € Fs[X,Y, Z] such that Q(X,Y, Z) = [[_, Ri(X,Y, Z) and deg(R,) = deg(Ry) =
deg(Rs) > Z2=L. Define A(X,Y, Z) = Ry(X.Y, Z)Ro(X,Y, Z) and B(X,Y, Z) = Ry(X,Y, Z)-

3
P(X,Y,Z). We write A(X,Y,Z) and B(X,Y, Z) as sums of homogeneous terms:

or( XY, Z) = (As+As1+ -+ Ag)(Bi + Bi_y + - - + By),
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where A; and B; are zero or homogeneous of degree j, s + ¢ = 28 — 2. Then
Pany1 = AsBy,
and
Pon—ie = AsBy o + As_o By
Notice that 3v(111)(Pen-sc) < 2" — 2, which implies by Lemma 21 that v 11)(den-ic) <
Y(11,1)(As). By Lemma 21 and Lemma 25 we have v q,1y(B;) = deg(B;) > 3DG(¢f) >

V(1,1,1)(¢2n—je)- By Lemma 1, V(1,1,1)(2n7j€) > min(y(l,l,l)(Ath—d)a V(1,1,1)(As—dBt)) > V(1,1,1)(¢2"—J‘e)
which is a contradiction. Thus, ¢;(X,Y, Z) contains an absolutely irreducible component de-
fined over F,. O

Theorem 63. Let f(X) = X*' ™ + h(X) € F,[X], where d = deg(h) = 2" e, j > 4,
e=2"m+1,k>2and m > 1 odd. Then ¢;(X,Y,Z) contains an absolutely irreducible
factor defined over F,,.
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4. COMPLETION OF THE KASAMI-WELCH CASE WITH EVEN DEGREE-GAP AND SOME
PROGRESS IN THE ODD DEGREE-GAP CASE

This chapter is divided into two sections. In the first section, we investigate the case when
the second term has even degree. We show in Theorem 68 that if the second term of the
polynomial with degree d and v 11)(¢q) < 2"2 then ¢; contain an absolute irreducible
factor defined over F, and thus f(X) is not exceptional APN. In the second section we proof
an analogue of Theorem 68 (see Theorem 70). Using this theorem we show the remaining
case of the exceptional APN conjecture with Kasami-Welch degree and the second term with
odd degree (see Corollary 23).

The next theorem extends the knowledge we have from equation 2. In fact the next theorem
prove that ¢4(X,Y, Z) € Fy[X,Y, Z], where d = 2% —2% 41 contains an absolutely irreducible
factor defined over every proper subfield of Fyx except [Fy. This is an analogue of the Gold
Case.

Theorem 64. Let f(X) = X9 € Fy, where d = 2% — 28 + 1. If k > 1 then, ¢4(X,Y, 2)
contains an absolutely irreducible factor defined over every proper subfield of Fyr except from
Fy. Moreover, if H(X,Y,Z) € Fy:[X,Y, Z] is absolutely irreducible and divides ¢4(X,Y, Z)
then, HUeGal(FQt/M) o(H(X,Y, 7)) also divides ¢4(X,Y, Z).

Proof: 1f k is a prime number then, F,x only has [y as a subfield and therefore the theorem
do not apply to this case. Therefore, we can assume without loss of generality that k is not
prime. Let 8 be a primitive element of For then, we can rewrite equation 2 as

2k—2

$a(X,Y, Z) = [ P»(X.Y, 2).

i=1
Let t > 1 be any divisor of k then, there exists n > 1 such that §" is a primitive element of
[Fo:. Let o¢ be the Frobenius automorphism of Fs.
Claim: Q(X,Y, 2) = [[;_, 0(Ps (X, Y. 2)) € Fy[X,Y, Z].

Notice that ao(Pgi(X,0,1) = oo((X + £)**1) = (X + 00() ! = Pres)(X,0,1), for
every j € {1,...,2F — 2}. Since the Frobenius automorphism is a generator of the group
Gal(Fyx /Fy), we only need to show that oo(Q(X,Y, 7)) = Q(X,Y, Z). But 0o(Q(X,Y, Z)) =
00(ITizy 06(Psn (X, Y, 2))) = [Tizy 06" (P (X, Y, 2)) = [[i25 06(Psn (X, Y, Z)) = Hf+§ Foyen)(X,Y, Z).
Since " is a primitive element of Fy we have that of™ (Psn) = oo(P, 1) (X, Y, Z)) =
oo(Psn (X, Y, Z)). Therefore,

t+1 t
00(Q(X,Y, 2)) = [ [ Pos(sn)(X. Y. Z) = [ [ Pos(sn)(X. Y. Z) = Q(X,Y, Z)
=2 =1

Therefore the claim is true.

Now by lemma 6 we know there exists r > 1 and an absolutely irreducible polynomial
h(X,Y,Z) € F[X,Y, Z] such that
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QXY Z2)= ][] onmXY 2)
a€Gal(Far [Fa)
where « act on the coefficients of h(X,Y, Z). Since factorization into absolutely irreducible
factors is unique up to associates and ordering we can conclude that r = ¢ (i.e. you must
have the same number of absolutely irreducible factors). Therefore, Q(X,Y,Z) (and thus

¢4(X,Y, Z)) contains an absolutely irreducible factor defined over Fo:.
O

Theorem 65. Let f(X) = X¥""-2""+1 1 p(X) € F [X], where (ny,n9) = 1, ny,ny > 1.
If ¢4(X,Y, Z) is irreducible over F, then, ¢;(X,Y, Z) is absolutely irreducible.

Proof: Suppose ¢¢(X,Y,Z) is irreducible over F, and (ny,n2) = 1, ny,ne > 1, then by
corollary 11 ¢¢(X,Y, Z) is absolutely irreducible. O

Theorem 66. Let f(X) = X221 £ p(X) € F,[X], and deg(h) < 225 — 2 4 1. Let p be
the greatest prime that divide k. If DG(¢f) > (2% —2%—2)/p then, ¢;(X,Y, Z) € F,[X,Y, Z]
contains an absolutely irreducible factor defined over F,.

Proof: If ¢o2e_or (X, Y, Z) contain an absolutely irreducible factor defined over F, then, by
lemma 19 ¢4(X, Y, Z) contains an absolutely irreducible factor defined over F,. Therefore, we
can assume that ¢o2x_or1(X, Y, Z) do not contain an absolutely irreducible factor defined
over F,. Assume that ¢(X,Y,Z7) is irreducible defined over F,. Let ¢,(X,Y,Z) be the
reverse polynomial of ¢;(X,Y, Z) then, by lemma 13 ¢4(X, Y, Z) is also irreducible over F,.
By lemma 6 there exists an integer r > 1 and absolutely irreducible polynomial h(X,Y, Z) €
F[X,Y, Z] and c € F, such that

Yo(X,Y,Z)= [ ouX,Y 2). (21)
o€Gal(Fr [Fy)
Let T'(X, Y, Z) be the tangent cone of ¢4(y,y, z) € F,[X,Y, Z] then, there exists (X, Y, Z) €
F[X,Y, Z] such that

TX,Y,2)= || otXY,2)
o€Gal(Fyr [Fy)

By theorem 64, ¢g2r_or (X, Y, Z) contains an absolutely irreducible factor defined over
F» (is the minimum extension of F, that contain Fy» as a subfield). By lemma 4 T'(X,Y, Z)
contains a reduced absolutely irreducible polynomial defined over F, and by theorem 42
4(X, Y, Z) contains an absolutely irreducible factor defined over Fg». Since the factorization
in equation 21 is unique up to associates and ordering wee obtain that p | r.

By lemma 13 we obtain that there exists an absolutely irreducible polynomial g(X,Y, Z) €
F[X,Y, Z] and c € F, such that

or(X,v,2)= ] BUX,Y,2).
BEGal(Fyr /Fy)

Now each factor 3(g(X,Y,Z)) have degree (22* — 2¥ — 2)/r. Since r = ps, we have
by theorem 47 that for each 8 € Gal(F,/F,), DG(B(9(X,Y,Z))) > (2% —2F —2)/p >
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(22 — 2k — 2)/r = deg(B(g(X,Y, Z))). This implies that ¢;(X,Y,Z) is the product of ho-
mogeneous polynomials which is a contradiction. Therefore » = 1. Thus, ¢;(X,Y,Z) is
absolutely irreducible.

Similarly assume that ¢(X,Y,Z) = P(X,Y, Z2)Q(X,Y, Z) € F,[X,Y, Z], where P(X,Y, Z)
is an irreducible polynomial (not homogeneous) defined over F, such that the highest ho-
mogeneous form of P(X,Y, Z) contains an absolutely irreducible factor defined over F». We
can make a similar argument as with ¢¢(X,Y,Z) to obtain that P(X,Y,Z) is absolutely

irreducible over F,.
O

4.1. Kasami Welch Case when the second term is even degree.

Lemma 27. Let f(X) = X4 € F,[X], where d = 22" — 2" + 1. If P(X,Y,Z2)Q(X,Y, Z) |
Qbf(X, Y, Z) and deg(P) = deg(Q), then V(l,l,l)(P) = V(l,l,l) (Q)

Proof: This follows directly from the fact that every absolutely irreducible factor R(X,Y, Z)
of ¢¢(X,Y,Z) have the same degree and v 1,1)(R) = 1. 0

Lemma 28. Let f(X) = X+ h(X), where d = 22" — 2" + 1 deg(h) = 2" Ve, where ¢ = 3
(mod 4). Then (¢ani1,¢n) = 1. Moreover, ¢(X,Y, Z) is not divisible by any homogeneous
polynomial.

For the rest of this section assume that j > 4.

Proposition 27. Let f(X) = X9+ h(X), where d = 22" — 2" 4 1 deg(h) = 2" Je, where
e =3 (mod 4). If n = 2™, then ¢¢(X,Y, Z) contains an absolutely irreducible factor defined
over F,.

Proof: If ¢4(X.Y,Z) € F,[X,Y,Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢4(X,Y, Z) do not contain an abso-
lutely irreducible factor defined over F,,.

Suppose that ¢;(X,Y,Z) is irreducible. By Theorem 64 ¢4(X,Y,Z) contains an irre-
ducible factor R(X,Y,Z) such that m(R) = 2. By Corollary 7 we obtain m(¢y) | 2 .i.e.
m(¢s) = 1 or m(¢r) = 2. If m(¢y) = 2, then by theorem 41 we can write ¢;(X,Y,Z) =
P(XY,Z2)Q(X,Y, Z), where P(X,Y,Z),Q(X,Y,Z) € F[X,Y,Z] and deg(P) = deg(Q).
We write P and () as sums of homogeneous terms:

Op( X, Y, Z) = (Ps+ Psy+ -+ Po)(Qt + Qi1+ -+ + Qo),

where P; and @); are zero or homogeneous of degree j, s +t = d. Then

¢d = Pth7
and
Pan—je = Pthfa + PsfaQt'
Notice that deg(P;) = deg(Q;). By lemma 27 we have v(1,11)(P) = v1,1,1)(Q). By lemma
I we have 2" — 2 = vu11)(¢a) = va11)(P) + va1n(Q) = 2va,11)(P). Therefore we
have that v(;11)(P) = 2"! — 1. Similarly we have that 3(2"7 — 1) = v 11)(dan-se) >
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min(PsQt—q, Pi—o@y) > 2771 —1 > 3(2"3 — 1) > 3(2"7 — 1) = v,1,1)(¢an-ic) which is a
contradiction. Therefore m(¢y) = 1 and hence ¢;(X,Y, Z) is absolutely irreducible.

Suppose that
k

¢1(X.Y,Z) = [[ Ri(X.Y, Z), (22)

where R;(X,Y, Z) € F,[X,Y, Z] is irreducible for i = 1,. .., k. By Theorem 64 every factor
R(X,Y,Z) of ¢4(X,Y,Z) have the property m(R) is a power of two. So we can conclude
by Corollary 7 that m(R;) = 2%, where k; > 0 with i = 1,... k. If there exists an 4y such
that m(R;,) = 1, then ¢;(X,Y, Z) contains an absolutely irreducible factor defined over F,.

So we can assume that k; > 1 for ¢« = 1,..., k. By Theorem 41 there exists an absolutely
irreducible factor h;(X,Y, Z), ¢; € F, such that
R(X.Y,Z)=c; ][] oh(X)Y,2)). (23)

a€Gal(F _, /Fq)
q

Combining Equations 22 and 23 we obtain:

(XY, Z) ch [ cmxyY.2) (24)
=1 UEG‘IZ(FqQki /Fq)
Now let v; be a generator of Gal(FqQki JF,) for i =1,... k and define G; = |Gal(IFq2ki JF)I.
We can rewrite Equation 24 as

op(X,Y, Z) = chH% (XY, 7))
=1
Notice that by Theorem 41 every factor of Rl(X7 Y, Z) have the same degree fori =1,... k.
Define P(X,Y, Z) = [TL, [T,242 70 (ha(X,Y, Z2) and Q(X, Y, Z) = [T, & [} 6, josy V(XY 2)).
It is clear that deg(P) = deg(Q). That is ¢¢(X,Y, Z) = P(X,Y, 2)Q(X,Y, Z). We write P
and () as sums of homogeneous terms:
¢f(X,KZ) = (P5+Ps—1+"'+P0)<Qt+Qt—1+"'+Q0>7

where P; and @); are zero or homogeneous of degree j, s +t = d. Then

¢d = Pth7
and
Pon—je = Pthfa + PsfaQt'

Notice that deg(P;) = deg(Q;). By lemma 27 we have v(1,11)(P) = v1,1,1)(Q). By lemma
1 we have 2" — 2 = vu11)(¢a) = va11)(P) + va1n(Q) = 2va,11)(P). Therefore we
have that v(;11)(P) = 2"! — 1. Similarly we have that 3(2"7 — 1) = v11)(dan-ie) >
min(PQi—q, Poa@s) > 2771 — 1 > 3(2773 — 1) > 3(2"7 — 1) = v111)(¢gn—s) which is a
contradiction. Therefore, there exists at least one iy such that m(R;,) = 1. U
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Lemma 29. Let n > 3 and 57 > 4. Then,
n—1

- (2" —1) > 302" - 1).

Proof: We will prove that the function f(z) = 12771 — 1) — 3(2777 — 1) satisfy f(z) > 0
for # > 3. Notice that f(z) > £=1(2°71 — 1) — 3(2~* — 1) for every z > 3. We just need to
prove that g(z) = £=4(2*71 —1) = 3(2*~*—1) > 0 for > 3. Taking the derivative we obtain
2774(52%In(2) — 8z In +2°71 1

o) = 2E ) Srin) ¢

T

It is clear that ¢’(z) > 0 for z > 3 and ¢(3) = 3.5. So we can conclude that 2= (2"~! — 1) >
3(277 —1). O

Lemma 30. Let n > 4, p | n be an odd prime and j > 4. Then,

~1 .
D= (on=1 _ 1y > 3(2n — 1),
p
Proof: Notice that 1”%}(2”_1 —1) > 2(2"7' — 1). Hence, it is enough to show that f(z) =
2(271 — 1) — 3(2* — 1) is an increasing function for > 3 and f(3) > 0.(f(x) being
increasing and f(3) > 0 implies that f(z) = 2(2°7' — 1) > 3(2*~* — 1) > 3027 — 1)) Now
taking the derivative we obtain

fl(x) = g -27741n(2) > 0.

Therefore, 21 (271 — 1) > 3(2"7 — 1). O
p

Proposition 28. Let f(X) = X¢ + h(X), where d = 2** — 2" + 1 deg(h) = 2" Ve, e = 3
(mod 4) and j > 4. If n = p™, where p is an odd prime, then ¢¢(X,Y,Z) contains an
absolutely irreducible factor defined over F,.

Proof: 1t ¢4(X.Y,Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X.,Y, Z], then by lemma 19 ¢¢(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢4(X,Y, Z) do not contain an abso-
lutely irreducible factor defined over F,,.

Suppose that ¢¢(X,Y, Z) is irreducible. By Theorem 64 ¢4(X, Y, Z) contains an irreducible
factor R(X,Y, Z) such that m(R) = p. By Corollary 7 we obtain m(¢y) | p .i.e. m(¢s) =1 or
m(¢r) = 2. If m(¢¢) = p, then by theorem 41 there exists h(X,Y,Z) € F[X,Y, Z], c € F,
such that

(XY, Z) Ho— (X,Y,Z))

where o is a generator of Gal(F» /F,) and deg( (h)) = deg(B(h)) for every a, 5 € Gal(Fo /F,).
Define P(X,Y,2) = [1,"? o'(h(X,Y, Z)) and Q(X,Y, Z) = T2, 1001 0" (W(X, Y, Z)).
We write P and @) as sums of homogeneous terms:

Op( XY, Z)=(Ps+ P+ -+ P)(Qr + Qo1 + - -+ Qo),
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where P; and @); are zero or homogeneous of degree j, s +t = d. Then

¢d = Pth7
and
Pon-je = Pthfa + PsfaQt-

Notice that deg(P;) < deg(Qy). By lemma 1 we have 2" —2 = v(11.1)(¢a) = pra,1,1)(t-(h)),
then v(1,1,1)(ton)) = (2" —2)/p. Therefore vy 1,1)(Fs) = ((2"—=2)/p)((p—1)/2) = (p—1)(2" -
1)/p and v(1,1,1)(Q:) = v(1,1,1(Ps) + 1. Similarly, we have that 3(2"77 — 1) = v(1,1.1)(P2n—ie) >
min(PSQt,a, —aQt) > (p —1)(2"! — 1)/p. By lemma 30 we have (p — 1)(2"' —1)/p >
3(2"7 — 1) = vu1,1)(¢an-s.) which is a contradiction. Therefore m(¢;) = 1 and hence
¢r(X,Y, Z) is absolutely irreducible.

Suppose that
k

¢1(X.Y,2) = [[ Ri(X.Y, Z), (25)

where R;(X,Y, Z) € F,[X,Y, Z] is irreducible for i = 1,. .., k. By Theorem 64 every factor
R(X,Y,Z) of ¢pa(X,Y, Z) have the property m(R) is a power of p. So we can conclude by
Corollary 7 that m(R;) = p*, where k; > 0 with ¢ = 1,... k. If there exists an iy such
that m(R;,) = 1, then ¢;(X,Y, Z) contains an absolutely irreducible factor defined over F,.
So we can assume that k; > 1 for ¢« = 1,..., k. By Theorem 41 there exists an absolutely
irreducible factor h;(X,Y, Z) € ]quki7 ¢; € F, such that

R(X.Y,Z)=c; ] oh(X,Y,2)). (26)
acGal(F i /Fq)
Combining Equations 25 and 26 we obtain:
(XY, Z) ch [ cxyY.2) (27)
i=1 JEGal(FqQki /Fq)

Now let v; be a generator of Gal(quki JF,) for i =1,...,k and define G; = |Gal(quki JF I

We can rewrite Equation 27 as

k G;
61XV, Z) = [[e: [0 (ha(X,Y, 2)) (28)
=1 b=1

k;—1

Define W,(X,Y,2) =[], ¢ Zp(; Doy Vi Y(hi(X,Y,Z)) for a = 1,...,p. Notice that
deg(W,,) = deg(W,,) for ay,as € {1,...,p}. Now we can rewrite Equation 28 as

61(X,Y,Z) = [ [Wa(X,Y, 2)

a=1

Define P(X,Y, Z) = [[";"?W; and Q(X,Y, Z) = [TV, 1) /p41 Wi. We write P and Q as

sums of homogeneous terms

Op( XY, Z)=(Ps+ P+ -+ P)(Qr + Qo1 + - -+ Qo),
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where P; and @); are zero or homogeneous of degree j, s +t = d. Then

¢d = Pth7
and
Pon-je = Pthfa + PsfaQt-

Notice that deg(P;) < deg(Q;). By lemma 1 we have 2" — 2 = v 1,1y(¢a) = pr(1,11)(tv, ),
then v,1,1)(tv,) = (2" —2)/p. Therefore v1,11)(F;) = ((2" =2)/p)((p—1)/2) = (p— )21t —
1)/p and v 1,1)(Qr) = va,1,1)(Ps) + 1. Similarly, we have that 3(2" ™7 — 1) = v(1,1,1)(on-ic) >
min(PQ—a, Pi—a@Q:) > (p — 1)(2"* — 1)/p. By lemma 30 we have (p — 1)(2"~! —1)/p >
3(2"7 — 1) = v1,1,1)(¢pan—s.) which is a contradiction.

UJ

Lemma 31. Let f(X) = 2%+ h(X), where d = 22" — 2" + 1 deg(h) = 2" e, e = 3 (mod 4)
and j > 4. Then every irreducible factor R(X,Y,Z) € F,[X,Y, Z] of ¢;(X,Y, Z) is either
absolutely irreducible or v 11y(tg) < 2"72

Proof: 1t ¢4(X.Y,Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X.Y, Z], then by lemma 19 ¢¢(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢4(X,Y, Z) do not contain an abso-
lutely irreducible factor defined over F,,.

Let 04(X,Y, Z) = R(X,Y, Z)Q(X,Y, Z). If tp (X, Y, Z) contains irreducible factors W1 (X,Y, Z),
Wy (X,Y, Z) such that m(W;) = p1, m(Ws) = p, and (p1,p2) = 1, then ¢4(X,Y, Z) is ab-
solutely irreducible by Theorem 65. Therefore, we can assume that m(tgz) = w. Thus, by
Corollary 7 m(R) | w.

Let p | w be a prime number. Assume that v 11)(tr) > (2777 — 1)(3). If vu11(te) <
2n—1 - 1, then V(l,l,l)(tQ) = V(l,l,l)(¢d) - l/(171’1)<tR) Z 2n—1 — 1. We write R and Q as sums
of homogeneous terms:

¢f(X7Y7Z) = (Rs—i_Rsfl +"'+RO)(Qt+Qt71 ++Q0)7

where R; and @); are zero or homogeneous of degree j, s +t = d. Then

¢d = Rth>
and
¢2"—je = Rth—a + Rs—aQt'

Then we have v(1,1,1)(Pgn-se) = (277 = 1)(3) > min(y,1,1)(RsQi—a), V1,1.1)(Rs—aQt)) >
(27 —1)(3), which is a contradiction. Therefore, v(111)(tg) > 2""1 — 1.
Assume that v 11y(tg) > 2""1 — 1. If p = 2, then we have

R(X,Y,Z) = V(X,Y, Z)Va(X,Y, Z)
where V1(X,Y, Z),Vo(X,Y, Z) € Fp[X,Y, Z] are conjugates. Therefore deg(V;) = deg(5),
thus by Lemma 27 (11 1y(tv;) = v1,1)(tv,) > 2" 2 — 1. Define A(X,Y, Z) = V1(X,Y, Z) and
B(X,Y,Z) = Vo(X,Y, Z)Q(X,Y, Z), then ¢,(X,Y, Z) = A(X,Y, Z)B(X,Y, Z). We write A
and B as sums of homogeneous terms:

(bf(X,Y, Z) - (AS +As_1 —|— +A0)(Bt+Bt_1 + +B0),
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where A; and B; are zero or homogeneous of degree j, s +t = d. Then
¢d = Ath7
and
¢2"*J‘e = Athfa + As o Bt
Then we have l/(1 1,1) (925211 Je) (2n—j - 1)(3) > IIllIl( 1 1,1) (A Bt a), 1 1,1)(As—aBt)) >

272 — 1, which is a contradlctlon Therefore, v,1,1)(tr) < (2” I—1)(3).
If p > 3, then we have

RX.Y,Z)= [] oHXY 2)
T€Gal(F p [Fy)
where H(X,Y,Z) € Fp[X,Y, Z]. Therefore deg(a(H)) = deg(8(H)), for all o, 8 € Gal(F /F,)
thus by Lemma 27 v 11)(tamn) = vai,1)(tsen) = (2771 = 1)/p. Let v € Gal(Fp /F,) be a
generator. Then,

R(X,Y,7)

E%

v (H(X,Y, Z))

,_n

Define A(X,Y, Z) = [1%,"? v/(H (X, )) and B(X,Y, Z) = Q(X,Y, Z)-
Hf:(pfl)/ﬂlyi(H(X Y, Z)), then ¢f(X Y 7Z) = AX,Y,Z)B(X,Y,Z). We write A and B
as sums of homogeneous terms:

Op(XY, Z) = (A + Asr + -+ + Ao) (B + By + -+ + Bo),
where A; and B; are zero or homogeneous of degree j, s +t = d. Then
¢d = Ath7
and
¢2"*J‘e = Athfa + AsfaBt-

Notice that 1{(1,1,1)(143) > ’%1(2”;#) > I"%1(2”*2 —1) > @22 -1) =2 > (vt -
1)(3) > (2"77 — 1)(3). Moreover, v(1,11)(B:) > v(,1,1)(As). Then we have v 11y(don—sc) =
(277 — 1)(3) > min(v vain(AsBi—a), Ya1,1)(As—aBy)), which is a contradiction. Therefore,

vaan(te) < (2777 —1)(3).
If p = 3, then we have

RXY.2)= [  o(H(XY,2)
o€Gal(F 3 /Fq)
where H(X,Y,Z) € Fs[X,Y, Z]. Therefore deg(a(H)) = deg(S(H)), for all o, 5 € Gal(F s /F,)
thus by Lemma 27 v(111)(tamn) = Y1) (tsan) > (2771 —1)/3. Let v € Gal(Fp /F,) be a
generator. Then,

R(X,Y,Z) H7 (X,Y,2))
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Define A(X,Y,Z) = [°, y/(H(X.Y, 2)) and B(X,Y.Z) = Q(X.Y,Z) v*(H(X.Y, ).
then ¢;(X,Y, Z) = A(X,Y, Z)B(X,Y, Z). We write A and B as sums of homogeneous terms:
Of(X. Y, Z) = (As+ Asr + -+ + Ao)(By + Bia + -+ + Bo),
where A; and B; are zero or homogeneous of degree j, s +t = d. Then

gbd = Ath7
and
¢2"*je = AsBi_q +As_oBy.

Notice that V(17171)<A52 > (WT_QH) > (2"74 — 1)(3) > (2117]' — 1)(3) Let ¢ = V(l,l,l)(tQ)a
then vo11y(By) = ¢+ £ = £2 4 2 > (2774 — 1)(3) > (27 — 1)(3). Then we have
Va0 (@an-ie) = (2077 = 1)(3) = min(v,1,1)(AsBi-a), V(1,1,1)(As—aBr)) > (2777 =1)(3), which
is a contradiction. Therefore, v(;11)(tg) < (2777 — 1)(3).

O

Proposition 29. Let f(X) = 2% + h(X), where d = 22" — 2" + 1 deg(h) = 2" e, e = 3

(mod 4) and j > 4. If n is not prime, then ¢(X,Y, Z) contains an absolutely irreducible
factor defined over F,.

Proof: 1f ¢4(X.Y,Z) € F,[X,Y,Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢4(X,Y, Z) do not contain an abso-

lutely irreducible factor defined over .
If ¢¢(X,Y,Z) is irreducible then by Theorem 65 ¢(X,Y,Z) is absolutely irreducible.

Let ¢¢(X,Y, Z) = Hle R,(X,Y,Z), where R,(X,Y,Z) € F,[X,Y, Z] is irreducible for a =
1,...,k. If for some b € {1,...,k} tg,(X,Y, Z) contains two irreducible factors W, (X,Y, Z),
W5(X,Y, Z) such that m(W;) = p1, m(Ws) = po, and (p1,p2) = 1, then ¢f(X,Y,Z) is
absolutely irreducible by Theorem 65. If one of the R,(X,Y,Z) is absolutely irreducible
then ¢;(X,Y,Z) contains an absolutely irreducible factor. Therefore, we can assume that
m(tg,) > 1 for all @ € {1,...,k}. By lemma 31 v 11)(tg,) < (2”77 — 1)(3). Let ki be
the least integer such that V(l,l,l)(Hi‘zl tr,) > (2" — 1)(3). By the definition of k; we
have that 1/(17171)(1_[21;1 tr,) < (2"7 —1)(3) and by Lemma 31 v 11)(tg,, ) < (277 —1)(3).
Therefore, 1/(17171)(1_[211 tr,) < (2771 —1)(3) < 2"~! — 1. Similarly V(lzl,l)(H?:kl—&-l tr,) =
2" — 2 — v ([ tr) > 20 —2 -2 1 =271 — 1,

Define P(X,Y,Z) = [[I*, Ri and Q(X,Y, Z) = Hf:KIH R;. We write P and ) as sums
of homogeneous terms:

op( XY, Z) = (Ps+ Po1 4+ P)(Qr + Q1 + -+ - + Qo),

where P; and @); are zero or homogeneous of degree j, s +t = d. Then
(bd = Pth7

and
¢2”*J’e = Pth—a + Ps—aQt-
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thice that V(l,l,l) (Qanfje) = (2n—] — 1)(3) Z min(l/(l,M)(Pth,a), 14 (1,1,1) ( s— aQt))

(277 —1)(3) which is a contradiction.

O
Theorem 67. Let f(X) = z?+h(X) € F,[X], where d = 22" —2"+1 deg(h) = 2" Je, e = 3
(mod 4) and j > 4. Then, ¢;(X,Y, Z) contains an absolutely irreducible factor defined over
F,.
Lemma 32. Let f(X) = 2%+ h(X), where d = 22" — 2" + 1, e = deg(h) and v(11,1)(¢.) <
2"=2 — 1. Then every irreducible factor R(X,Y,Z) € F,[X,Y,Z] of ¢4(X,Y,Z) is either
absolutely irreducible or v 11y(tg) < 2”72

Proof: 1t ¢4(X.Y,Z) € F,[X,Y,Z] contains an absolutely irreducible factor defined over
F,[X,Y, Z], then by lemma 19 ¢;(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢4(X,Y, Z) do not contain an abso-
lutely irreducible factor defined over F,.

Let 6;(X,Y, Z) = P(X,Y, Z)Q(X,Y, Z), where P(X,Y,Z),Q(X,Y, Z) € F,[X,Y, Z] non
constant polynomials and P(X,Y, Z) be irreducible. If m(P) = 1, then P(X,Y, Z) is abso-
lutely irreducible. Therefore, m(P) > 1. It is enough to show that for every m(P) = p, p
prime the condition is satisfied. Assume that 2”72 — 1 < y11y(tp) < 2" 1 — 1. We write
P(X,Y,Z) and Q(X,Y, Z) as sums of homogeneous terms:

O XY, Z) = (Ps+ Psc1+ -+ P0)(Qe + Qi1 + - - + Qo),

where P; and @); are zero or homogeneous of degree j, s +t = d. Then

de = Pth7
and
¢e = Pthfa + PsfaQt-
Since V(1’171) (tp) 2n—1 — 1 then V(l 171)<tQ) = V(l,l,l)(¢d) — I/(17171)<tp Z — 1. Then we
have V1,1,1) (¢e) < 2" 21 > mln(V(l,l,l)(Pth—a)a V(1,1,1)(Ps—aQt)) > 2" — 1 which is a
contradlctlon Therefore, v.1,1)(tp) > 271 _ 1. Assume that Vi (te) > 2771 = 1.
If p=2, then we have
P(X,Y,Z)=Vi(X,Y, 2)W(X,Y, Z)
where V1 (X,Y, Z),V5(X,Y, Z) € F2[X,Y, Z] are conjugates. Define A(X,Y,Z) = V1(X,Y, Z)
and B(X,Y,Z) = Vo(X,Y,Z2)Q(X,Y,Z), then ¢;(X,Y.Z) = AX,Y,Z)B(X,Y,Z). We
write A and B as sums of homogeneous terms:
¢f(X, Y, Z) - (As —|— As—l —|— e —|— Ao)(Bt + Bt_l + te + Bo),
where A; and B, are zero or homogeneous of degree j, s +¢ = d. Then

(bd - Ath7

and

qbe = Ath—a + As—aBt-
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Since ‘/17‘/2 are Conjugates then deg(‘/l) = deg(‘/Q>, thus by Lemma 27 l/(l,l,l)<tV1) =
v (t) = 2772 Then we have v 1.1)(¢e) < 2"72—1 = min(v1,1,1)(As Bi-a), V(1,11 (As—aBr)) >
27=2 _ 1, which is a contradiction. Therefore, V(Ll,l)(tP) < on—2 1,

If p > 3, then we have

PXY,Z)= ] ©cHXY, 2)
o€Gal(Fyp [Fq)
where H(X,Y, Z) € F»[X,Y, Z]. Therefore deg(a(H)) = deg(B8(H)), for all a, € Gal(Fp /F,),
thus by Lemma 27 v11)(tamn) = Y1) (tsan) > (2771 = 1)/p. Let v € Gal(Fp /F,) be a
generator. Then,

P(X,Y,Z) H7 (X,Y,2))

Define A(X,Y, Z) = Q(X,Y, Z) [[","* l’<H<X, Y, 2)) and B(X,Y, Z) = [T, 1)1 7 (H(X,Y, 2)),
then ¢;(X,Y,Z) = A(X,Y, Z)B(X,Y,Z). We write A(X,Y, Z) and B(X,Y, Z) as sums of
homogeneous terms:

(XY, Z) = (As+ As1 + -+ A)(By + Byy + -+ - + By),
where A; and B; are zero or homogeneous of degree j, s +t = d. Then
¢d = Ath>
and
Qbe = Ath—a + As—aBt~

Notice that vq11,1)(B;) > (2"71—1)/2 > 2"72. Computing v(,1,1)(A,), we obtain v 1.1)(As) =
AN 1:35’@» +vaanlte) = EE 4 Blvaa(ie) > 321~ 1) +
%V(Ll,l)(tQ) = = 4 2y (tg) > 2772 Then we have vy 1)(¢e) < 2772 —1 >
min(y(LLl)(Ath_a), Y(1,1,1) (AS_aBt)) > 2n=2 > 97=2 _ 1 which is a contradiction. Therefore,
vaain(tp) <22 — 1.

If p = 3, then we have

PX.v,z)= [] oHXY 2)
o€Gal(F 3/Fq)

where H(X,Y,Z) € Fs[X,Y, Z]. Therefore deg(a(H)) = deg(B(H)), for all o, 5 € Gal(F s /F,)
thus by Lemma 27 11,1 (faw)) = Va1 (taan) = (2771 = 1)/3. Let v € Gal(Fyp /Fy) be a
generator. Then,

P(X,Y, H7 (X,Y,Z))

Define A(X,Y,Z7) = [, v/ (H(X,Y, Z)) and B(X,Y.Z) = Q(X,Y,Z)H(X,Y, Z), then
or(X,Y,Z) = A(X,Y, Z)B(X,Y, Z). We write A and B as sums of homogeneous terms:

6f(X,Y, Z) = (As+ As—1+ -+ + Ag) (Bt + Bi-1 + - - - + By),
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where A; and B; are zero or homogeneous of degree j, s +t = d. Then
Ga = As B,
and
Ge = AsBi_q + As_oBy.

Notice that v 11)(As) 2 —1) = (552) > 272 — 1. Let ¢ = v,1,1)(tg), then
vaay(B) = ¢+ = 22X > (2 = 1)(3) > (277 — 1)(3). Then we have
V(1,1,1)(Pe) < 2" 1> min(v(1,1,1(AsBi-a), V11,1 (As—aBt)) > 272 > 9n=2 _ 1 which is a
contradiction. Therefore, vy 1 1y(tr) < 2" 2 — 1.

v

2
3
2

O

Theorem 68. Let f(X) = 7+ h(X), where d = 2*" — 2" + 1, e = deg(h) and v(1,1,1)(¢e) <
2"=2 — 1. Then every irreducible factor ¢;(X,Y, Z) contains an absolutely irreducible factor
defined over F,.

Proof: Assume that ¢¢(X,Y, Z) is irreducible, then by lemma 32 ¢;(X,Y, Z) is absolutely
irreducible. Suppose that

k
61X, Y, Z) = [ Ri(X,Y, Z)
i=1

where R;(X,Y,Z) € F,[X.Y, Z] is a non-constant irreducible polynomial for i € {1,...,k}.

If one of the R;(X,Y, Z) is absolutely irreducible then we are done, so we can assume with-

out loss of generality that every R;(X,Y,Z) is not absolutely irreducible for i € {1,...,k}.

By Lemma 32 we have v(111)(tg,) < 2"2 for every i € {1,...,k}. Define P(X,Y,Z) =

17, Ri(X,Y, Z), where w is the minimum number such that v 1 1) (tp) > 272 (i.e. v n(T12 (tr,)) <
2"72). Define Q(X,Y, Z) = Hf:wﬂ Ri(X,Y,Z). We write P(X,Y, Z) and Q(X,Y, Z) as sums

of homogeneous terms:

O XY, Z)=(Ps+ P+ + P)(Qr+ Qo1 + - -+ Qo),

where P; and @); are zero or homogeneous of degree j, s +t = d. Then

(bd = Pth7
and
¢e = Pth—a + Ps—aQt-
Notice that V(l,l,l)(Ps) < 2% (271—2) =271 and V(1,1,1) (Qt) =2"—-2— V(1,1,1) (Ps) < 2" —2—
(21 —1) =271 — 1 > 2772 Therefore, V1) (¢e) > min(va 1,1y (PsQi—a), Y1,1,1) (Ps—a@t) <
2"~2 which is a contradiction. Thus, there exists an iy € {1,...,k} such that R; (X,Y,7) is

absolutely irreducible.
O

4.2. A generalization of the case 1 (mod 4).

Theorem 69. Let the Kasami-Welch degree polynomial f(z) = 22" ~2"*! 4 h(z) € F,[z],
where d = deg(h) = 2™ ! + 1( (mod 2™)). If d < 2% — (2™ —1)(2¥) = 1,2 <m < k—1 and
(Pg2r_ok 11, Pq) = 1, then ¢(x,y) is absolutely irreducible, and f(z) can not be exceptional
APN.
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Proof: Supposing that ¢(z,y) factors as P(z,y)Q(x,y) and using the same divisibility ar-
guments as before, we get the system:

P.Qi =[] Pulz,y), @ € Fo —TFy, (29)

Pthfe + Psfth = ad¢d($a y) (30)
where s > t and s +t = 22 — 2% — 2 Let p = (1,1) and let us consider the following two
cases to prove the theorem.

Let t > (2™ —2)(2"41). Then using theorem 8 and the fact that P, are absolutely irreducible
polynomials of degree 2% + 1, from Equation 30 we have that m,(Q;) > 2™ — 2, m,(Ps) >
2™ —2. This implies also that m,(¢a(x,y)) = my(PsQt—c+ Ps—c Q) > min(m,(Ps), m,(Qr)) >
2™ — 2. Contradicting that m,(¢4) = 2™ — 2 (for d = 2™71( (mod 2™)), m,(dg) = 2™ — 2
). On the other hand, let t < (2™ — 2)(2% + 1). Since d < 22* — (2™ — 1)(2¥) — 1, then
e> 9% ok 41— (2% —(2m — 1)(2F) — 1) > (2™ — 2)(2" + 1) and ¢ < e.

The equation 30 becomes P;_.Q; = aqpq(x,y), which contradicts the relatively prime hy-
pothesis. 0

Theorem 70. Let f(X) = 2+ h(X) € F,[X], where d = 22" — 2" + 1 e = deg(h) < d. If
Va1 (@e) < 2"72, then ¢;(X,Y, Z) contain an absolutely irreducible factor define over F,.

Proof: 1t ¢4(X.Y,Z) € F,[X,Y, Z] contains an absolutely irreducible factor defined over
F,[X.Y, Z], then by lemma 19 ¢¢(X,Y, Z) contains an absolutely irreducible factor defined
over F,. Without loss of generality we can assume that ¢4(X,Y, Z) do not contain an abso-
lutely irreducible factor defined over F,,.

Suppose that ¢¢(X,y, Z) is irreducible over F,. By Lemma 6, there exist an integer r > 1,
c € F, and an absolutely irreducible polynomial h(X,Y, Z) € F,»[X,Y, Z] such that

6;(X.Y,Z) = c[[o(M(X,Y, 2), (31)
i=1
where o is a generator of Gal(F - /F,). If r is even then define P(X,Y, Z) = H:fl o' (MX,Y, 7))
and Q(X,Y, 7) = H::r/2+1 o'(h(X,Y,Z)). Substituting P(X,Y,Z) and Q(X,Y, Z) in Equa-
tion 31 and writing P(X,Y, Z), Q(X,Y, Z) as the sum of homogeneous terms we obtain

Of(X,Y,Z) = (Pe+ Poq+ -+ Po)(Qu+ Qi1+ -+ Qo), (32)
where P, is either a form of degree i or 0 (respectively @); is either a form of degree j or
0). By the factorization given in Equation 2 we have (Ps, Q;) = 1. Equating the terms of
degree s +t — 1, we get P;Qi—1 + Ps_1Q; = 0, which implies that P;_; = Q;_1 = 0 (since
Ps, Q, are relatively prime and P; | P;_1Q;). In the same fashion, equating the terms of
degree s+t —2,s+t—3,..,e—2weget P, 1 =Q; 1=0,P, 0 =0Q; 2=0,P,_3=0; 3=
0,..., Ps_(a—1) = Qi—(a—1) = 0. We obtain the following system of equations:

¢d(X> Y, Z) - Pth (33)
and
(be(X? Y7 Z) = Ps@tfa + PsfaQt (34)
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By Lemma 6 deg(a(h)) = deg(8(h)), which implies that deg(P) = deg(Q) (i.e s = t) and
by Lemma 27 we have v111)(Ps) = va1,0)(Qr) = 2" ' — 1. We have 2”72 > vq11)(¢e) >
min(va 1,1y (PsQi—a), V1,1,1)(Ps—a@t)) > 2" — 1 which is a contradiction. Therefore, r can
not be even.

Assume that r is odd. If » = 1, then ¢;(X,Y, Z) is absolutely irreducible. If r = 3, define
P(X,Y,Z) =o(hX,Y,Z) and Q(X,Y, Z) = o*(h(X,Y, Z))o3(h(X,Y, Z)). Using the same
factorization as in Equations 32, 33 and 34. By Lemma 6 and Lemma 27 we have v 1,1)(Q;) >
v (Ps) = (2"=2)/3 > 2"2. We have 2"~ 2 > vy 1.1)(¢e) > min(v,1,1)(PsQi—a), V(1,11 (Ps—aQt)) >
(2" — 2)/3 which is a contradiction.

Ifr > 3, define P(X,Y, Z) = [[\;"? 0'(W(X,Y, Z)) and Q(X, Y, Z) = [T'_(,_y o1 0" (h(X, Y, 2)).
Using the same factorization as in Equations 32, 33 and 34. By Lemma 6 and Lemma 27 we
have v1.1,1)(Q¢) > vaa,0(Ps) = T—;12n7f2 > %(2"‘1 -1)= 2”;2. Therefore, we have the same
contradiction as in the previous case. Hence, if ¢ (X, Y, Z) is irreducible then ¢¢(X,Y, Z) is
absolutely irreducible.

Assume that ¢¢(X,Y, Z) is reducible over F,, then let

(bf(X?KZ):HRj(X»Y:Z)v (35)
j=1

where R;(X,Y,Z) € F,[X,Y, Z] is irreducible over I, for ¢ = 1,...,m and v 1,1)(tr,) >
v (tr, ), whenever i < k. If v 1 1y(tg,) < 2”2, then define P(X,Y, Z) = 1, Ri(X,Y, 2),
where / is the least integer such that Zle Va1 (tr) > 272 Define Q(X,Y, Z) = [[",,, Ri(X,Y, Z).
Using the same factorization as in Equations 32, 33 and 34. By the definition of ¢ we
have v1,1)(Ps) = Zle va1n(tr,) > 2772 Similarly, by the definition of ¢ we also have
va1,1)Q > 2"7%2. We have 2" > V(1,1,1)(Pe) = min(v(1,1,1)(PsQi—a), V(1,1,1)(Ps—a@r)) > 2n—2
which is a contradiction. Therefore, v(111)(tg,) > 2" 2.

It S, vain(te) > 2772, then define P(X,Y,Z) = Ri(X,Y.Z) and Q(X,Y,Z) =
[T, Ri(X, Y Z) Using the same factorization as in Equations 32, 33 and 34 we obtain
that 272 > v(11,1)(¢e) > min(va1,1)(PsQi—a)s v1,1,1)(Ps—a@Qt)) > 272 which is a contradic-
tion. Therefore we can assume that Yoo van 1)(7531) < 2n2,

By Lemma 6 there exists an integer r > 1, ¢ € [F;, and an absolutely irreducible polynomial

hX,Y,Z) € F,[X,Y, Z] such that

Ri(X,Y,Z) = c][o(M(X,Y, 2), (36)
i=1

where o is a generator of Gal(F,- /F,). If r is even then define P(X,Y, Z) = Hr/2 o'(WMX,Y,2))
and Q(X,Y, Z) = (I, /o1 ' (WX, Y, 2)(T ]2 Ri(X, Y, Z)). Using the same factorization
as in Equations 32, 33 and 34. By Lemma 6 and Lemma 27 we have v(;1.1)(Q¢) > v,1,1)(Fs) >
%(211_1 — 1) > 277,—2. We have 2n—2 > V(l,l,l)(¢e) 2 min(u(LLl)(Pth,a),I/(Ll’l)(Ps,aQt)) >
272 which is a contradiction. Therefore, we can assume r is odd.

If r =1, then R, (X, Y, Z) is absolutely irreducible. Assume that r > 3. Define P(X,Y, Z) =
[15, Y2 o' (h(X,Y, Z)) and
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QX.Y.Z) = (Ilicr_1yj21a o' (h(X,Y, Z)) (], R:i(X,Y, Z)). Using the same factorization
as in Equations 32, 33 and 34. By Lemma 6 and Lemma 27 we have vy 1,1y(Q¢) > v(1,1,1)(FPs) >

’";212“2:72’2 > 2“2;72’2 > 2"72—1. Therefore, we have 22 > vy 1.1)(¢e) > min(v,1.1)(PsQi—a), v(1,1,1)(Ps

2"~2 which is a contradiction.

If r = 3, define P(X,Y, 7) = HZ Lo(M(XY, Z))and Q(X, Y, Z) = 3 (h(X, Y, 2))(T[1Ly Ri(X, Y, 2)).
Using the same factorization as in Equations 32, 33 and 34. By Lemma 6 and Lemma 27 we
have V(l 1,1) (P) (2” - 2n—2> = 271—1_ Let c = V(l,l,l) (H,TLT;2 tR ) then V(l 1,1) (Qt) 2z 32 < +
c=2 _2+2C > 2772 Therefore, we have 2" > v 1.1)(¢e) > min(va1,1)(PsQi—a), Y(1,1,1)(Ps—aQt)) >
on—2 Wthh is a contradiction. Thus, R;(X,Y, Z) is absolutely irreduc1ble O

Corollary 23. Let f(X) = 2% + h(X) € F,[X], where d = 2°" — 2" + 1 ¢ = deg(h) =
20+1<d If (0,27 —1) = 2" — 1, then ¢4(X,Y, Z) contain an absolutely irreducible factor
defined over F,.

Proof: Notice that j < n — 1, otherwise deg(h) > deg(f) which is a contradiction. If
j < mn—1, then vg11(¢) = 27 —2 < 22 — 2. By Theorem 70 ¢¢(X,Y,Z) contain
an absolutely irreducible factor defined over F,. If j = n — 1, then £ = 2" — 1, ie. e =

207 2n — 1)+ 1 =221 —2n L 4 1 Let (X, Y, Z) = (¢4, &n) and p = deg(1)). Define,

P(X,Y, Z)
XY 7Z)= —""=
YA =Xy 2y
then writing p(X,Y, Z) as the sum of homogeneous terms we obtain,
¢d Qbe Qse 1 ¢5
P Xu}/u Z)=—+c Ce + Ce -+c
( T A T T

Notice that deg(%) =2l _on=l_9_p< M = deg(p). Therefore, by Lemma 18

p(X,Y, Z) is absolutely irreducible. Therefore, ¢(X,Y, Z) contain an absolutely irreducible
factor defined over F,.
O

Theorem 71. Let f(X) = 2+ h(X) € F,[X], where d = 22" — 2" + 1 e = deg(h) < d. If
e =1 (mod 4), then ¢¢(X,Y, Z) contains an absolutely irreducible factor defined over F,.

Proof: This follows directly from Theorem 36 and Corollary 23 U

Theorem 72. Let f(X) = 2% + h(X) € F,[X], where d = 22" — 2" + 1 ¢ = deg(h) < d. If e
is odd, then ¢;(X,Y, Z) contains an absolutely irreducible factor defined over F,.
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5. NEw RESULTS IN THE EVEN DEGREE CASE OF THE EXCEPTIONAL APN
CONJECTURE

This chapter is divided into two sections. The first section, work in the case when the
degree of the polynomial is on the form 2"e, where n > 3 and e > 1 odd. This section
is divided again into two subsections. The first section address the case when e is either
Gold or Kasami-Welch exponent. We gave a factorization characterization when deg(h) = 3
(mod 4) (see Lemma 33). Then we gave a conditional proof of the general case when certain
conditions are met (see ). In the second section we proof that is the highest odd degree term
is =3 (mod 4) then ¢(X,y, Z) contain an absolute irreducible factor defined over F,,.

we use the concept of degree gap to provide bounds to guarantee the existence of absolute
irreducible factors. Later in the next two sections this bounds will be improve using the
multiplicity of the point (1,1, 1) to give an upper bound in the number of factors ¢ (X, Y, Z)
can have in the remaining open cases in the literature. In the second section we prove the
case when the second term have odd degree. We use 17 develop in the previous chapter to
proof the remaining cases in the literature.

5.1. Case 2"e.

Theorem 73. Let f(X) = X?"¢ 4+ h(X) € F,[z], where e is an odd number no Gold
or Kasami-Welch. If ¢(X,Y,Z) is irreducible over F,, then ¢;(X,Y,Z) it is absolutely
irreducible.

Proof: Suppose ¢;(X,Y,Z) is irreducible, then by corollary 11 ¢;(X,Y, Z) is absolutely
irreducible. O

5.1.1. Factorization for some cases of the form 2"e where e is a Gold or a Kasami-Welch
number.

Theorem 74. Let f(X) = X¥°+ h(X) € F,[z] and n > 2. If deg(h(X)) = 2"e — 1 then
¢r(X,Y, Z) is absolutely irreducible.

Proof: Assume that ¢;(X,Y,Z) = PQ where P, are non-constant polynomials. We can
write P, () as the sum of homogeneous polynomials, let

G (XY, Z) = (Py+ Pyy 4+ Po)(Qr + Qe + -+ + Qo)

where P; is either a form of degree i or 0 (respectively @); is either a form of degree i or 0).
Now we have that ¢on, = Pi@, and ¢one_1 = PiQ,—1 + Ps_1Q,. Since (1,1,1) is a rational
point for every absolutely irreducible factor of ¢an.(X,Y, Z) ([34], [12]) we have that (1,1, 1)
is a rational point for Ps; and @, then it is also a rational point of ¢on. 1(X,Y, Z) but this
is a contradiction to a result from [34] which implies that (1,1,1) is not a rational point
for ¢p(X,Y, Z), when h = 3 (mod 4) (In this case ¢,(X,Y, Z) correspond to the monomial
X™). Therefore, ¢¢(X,Y, Z) is absolutely irreducible. O

Lemma 33. Let f(X) = X*"*+n(X) € F,[z], where d = deg(h) =3 mod 4,3 < e < 2"e—1.
If ¢4(X,Y,Z) factors then each highest degree form of each factor is divisible by ¢. and
o6(X,Y, 7).
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Proof: Suppose that ¢;(X,Y,Z) = PQ where P, are non-constant polynomials. We can
write P, () as the sum of homogeneous polynomials, let

¢f(X7Y;Z):(P8+Ps—1+"'+PO)(Q7‘+QT—1+"'+QO)

where P, is either a form of degree ¢ or 0 (respectively @); is either a form of degree i or 0).
We have that ¢on, = P,Q),.. Assume that there exists an absolutely irreducible factor L from
¢ome such that L | @, and L1 Ps. First we will show that if

k
Z Ps iQrk+i =0
i=0
for every k = {1,2,...,m} then L | Q,_,1; for every i € {0,1,2...,m}. In order to prove
this we will do strong induction over k.
Case k = 1: We have

1
Z Ps—iQr—k—l—i = PSQT‘—l + PS—lQT = 0.
=0

Then P,Q,_1 = P;_1Q, and L | P;Q,_;. Since L { P; and L is absolutely irreducible we can
conclude that L | Q,_;.
Induction Hypothesis: Suppose that for every k < m we have that

k
Z Ps—iQr—k-i-i =0

i=0
then L | Q,_ for every k < m.
Case k = m: We have that

k
Z Ps—iQr—k—i—i =0
i=0

for every k < m. For k = m we have

m
E PsfiQrkari =0
i=0

so we obtain;

PsQr—m = Z Ps—iQr—k’-i—i-
=1

By induction hypothesis we have that L | Q,_j for every k < m. So we can rewrite it as
PsQr—m =LR

where R = izl S*L"Q"'*’“*"". Since L 1 P; and L is absolutely irreducible we can conclude that
L[ Qv

Now ¢4(X,Y, Z) = Z;ZO P,_;Q,_¢+i. By the previous argument we have that L | Q,_;,; for
every 1 < i <t. So we can write ¢4(X,Y, 7Z) = P,Q,_¢ + 22:1 P, Q. i = P,Q,_ + LR,y.
Since (1,1, 1) is a rational point for every absolutely irreducible factor of ¢an.(X,Y, Z) ([34],
[12]) we have that (1,1, 1) is a rational point for P; and L then it is also a rational point of
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¢a(X,Y, Z) but this is a contradiction to a result from [34] which implies that (1,1, 1) is not
a rational point for ¢4(X,Y, Z), when d = 3 (mod 4). d

5.1.2. Fven-Gold and Even Kasami-Wech cases.

Theorem 75. Let f(X) = X?"¢+h(X), where e = 2/+1 or e = 2% —2/ +1 with j containing
a prime number p in his factorization such that p{ 2™ — 1. If ¢¢(X,Y, Z) is irreducible over
[F, then ¢¢(X,Y, Z) is absolutely irreducible.

Proof: Suppose ¢¢(X,Y, Z) is irreducible over IF,,.. Notice that ¢.(X, Y, Z) contains a reduced
irreducible factor R(X,Y,Z) € F,[X,Y,Z] such that (m(R),2™ — 1) = 1. Therefore, by
corollary 11 ¢¢(X,Y, Z) is absolutely irreducible. O

Theorem 76. Let f(X) = X?"¢ + h(X) € F,[X], where e¢,d = deg(h) = 3 (mod 4) and
n>2.If R(X,Y, Z) is afactor of ¢;(X,Y, Z), then either R(X,Y, Z) is absolutely irreducible
or tr(X,Y, Z) is divisible by ¢6(X,Y, Z) - ¢o(X,Y, Z).

Proof: Suppose that ¢;(X,Y,Z) = P(X,Y,Z)Q(X,Y, Z), where P(X,Y,Z), Q(X,Y,Z) €
F,[X,Y, Z]. 1f t,(X,Y, Z) (respectively to(X, Y, Z)) contains a reduced absolutely irreducible
term, then by Corollary 5 P(X,Y, Z) contains an absolutely irreducible factor (respectively
Q(X,Y,Z)). We can assume t,(X,Y,Z) and to(X,Y,Z) do not contains any reduced ab-
solutely irreducible terms. Without loss of generality let A = A(X,Y, Z) be an absolutely
irreducible factor such that A(X,Y,Z) | tp(X,Y, Z) but A{to(X,Y, Z). Writing P(X,Y, Z)
and Q(X,Y, Z) as the sum of homogeneous terms we obtain

Or(X, Y, Z) = (Ps+ Py + -+ + P)(Qu + Qi1 + -+ + Qo)
where P; and @); are either homogeneous polynomials of degree i or 0. Then
Gane(X,Y, Z) = PsQy

and

W(X.Y, Z) ZPS iQtri (37)

Now equating the terms of degree 2"e — 4 we obtam 0= PQ¢ 1+ P 1Qy, ie. PiQy 1 =
P, 1Q;. Notice that A? | ¢pone(X,Y, Z) and (A, Q;) = 1 implies that A% | P,. Also, (A, Q;) =1
and A? | Py, implies that A% | P,_;. Now we can continue this process to obtain that A? | P;_;
for =0,1,...,r — 1. So we can rewrite Equation 37 as

a(X,Y, Z) = A2(W) + Q;P,_,
By Bezout’s Theorem there exists at least one point a € F, such that v,(A4) > 1 and v,(Q;)
1. Since @y do not contain any reduced absolutely irreducible factor, then v,(Q;) >
Therefore, v,(¢g) > min (v, (A*W), v, (Q:Ps_,)) > 2 which is a contradiction with ¢4(X, Y, Z
being a nonsmgular Thus, we can conclude that either a factor R(X,Y,Z) of ¢;(X,Y, Z) is
absolutely irreducible or ¢ R(X Y, Z) is divisible by ¢.(X,Y, Z)¢6(X, Y, Z).

%

~—

O
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Lemma 34. Let f(X) = X?" + h(X) € F,[X], where e is Gold or Kasami-Welch, the
highest odd degree term of h(z) is = 3 (mod 4) and n > 2. If R(X,Y,Z) is a factor of
6;(X,Y, Z), then t(X,Y, Z) is divisible by ¢5(X, Y, Z).

Proof: Let b be the degree of the highest odd term of h(x). If deg(h) =3 (mod 4), then by
Lemma 33 the first cone of each factor is divisible by ¢.(X,Y, Z) and ¢6(X,Y, Z). Assume
that d = deg(h) # 3 (mod 4) i.e. deg(h) = 2™a, where m > 1 and a is odd. Suppose that
or(X,Y,Z) = P(X,Y, Z)Q(X,Y, Z) where P, () are non-constant polynomials. We can write
P, ) as the sum of homogeneous polynomials, let

G (XY, Z) = (Py+ Poy 4+ Po)(Qr + Qe + -+ + Qo)

where P; is either a form of degree i or 0 (respectively @); is either a form of degree i or 0).
We have that ¢on. = P,(Q,. Assume that there exists an absolutely irreducible factor L from
¢¢ such that L | @, and Lt P,. First we will show that if

k
Z Ps—iQr—k—i—i =0
1=0

for every k = {1,2,...,m} then L | Q,_,1; for every i € {0,1,2...,m}. In order to prove
this we will do strong induction over k.
Case k = 1: We have

1
Z PsfiQrkari = PsQrfl + Psler = 0.
=0

Then P,Q,_1 = Ps_1Q, and L | P;Q),_1. Since L { P, and L is absolutely irreducible we can
conclude that L | Q,_1.
Induction Hypothesis: Suppose that for every k& < m we have that

k
Z Ps—iQr—k—i—i =0
=0

then L | Q,_ for every k < m.
Case k = m: We have that

k
Z Ps—iQr—k—l—i =0
=0

for every kK < m. For kK = m we have

m
E Ps—iQr—k—i—i =0
i=0

so we obtain;

PsQT—m = Z Ps—iQr—k-i—i-
=1

By induction hypothesis we have that L | Q,_j for every k < m. So we can rewrite it as
PsQr—m = LR
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where R = Zi=1 RS;QT"“”’. Since L 1 P; and L is absolutely irreducible we can conclude that
L| Q.
Now ¢4(X,Y, Z) = ZZ:O P, ;Q,_¢y;. By the previous argument we have that L | Q,_4;
for every 1 < i < t. So we can write ¢4(X,Y, 7)) = P,Q,— + Zle P, ;Qy_41;. Since L |
¢a(X,Y,Z) and L | 3!, Py iQ,_¢1i, then L | P.Q,_, that is L | Q,_;.

We can continue doing this to obtain that L | Q;—; for j =1,...,k—1 and

k
(X, Y, Z) =Y P iQuopri
=0

Now we can rewrite this equation as follows
k
¢b(Xa }/a Z) = PSQ?"—kJ + Z Ps—iQr—k+i~
i=1

By our previous argument we have L | Zle P,_;Q,_14i, therefore V(Ll,l)(Zf:l P iQr k1) >
1 and V(1,1,1)(P3Qt—k;) > 1. Thus, V(1,1,1)(¢b) > min(V(l,l,l)(Zle Ps—iQr—k—i—i)a V(l,l,l)(Pth—k)) >
1 which is a contradiction.
We can conclude that L | Ps. Therefore, ¢6(X,Y, Z) divides the first cone of every factor.
O

5.2. Case 4e, when ¢ is a Gold or a Kasami-Welch number.

Theorem 77. Let f(X) = X* + h(X) € F,[x], where e > 3 is Gold or Kasami-Welch
number. If A = deg(h(X)) =3 (mod 4), then f(X) is not exceptionally APN.

Proof: Assume that ¢;(X,Y, Z) factor over F,. Then by lemma 33 we know that ¢(X,Y, Z)¢.(X,Y, Z)
divides the highest degree form of each factor. Since the multiplicity of ¢g(X,Y, Z) is three
we only have two possible options ¢¢(X,Y, Z) factor into three irreducible polynomials over
IF, or ¢; factor into two absolutely irreducible polynomials. If ¢ factor into three irreducible
polynomials. Applying the reverse ¢;(X,Y, Z) and the factors we obtain by lemma 4 that
each factor of ¢,(X,Y, Z) contains an absolutely irreducible factor of multiplicity 1 coming
from ¢6(X,Y, Z). By theorem 42 this factors are absolutely irreducible over F,. By lemma
13 this implies that ¢;(X,Y, Z) contains an absolutely irreducible factor defined over F,. So
let assume that ¢((X,Y, Z) factor into two different factors. Suppose that ¢¢(X,Y, Z) = PQ
where P, () are non-constant polynomials. We can write P, as the sum of homogeneous
polynomials, let

op(X,Y,Z) = (Ps+ Py + -+ P)(Qr + Qr1 + - + Qo)
where P, is either a form of degree ¢ or 0 (respectively @), is either a form of degree ¢ or 0). We
have that ¢on, = PsQ,. Moreover we have that ¢¢(X,Y, Z)¢. | Ps and ¢¢(X,Y, Z)p. | Q.
Without loss of generality assume that ¢g(X,Y, Z)? t P,, and that (z + y)? t P,. Taking
the reverse to both sides we obtain that ¢,(X,Y, Z) = ¢ptpg and by lemma 4 the tangent
cone of ¥p(X,Y, Z) contains an absolutely irreducible factor of multiplicity 1. By theorem
42 this factors are absolutely irreducible over [F,. By lemma 13 this implies that ¢;(X,Y, Z)
contains an absolutely irreducible factor defined over F,.
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So we can assume that ¢;(X,Y,Z) is irreducible over F,. Our goal now is show that
¢r(X,Y,Z) do not satisfy theorem 40. Assume that there exists an extension such that
¢(X,Y, Z) factors into absolutely irreducible factors. Consider the lower extension in which
this happens. By lemma 13 14(X,Y, Z) should also factor over this extension. By lemma
4 the tangent cone of 14(X,Y,Z) contain an absolutely irreducible factor of multiplicity
3. Using lemma 15 the order of the extension should divide 3 (i.e. the multiplicity of an
absolutely irreducible factor). Since 3 is prime we obtain that the extension is of order 3 i.e.
we have 3 factors. The first characterization of theorem 40 is not possible since that would
contradict lemma 33. The second characterization of theorem 40 is not possible due to the
number of factors. Finally, the third characterization of theorem 40 is not possible because
each factor has the same first cone up to associates.

Theorem 78. Let f(X) = X*+h(X) € F,[X], where e is Gold or Kasami-Welch, the high-
est odd degree term of h(z) is =3 (mod 4) and n > 2. Then ¢¢(X,Y, Z) is not exceptional
APN.

Proof: Let ¢¢(X,Y,Z) be reducible over F,, then ¢;(X,Y.Z) = P(X,Y,Z)Q(X,Y, Z)
R(X,Y,Z), where P(X,Y, Z),Q(X.Y, Z) are non-constant irreducible polynomials and P(X,Y, Z),
Q(X,Y,Z),R(X,Y,Z) € F,[X,Y, Z]. By Lemma 34 ¢5(X, Y, Z) | tp(X,Y, Z) and ¢5(X, Y, Z) |
to(X,Y, Z). Notice that either ¢2(X,Y, Z) 1 tp(X,Y, Z) or ¢3(X,Y, Z) t t,(X,Y, Z). Without
loss of generality assume that ¢Z(X,Y, Z) ttp(X,Y, Z), then tp(X,Y, Z) contains a reduced
absolutely irreducible factor defined over F,. By Corollary 5 P(X,Y, Z) is absolutely irre-
ducible. Therefore, ¢;(X,Y, Z) is not exceptional APN.

Suppose that ¢¢(X,Y, Z) is irreducible, then by Corollary 6 3 | m(¢y), that is m(¢s) =1
or m(¢y) = 3. If m(¢y) = 3, then

o;X.Y,Z2)= ] o(HX)Y, 2), (38)
0€Gal(F 3 /Fy)

where H(X,Y,Z) € F;[X,Y, Z] is absolutely irreducible. Now we are going to show that
¢£(X,Y, Z) do not satisty neither of the conditions of theorem 40. Clearly by Equation 38 the
first cone of every factor must be divisible by ¢6(X,Y, Z)¢.(X, Y, Z). Therefore, conditions 1
and 2 are not satisfied. Moreover, the first cone of every factor is not square free. Therefore,

condition 3 is not satisfied. Therefore, ¢(X,Y, Z) is not exceptional APN.
O

O
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