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Given a code C' over the finite field [F,, where ¢ is a power of a prime number,
some constructions exist that permit us to obtain a new code from C' over F, or over
a subfield of I, for example as subfield subcodes. However, in some important ap-
plications, one needs codes over an extension field, such as quantum error-correcting
codes (QECC). In these applications, the codes in the extension fields need only be
additive. In this dissertation, we propose a novel technique that we call Go-Up
(GU) construction that allows us to obtain an additive or a linear code over F,m
from a collection of codes over F,. We show under what condition is this code a
self-orthogonal or self-dual code, under various forms ( Euclidean, or Hermitian, or
Trace Hermitian, or alternating). We use these additive self-orthogonal codes to
construct quantum-stabilizer codes. As a result, we give explicit classes of codes
where we obtain new quantum error-correcting codes.

Under certain conditions, we show that the GU of two classical Goppa codes
is a Goppa code. As a consequence, we obtain quantum error-correcting codes

from classical Goppa codes. So far, research on QECC from Goppa codes has been

111



limited. Also, the decoding of QECC is limited. Our result might allow fast decoding
of QECC from GU of Goppa codes via Patterson’s O(n,log n) decoding algorithm.
Independent of the GU construction, we show under what conditions are clas-
sical Goppa code self-orthogonal. Using this fact, we obtain binary and quaternary
QECC directly from Goppa codes. We compare our results on QECC to those
obtained for QECC from BCH codes by Beth and Grassl, and by Sarvepalli et al.
The third theme of our thesis is to construct few weights codes. Such codes
have applications in cryptography, association schemes, Steiner systems, t-designs,
strongly regular graphs, finite group theory, finite geometries, among other disci-
plines. The theory and construction of two-weight linear codes have been carried
out by Calderbank and Kantor, among others. Tonchev and Jungnickel, and Ding et
al. have done pioneering work on three-weight codes. We use our GU code construc-
tion to obtain two-weight, three-weight and few-weights linear codes. Consequently,
we give elementary construction of class RT1 of two-weight codes by Calderbank

and Kantor. We also obtain new classes of three-weight codes.
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CHAPTER 1
INTRODUCTION

Quantum error-correcting codes are a key ingredient to implement information

processing based on quantum mechanic [13, 14, 25, 31]. In the late 1990's Gottes-
man [25] and independently Calderbank et al., [14] proposed a method to construct
quantum codes from classical codes. This method is commonly referred to a stabi-
lizer codes. Theses codes are the most studied class of quantum codes together with
the so called C'S'S construction introduced by Shor et al., [15] and independently by
Steane [48]. In this thesis, we give a new construction of additive codes and, from
them, we construct quantum stabilizer codes.
Another important problem, still open, in quantum error-correcting codes is to give
fast decoding algorithms for error-correction. We give here, quantum stabilizer code
construction using Goppa codes. Since Goppa codes have a fast decoding algorithm
by Petterson [40], our quantum stabilizer codes have a promise of fast decoding.

This thesis also addresses with few weights codes, they are interesting in clas-
sical coding theory and have application to finite group theory, finite geometry,
cryptography and other research areas in discrete mathematics. In particular, two
and three-weight codes are closely related to strongly regular graphs, secret sharing
schemes, and projective point sets. Delsarte was the first to investigate the relation-
ship between projective sets, graphs and linear codes in the early 1970's [16, 18—
20, 22, 49]. Two-weight codes can be used to construct secret sharing schemes, an

interesting subject in cryptography introduced by Blackley [10] and Shamir [46].



This dissertation presents a systematic method to construct few-weights codes
(linear and additive) over a finite extension of the finite field F,. The theory of
additive codes gives rich dividends, for example in the construction of quantum
stabilizer codes [14, 23, 32, 51]. We get quaternary additive codes with optimal
parameters, the quaternary case is of special interest because of a close link to the
theory of quantum stabilizer codes [23, 51]. In addition, we get optimal parameters
for single quantum state codes, such a code might be useful for example in testing
whether certain storage locations for qubits are decohering faster than they should
[14].

Another important problem is to be able to construct quantum Stabilizer codes
solely based on Euclidean self-orthogonality (most of the constructions need to
have Trance Hermitian orthogonality or alternating duality conditions). From our
method, we are able to construct stabilizer codes using Euclidean self-orthogonal
codes and for the first time we use Goppa code to construct stabilizer codes. These
codes could, for the first time, yield fast decodable quantum stabilizer codes using
Patterson’s O(nlogn) algorithm for the classical Goppa codes.

Given a code C over the finite field F,, where ¢ is a power of a prime number,
some constructions exist that permit us to obtain a new code from C over F,
or over a subfield of [, such as subfield subcodes. However, in some important
applications, one needs codes over an extension field, for example, in quantum error-
correcting codes. We present a new and elegant technique that we call Go-Up
construction, which allows us to obtain an additive or a linear code over Fym from
any set of m linear codes over F,.

We have found a nice relation between our Go-Up construction and important
topics in coding theory such as:

a. Binary and nonbinary quantum error correcting codes.

b. Two, three and few-weights codes.



c. Frobenius invariant codes.
In fact, the initial code C' could have some particular properties, namely:

o If C =TY(g(x), L) is a g—ary Goppa code, we study the properties of the go-up
built code, getting - under some conditions - a code that is also a Goppa code over
Fp.

e If C is constant weight, as the simplex code, then the new one is two-weight linear
code, see Theorem 3.6. Table 3-9 shows a family of two-weight codes over Fy.
Comparing our technique with the construction given by Calderbank et al., in [16],
where they get a new two-weight code from a given two-weight code by changing
the underlying field, we observe that our method uses elementary tools to obtain
two-weight codes. For example, when the initial code is the general simplex code
Sk(q), we get a two-weight code with the same parameters as the code obtained in
Example RT1 from [16].

e If C is a binary two-weight code, we apply our construction to it and we obtain
a linear code over [Fy, which is almost a six-weight code, see Theorem 3.7. For
example, if C' is the first-order Reed-Muller code, the new one is just three-weight,
and Table 3-10 shows us its weight distribution. We observe that our construction
permits us to get examples of three-weight codes in an easier way comparing with
the method used by K. Ding et al., in [22].

e If C is a g—ary antipodal two-weight linear code, see Theorem 2.7, and applying
to C our construction, we obtain a three-weight linear code over F,.. Theorems
3.8 and 3.9 give the weight distribution of the new code.

e [f C' is a binary Euclidean self-orthogonal code, we construct a stabilizer group of
unitary operators from the built code. We use a polynomial basis of F4 over Fy
obtaining as a result that our new code is Euclidean self-orthogonal as C' is, in
contrast with the seminal work [14] where they use self-orthogonality with respect

to the Trace Hermitian inner product and a normal basis.
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o If C is a Euclidean self-orthogonal code over F,, we found that the Euclidean
duality for our new code over F2 is the same as the trace-alternating duality used
in the work [31]. Then, we can obtain a nonbinary stabilizer code without the need
to verify alternating self-orthogonality of the built code from C'. We just need to
begin with classical self-orthogonality and many types of codes are classically self-
orthogonal.

The new code, in general, is obtained from m codes in F7, and using a polyno-
mial or normal basis of Fym over F,. Indeed, we can use any basis, always resulting
in an additive code, see Definitions 3.1 and 3.2. When the m codes are linear, the
resulting new code is linear over F,~ if and only if they are equal, see Lemma 3.1. In
the linear and binary case, if m = 2 and Cj is Euclidean self-orthogonal or self-dual,
the generated code is also Euclidean self-orthogonal or self-dual, with the additional
property that Euclidean duality is equivalent with the Trace Euclidean, Hermitian,
and Trace Hermitian duality. See Proposition 3.7.

In the linear and g—ary scenario with ¢ — 3 divisible by 4, for example the
Mersenne prime numbers, if m = 2 we get the same equivalence among the dualities,
being this last fact a general version of the Theorem 3 from work [14], see Theorem
3.5.

On the other hand, if we take a code C' over Fym that is Frobenius invariant,
that is, for any codeword @ = (z1---x,) in C' we have x? = (zf---22) is also
a codeword of C, and Cj being its subfield subcode over F,, the code C' can be
obtained from Cj through our Go-Up construction using the Delsarte’s theorem,
as it is proved in Lemma 3.2 and Theorem 3.1.

This dissertation is structured as follows: Chapter 2 introduces some basic
concepts about coding theory; the principal references are the books [6, 7, 9, 38, 39,

41, 50]. We begin with some definitions and theorems about error-correcting codes.



In the first section, we introduce some basic facts about projective geometry and two-
weight codes. It ends with Theorem 2.8 which gives a relation between projective
sets and two-weight codes. Section 2.2 starts with basic properties of Goppa codes
and their relation with BCH codes. This section ends with Proposition 2.3, where
we got a lower bound for the minimum distance of a binary Goppa code when its
polynomial has the form g(x) = 2'h(x) over Fom and h(z) being separable such that
h(0) # 0. Section 2.3 introduces the basics of quantum stabilizer codes. We have
introduced Hilbert spaces, facts about simultaneously diagonalizable operators, and
stabilizer codes, see Definition 2.13. In the end, we define the concepts of nice error
basis and the error group associated with the error basis. In this section the principal
references are [1, 3, 5, 13, 24, 25, 31, 33, 35, 42, 47], the books [27, 37, 43, 44] and
the seminal works [14, 15].

Chapter 3 introduces our Go-Up construction, we call it amalgamation. We
obtain Lemma 3.1, showing that, in general, an amalgamated code is not linear
over [F,m. We have found an equivalence between a Frobenius invariant linear code
over F,m and a code obtained from our construction. Theorem 3.1 shows such
equivalence. Section 3.2 is devoted to study the Goppa codes to which we apply
our construction, getting Theorem 3.3, which shows that the amalgamation of a
Goppa code is also a Goppa code. Section 3.3 is dedicated to study the dual of
the amalgamated code. We obtain Theorem 3.4 and Proposition 3.6. In Section
3.4 we generalize Proposition 3.6 considering a prime ¢ = 3 (mod 4). Proposition
3.8 shows such generalization in this g—ary case. Theorem 3.5 is a general version
of the Theorem 3 of [14].

Section 3.5 contains the main results of Chapter 3. We discuss various ap-
plications. We construct two and three-weight linear or additive codes. First, we
obtain Theorem 3.6, where we begin with a constant weight binary code, and we

apply to it our construction. Second, applying our technique to a binary two-weight



code C', we get a code over [F, which is almost six-weight, see Theorem 3.7. When
C' is the first-order generalized Reed-Muller code, we get a three-weight code over
Fg2, see Theorem 3.8. We also obtain three-weight and few-weight additive codes,
see Theorem 3.10.

Chapter 4 is devoted to the study of stabilizer codes obtained from our con-
struction. In the first section, given an amalgamated code over F4, which is Eu-
clidean self-orthogonal, we get a quantum stabilizer code (see Proposition 4.1 and
Theorem 4.1).

Section 4.2 discusses that for an amalgamated code C' in FZZ, the Euclidean
duality is the same as the trace-alternating duality considered in [31]. That allows
us to construct nonbinary stabilizer codes taking into account Euclidean duality and
Frobenius invariant codes, see Proposition 4.4 and Theorem 4.2. We give another
way to construct g-ary QECC. Calderbankd and Shor [14] obtain QECC from
binary quantum codes by showing that under their conditions, Hermitian and Trace
Hermitian inner products are equivalent. Using our Go-Up construction, we are
able to obtain the same equivalence of these inner products for g-ary codes when ¢
is a prime such that ¢ =3 (mod 4), using Theorem 3.5. Therefore with our Go-Up
construction, we can obtain g-ary QECC.

Chapters 3 and 4 contain our main contributions. Some preliminary results
are presented on separable and inseparable Goppa codes in Chapter 2, see Propo-

sition 2.3. The following table summarizes the main results in this dissertation.



The main contributions

Theorem 3.1 | ¢ C Fjin and ¢ C C, C is linear over Fym if and only if

C = GU(m, Cy), Cy is the sub-field sub-code of C' over F,.

Theorem 3.4 | Let I, be a finite field of characteristic two. Take Cp and C
linear codes over F,, with Cy C (). The additive code C' =

Co+ 6Ct C i is Trace Hermitian self-orthogonal.

Theorem 3.5 | Take a prime ¢ = 3 (mod 4) and C' a ¢*—linear code. Then
C c C*# if and only if C C CtrH

Theorem 3.6 | Cy C F y constant weight and constant intersection code, Def-

inition 3.3. Then GU(2, C)) is two-weight.

Theorem 3.8 | GU(2, R,(1,k)) C IFZ: is a three-weight linear code. R (1, k) is

the first-order generalized Reed-Muller code over F,,.

Theorem 3.10 | GU(R,(1,k),Cp) C IFZI; is a three-weight additive code, where

Co={(apa --- p;2a0)|ac S}

Theorem 4.2 | C an [n, k, d],2 Euclidean self-orthogonal and C? C C. Then C

vields an [[n,n — 2k, > d*]], quantum stabilizer code.

Table 1-1




CHAPTER 2
BACKGROUND AND PRELIMINARY
RESULTS

In this chapter, we present basic definitions and known results about general
and quantum stabilizer codes that we will use in the subsequent chapters.

Section 2.1 begins with some definitions and theorems about error-correcting codes.
It ends with some facts about projective geometry and its relationship with two-
weight codes. Section 2.2 starts with basic properties of Goppa codes and their
relationship with BCH codes. This section ends with Proposition 2.3, where we got a
lower bound for the minimum distance of a binary Goppa code when its polynomial
has the form g(z) = z'h(x). Section 2.3 introduces the basics of quantum stabilizer
codes. We have introduced Hilbert spaces, facts about simultaneously diagonalizable
operators, and stabilizer codes. In the end, we define the concepts of nice error basis
and the error group associated with the basis error &,.

2.1 BASIC DEFINITIONS

We give some general facts about coding theory. The principal references for
this section are the books [6, 7, 9, 38, 39, 41, 50] and the works [11, 16, 22, 53].

A sender starts with a message and encodes it to obtain codewords consisting
of sequences of symbols. These are transmitted over a noisy channel to the receiver.
Often the sequence of symbols that are received contains errors and therefore might
not be codewords. The receiver must decode, which means correct the errors, in

order to change what is received back to codeword and then recover the original



message, that is, we can encrypt encoding and adding errors. After that, we can
decrypt correcting the errors.

The symbols used to construct the codewords belong to an alphabet. A code
that uses an alphabet consisting of ¢ symbols is called ¢g—ary code. If A is an
alphabet, a code is a random subset of A™ where n is called the length of the code.
In general, decoding (decrypting) could be a time-consuming procedure, therefore,
the most useful codes are subsets of A" satisfying additional conditions. The most
common is to require A to be a finite field, F,, so that A" is a vector space of
dimension n, and require the code C' to be a subspace of this vector space. In this
case, we call k£ the dimension of C' over F,.

To decode, we need to put a measure on how close two vectors are to each
other. This measure is given by the Hamming distance. Let w, v be two vectors
in A", the Hamming distance d(u,v) is the number of places where the two vectors
differ. For example, if we use binary vectors and we have u = (1010101 0) and
v=(10111000),

d(u,v) = 4.

As another example, suppose we are working with the usual English alphabet, then

d(decode, vector) = 4.

The importance of the Hamming distance d(u,v) is that it measures the minimum
number of “errors” needed for u to be changed to v.

The minimum distance of a code C' is defined by
d = min{d(u,v) : u,v € C,u # v}.
If C'C F is a subspace, for w and v in ', w —v = ¢ € C. Then we get that

d =min{d(0,c): c € C,c # 0}.
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This number is very important because it gives the smallest number of errors needed
to change one codeword into another. If a codeword is transmitted over a noisy
channel, errors are introduced into some of the entries of the vector. We can correct
these errors by finding the codeword whose Hamming distance from the received
vector is as small as possible. This is called nearest neighbor decoding.

We say that a code can detect up to t errors if changing a codeword in at most

t places can not change it to another codeword, that is, given a codeword u we have

B(u,t)NnC =1,

where B(u,t) = {v € F? : d(u, v) < t}.

Theorem 2.1. A code C' can detect up to t errors if
d>t+1

and a code C' can correct up to t errors if
d>2t+1

Proof. Suppose that d > t+ 1, if a codeword w is sent and ¢ errors or fewer occur,

then the received message v can not be a different codeword because
dlu,v) <t<t+1

then v is not an element of C.
Suppose that d > 2t+1. Assume that the codeword u is sent and the received word
v has t or fewer errors, that is, d(u,v) <t. Let & € C — {u}, then d(x,v) > t+1

because if d(x,v) <t we obtain

t+t>du,v)+dv,x)>du,x)>2t+1
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That is, 2t > 2t + 1 a contradiction. Thus d(v,x) > ¢ + 1, i.e. decoding v we
obtain w by nearest neighbor decoding.

[]

We observe that one way to find the nearest neighbor is to calculate the distance
between the received message and each of the codewords, then select the codeword
with the smallest Hamming distance. In practice, this is impractical for large codes.
In general, the decoding problem is challenging, and considerable research effort is
devoted to looking for fast decoding algorithms.

A g-ary code C' of length n, with M codewords and minimum distance d is
called an (n, M, d), code. If C is a linear code of dimension k, we write [n, k, d,.
Definition 2.1. If we have an (n, M, d), code, then we define the information rate

R as
_ log, (M)
—

R

For example, if C' is a binary linear code of dimension k, we obtain M = 2% and
then
_ logy(2%) _ Kk

R .
n n

The code rate R represents the ratio of the number of input data symbols to the
number of transmitted code symbols. It is an important parameter to consider when
implementing real-world systems, as it represents what fraction of the bandwidth
is being used to transmit actual data. We would like for M, for ¢* in the linear
case, to be large so that the code rate, R, will be as close to one as possible. This
optimization allows us to use bandwidth efficiently when transmitting messages over

a noisy channel. Unfortunately, increasing d tends to increase n or decrease M.

Theorem 2.2 (R. Singleton 1964). Let C' be an (n, M, d), code. Then

M S qn-i-l—d‘
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If C is an [n, k, d], code, ¢* < ¢"™'7 de, k<n+1-d.

Proof. For a codeword a = (a1 ay---ay,), let @’ = (aq agy1---a,). If b # c are
two codewords then they differ in at least d places. Since b’ and ¢’ are obtained
by removing d — 1 entries from b and ¢, they must differ in at least one place. So
b’ # c'. Therefore, the number M of codewords u equals the number of vectors u’
obtained in this way. There are at most ¢"~ (=1 vectors u’ since there are n— (d—1)

positions in these vectors. This implies that
M < qn—(d—l) _ qn+1—d

as required. O

log, (M)

a. The coderate R of an (n, M, d), code is at most 1— %. Since we have R = —%

and M < ¢"*'~¢ then log, (M) <log,(¢""'~*) = n+ 1 —d; that is,

Rgmzl_d_l,
n n

b. If we take the number %, called the relative minimum distance, the above
observation implies that if % is large, the code rate R, is forced to be small.

c. In the linear case of a code C' of dimension k: For given n and d, the larger
the k, the better the code, because we may think of each codeword as having k
information symbols and n — k checks. So, large k with respect to n makes an
efficient code.

d. Given a code C' of minimum distance d: the larger, the better because we can
correct up to | %] errors.

e. The Singleton bound can be rewritten as

n+1
q

M

¢* <

or

d<n+1-k
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in the linear case with dimension k.
Definition 2.2. A code that satisfies the Singleton bound with equality is called
MDS code (Maximum Distance Separable).
a. We observe that if C' is an MDS code, C' has the largest possible value of d for a

given M and n, in the linear case d = n + 1 — k; and, if C' is an M D.S code,

d—1

n

R=1-

b. The only binary MDS codes are the trivial codes, i.e. [n, 1, njs, the
repetition code, [n, n— 1, , 2]y, the parity check code and [n, n, 1]5, the universal
code.

In fact:

Let C' C F} be an M DS—code with G = [Ix|A] a generator matrix, where A €

Mix (n—k)(F2). Since d = (n — k) + 1 all the entries of A are not zero, i.e. all the

entries of A are ones. If A has at least two rows, taking r; and 7o, the first two

rows of G, r1+7y € C'and w(ry1+79) = 2 because ri+ro = (10 --- 011 -+ 1)+

(01 --011---1)=(110---0). Thend<2,0<n—Fk+1<2 Thatis,

n =k orn=k+ 1. Thus, C has parameters [n, n, 1]y or [n, n — 1, 2]5. If A has

onerow, k=1,d=n—1+1=n, and the code has parameters [n, 1, n],.

The following is a geometric interpretation that is useful in error correcting.
A Hamming sphere of radius t centered at a codeword ¢ is denoted by B(e,t) and
defined by
Ble,t) ={u € F} : d(c,u) < t} = B(c,t).

We calculate the number of vectors in B(c, t).

Lemma 2.1. Let C be an (n, M, d), code. Then

pen=3 (1)1

1=0
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In the binary case we have

t

Blet) =Y <7;)

=0
Proof. First we calculate the number of vectors that are at distance 1 from the
codeword c. These vectors are the ones that differ from ¢ in exactly one location.
There are n possible locations and ¢ — 1 ways to make an entry different. Thus,
the number of vectors that have Hamming distance of 1 from ¢ is n(q — 1). Now
let’s calculate the number of vectors that have Hamming distance m from c¢. There
are (:;L) ways in which we can choose m locations to differ from the values of c.
For each of these m locations, there are ¢ — 1 choices for symbols different from the

corresponding symbol of e¢. Hence, there are

<Z) (¢—1)"

vectors that have Hamming distance of m from ¢. Including the vector ¢ itself and

using the identity (3) =1, we get

(o) (o G (o= ieor

We may now state the Hamming bound, which is also called the sphere pack-
ing bound.

Theorem 2.3 (Hamming bound). Let C be an (n, M, d), code with
d>2t+1.

Then
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Proof. Around each codeword ¢ we place a Hamming sphere of radius ¢. Since the
minimum distance of the code is d > 2t + 1, these spheres do not overlap. The total
number of vectors in all of the Hamming spheres can not be greater than ¢"”. Thus,

we get

(number of codewords) x (number of elements per sphere) < q"

1.e

]

An (n,M,d), code with d = 2t + 1 that satisfies the Hamming bound with
equality is called a perfect code. A perfect t—error correcting code is one such
that the M Hamming spheres of radius ¢ with center at the codewords cover the

entire space of g—ary n—tuples.
t
a. If we call Vi(n) = E (n) (¢g—1)", MVy(n) < ¢". Then log,(M)+]log,(Vi(n)) < n,
i
i=0
ie.

oy Lom(Vi(m)

Example 2.1. The following is an interesting example, which is a perfect linear
code with d = 3, that is, it can correct one error, see [9]. A code defined by a binary
parity check matrix with m rows and 2™ — 1 distinct nonzero columns is a binary

Hamming code. If m =3, n =23 —1=7T and a parity check matriz is

0111100
H=11011010
1101001
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Generally, for each m > 3 there is a binary Hamming code with parameters

n=2"—1, k=2"—1—-—m, d=3, which is perfect code because

A
21: a2\ L+2m—1 2m
i

=0

onm = ok,

We observe that the above parity check matriz is in standard form, that is,
H = (PYI,,_) = (P'|I3). Then a generator matriz is given by G = (Ix|P) = (14| P),

that 1s,

0010110

0001111
Theorem 2.4. In a binary Hamming code, every word in F3 is either a codeword

or is at a distance 1 from exactly one codeword.

Proof. There are 2¥ codewords, and given a codeword ¢ we know

Blen =3 (”) (4—1).

1=0

Since ¢ = 2 and t = 1 because d = 3, we have

1B(e,1)] = (g) + (D —1+n.

Then 2¥|B(c, 1)| = 28(14n) = 2F 4 2kn = 2k -2k (2™ — 1) = 2k™ = 2" This means
that the 2% codewords ¢ determine disjoint neighborhoods |B(e, 1)| that completely

cover 7, as claimed. ]

The following theorem describes a very simple way to correct one error in some

circumstances.
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Theorem 2.5. Let C' C F3 be a linear code defined by a parity check matriz H.
Suppose that a one-bit error is made in transmitting a codeword, the receiver word
being z. Then the error has occurred in the ith bit of z, where i is determined by

the fact that S = Hz' is equal to the ith column of H.

Proof. Suppose that the codeword sent is ¢ and the error is made in the ith bit.
Then the received word is

z=c+e

1 n

~~ =~
wheree=( 0 ---_1 --- 0 ). Since ¢ is a codeword, Hc' = 0. Then

S = HZt = Het = (hlz hgi .. 'hm‘)t,
which is the ith column of H. O]

Assuming that not more than one-bit error is made in transmitting each code-

word, the following procedure can be used:

Hz' =07
YES NO
z is a codeword Hz'" = ith column?
YES NO
Correct ith bit | More than 1 bit error made

Table 2-1
2.1.1 TWO-WEIGHT CODES
Let ¢ C F} be an [n, k, d], code. There exists an integer r > 1 such that
C\{0} = U[_,C,,, where Cy,, = {u € C : w(u) = w;}, and we call 4,,, = |C,,|. For
example, let C' C F} be given by Table 3-2. Then C' = {0} U C,,, U C,,,, where C,,

is given by Table 2-2 and C,,, by Table 2-3.
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Cu,
0556600) (5055050) | (660500 0) (5600660)
(5050600) (0550055) | (000566 6) 0111100)
(0626%626200) | (1011010) | (62062204820) | (1101001)
(52620620062) | (1100110) | (626200024520) | (1010101)
(62002062062 | (0110011) | (0626200482462 | (0001111)
(000 5% 62 62 62)
Table 2—2
Clu

(516202160) | (662162100) | (5021148260) | (616%14%00)
(0620211668) | (011626%350) | (150282510) | (62616%010)
(25116620) | (6206216106) | (1562106268) | (1018205 5%0)
(162502601) | (621662061) | (26201661) | (621515002
(152510662 | (110625662 | (162556210) | (621561 6%0)
(026205 114) | (6216006%10) | (1625016268) | (1100 8%0%0)
(156250201) | (620626161) | (0261610682 | (626100825 1)
(156201662 | (101662562 | (062626511) | (6162600%1)
(562150162 | (66210066%1) | (515205162 | (01150808202
(056625%11) | (606621621) | (550521162 | (5601 6%05%1)
(505152162 | (06511662

Table 2—-3
From [7], [16] and [22] we have the following definition.
Definition 2.3. An [n, k, d|, code C such that C'\ {0} = U_,C,, is called a
r—uweight code. The sequence 1, Ay, Awy, -+, Aw, 15 called the weight distribution
of C. In addition, if C' is a two-weight code such that wy = d and ws = n, the code

15 called antipodal.



19

Table 2-2 and Table 2-3 give us an example of a 2—weight code over F;. The
simplex code Sk(q) C F of dimension k with n = qqk_—_ll and d = ¢*~! is an example
of a one-weight code, that is, each nonzero codeword has weight w, = ¢*1, see [7]
Section 2.5 and Section 3.4.

Now, our formulation of linear codes is via the axiomatic approach introduced
by Assmus and Mattson in [4]. In this formulation, a linear code C' of length n and
dimension k over F, will be viewed as a pair (V, A), in which V' is a k—dimensional
vector space over F, and A = (A\; --- \,) is an n—tuple of (possibly repeated)

linear functionals in the dual space V* of V. The members of A are the coordinate

functionals of C' and a vector v € V is encoded as the codeword
c=Aw) = (M(v) -+ Au(v))

One assumes that A satisfies the coding axiom, i.e.,

is one-to-one, that is, A\;(v) = 0 for all ¢, implies v = 0. The weight of the codeword
cis

w(e) = [{i [ Ai(v) # 0},
where v — ¢, see [30] and [52].

The g-ary simplex code of length n = % and dimension k, denoted by Si(q), is
then obtained by taking A to comprise one nonzero element of each one-dimensional
subspace of V*. One can show that these g-ary simplex codes are constant weight
with minimum distance d = ¢*~! and weight distribution Ay = 1, Ay = ¢* — 1.
Definition 2.4. [52] If C' = (V, A), the r—fold replication of C is (V,r\), where rA
is the multiset in which each member of A appears r times (up to scalars).

The constant weight linear codes over I, were characterized as a replication of

some g—ary simplex code of dimension k-possibly with added 0—coordinates (up to
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monomial equivalence). Subsequently, Tonchev et al., [30], characterized all antipo-
dal two-weight linear codes with the minimal number of full weight codewords as
a replication of the first-order generalized Reed-Muller codes R, (1, k) (up to mono-
mial equivalence). One can define the g-ary Reed-Muller codes via extended cyclic
codes, via finite geometries, via polynomial codes, or via a recursive construction
(see Peterson and Weldon [41] and Hoffman and Pless [28]).

In [52], Ward gives a proof of the Proposition 2.1 using the axiomatic approach
in [4]. The characterization of one-weight linear codes was first proved by W. W.
Peterson [41] in 1961. There were several more proofs of it published in the 1960s,
all independently of each other and of the first [54].
Proposition 2.1. Let C be a one-weight code over F,. Then C' is equivalent to a
replicated simplex code, possibly with added O— coordinates.

Borges, Rifa, and Zinoviev [12] proved the following result.
Theorem 2.6. Let C C Fy be an [n, k + 1, d|, antipodal linear two-weight code.

Then, up to monomial equivalence, C' has a generator matriz of the form:

1 1
G = ,
M 0

where M generates a one-weight code E with length n—1, dimension k, and distance
d = wq, such that for every codeword a in the code spanned by (M 0), all symbols
which occur in a occur exactly n — d times each.

Example 2.2. The first-order Reed-Muller code C = R(1, m) C F3" is an antipodal
linear two-weight code with w; = 2™~ 1 and wy = n = 2™. In the particular case of

C =R(1,3), a generator matriz for C is given by
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where G(S3(2)) is a generator matriz of the binary simplex code of dimension 3.

In [30], Tonchev et al., proved the following result.
Theorem 2.7. Let C' be any antipodal linear two-weight code over F, and assume
that C' contains no linearly independent codewords of full weight. Then C' is, up to
monomial equivalence, a replication of some first-order generalized Reed-Muller code
over F,.

From [7], let IF’; be the space of the k—tuples, a k—dimensional vector space over
F,. It makes sense, intuitively, to view the one-dimensional subspaces of IF’; as points
and the two-dimensional subspaces as lines. The main reason is that any two points
are on precisely one common line (two different one-dimensional subspaces generate
a two-dimensional subspace) and it is a familiar axiom in geometry. Observe the
shift in dimension: we view one-dimensional subspaces as points (zero-dimensional
geometric objects), two-dimensional subspaces as lines (one-dimensional geometric
objects) and so forth. Consequently, the geometry derived from F’; is considered
to be (k — 1)—dimensional: PG(k — 1,q), the (kK — 1)—dimensional projective
geometry. It has k — 1 types of objects, from points (one-dimensional subspaces)
to hyperplanes ((k-1)-dimensional vector subspaces).
Example 2.3. Considering k = 3, we get the projective plane PG (2,q). For each
a < Fg, with a # 0 and for any r € F;, we observe that ra represents the same
one-dimensional subspace generate by a. Then we have q;_—_ll = ¢+ q+ 1 one-
dimensional subspaces in F;’, i.e., we obtain ¢* + q + 1 points in PG(2,q). Now,

given a and b in F3, with a # sb and s € F;, H = {ra +sb | r, s € F,} is



22

a two-dimensional subspace in Fg. We observe that, ra and sb are two different
one-dimensional subspaces in H, i.e., they are two different points. But a + sb is
other one-dimensional subspace in H. This gives us another ¢ — 1 one-dimensional
subspaces in H. Then, we have (q—1)+1+1 = g+ 1 one-dimensional subspaces in
H. Thus, PG(2,q) has ¢* + q + 1 points (one-dimensional subspaces in Fg), qg+1
points in each line and ¢* + q + 1 lines (two-dimensional subspaces in IFg) The
smallest projective plane is PG (2,2) (7 points, 7 lines, 3 points in each line), this
binary projective plane is also known as the Fano plane. In general, PG(k —1,q)
has q:%ll points and equally many hyperplanes.

From [16] we have:
Definition 2.5. A projective (n,k, hq,hy) set O is a proper, non-empty set of n
points of the projective space PG (k — 1, q) with the property that every hyperplane
meets O in hy points or in hy points.

Remark: Given G a k X n generator matrix of a linear code C' C Fy, if we
denote by A = {vy,vs, -+ ,v,} the set (it is possible that A is a multiset in PG (k-
1,q), i.e., there are two columns generating the same one-dimensional subspace) of

the n columns of GG, then for any codeword ¢ € C there is a € IF’; such that
c=aG = (a-v,a vy, ,a- v,).

That is, there is a linear functional f, € ((FF,F,) where fo(x) = a -2 = ayz1 +
s 4 apTy, i€,
¢ = (fa(v1), -+ fa(vn))
and we can define
C={(fa(v1) -+ falva)) | @ € Fe}. (2.1)
Since dim(C') = k and the row rank is equal to the column rank, we get that the

columns of G span FF. We know H = ker(fs) = {& € F} | fo(x) = 0} is a

(k — 1)—dimensional subspace in IF];, that is, it is a hyperplane in PG(k — 1, ¢) and
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we observe that
w(e) = [{i [ vi ¢ ker(fa)}l,

i.e., the Hamming weight of the codeword ¢ = a(G is equal to the number of columns
in G outside H. Therefore, if w(e) = d, there are n — d columns of G inside H. If C
is a constant weight code, with common weight w;, then any hyperplane H contains
n — w; columns of the generator matrix G and the other w; columns are outside H.
From [7] we have
Definition 2.6. A linear code [n, k|, is called projective if it has a generator matriz
G whose columns generate different points in PG (k —1,q), i.e., if no two columns
of G are dependent over IF,.
Example 2.4. From [7], let q be a prime power and My (q) be a matriz with entries
in F, such that its columns are representatives for the one-dimensional subspaces of
IF’; . This means that there is no 0 column, no two columns are multiples of each
other, and My (q) is mazimal with these properties, meaning that, for every nonzero
k—tuple, some nonzero multiple of it is a column of My(q). The number of columns
is then |[PG(k—1,q)| = qqk_—_ll. We remember that the Hamming code Hy(q) is the
code with check matriz a k X %—matrix My.(q). Then the g—ary simplex code of
dimension k is given by Si(q) = Hy(q)*, i.e., Sk(q) is a [%, k, ¢"=1], projective
code.

From [16] we have
Theorem 2.8. The code C' defined by (2.1) is a projective two-weight [n, k], code
with weights wy and ws if and only if {< v; = | i = 1,--- ,n} is a projective

(n,k,n —wy,n —wy) set that spans PGk —1,q).

Proof. Let a be any nonzero vector in Fk. If H = ker(f,) = {z € F} | fo(x) = a -
x = 0} then n—|HN{vy, -+ ,v,}| is the weight of the codeword ¢ = (fa(v1) -+ fa(vy)).
Observe that, since dim(C') = k and the row rank is equal to column rank, the

columns of G span F¥, ie., {<wv; = [i=1,--- ,n} spans PG(k — 1,q). O
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2.2 SEPARABLE AND INSEPARABLE GOPPA CODES AND THEIR
PARAMETERS: SOME PRELIMINARY RESULTS

We present some properties of the Goppa code T'(L, g(x)), see [38], [39] and
[41]. Tt is defined by the Goppa polynomial g(x) of degree t over the extension field

F,m, where ¢ is a prime power, and an accessory subset L of Fym. Let
gx)=go+ gz + -+ gt € Fymlz] and L = {ay, - ,a,} C Fym

be such that g(a;) # 0 for all o; € L. With a vector ¢ = (¢; -+ ¢,) in F} we

associate the function

Rea) =37

i=1
where —— is the unique polynomial such that (z — o;)—— =1 (mod g(z)). We

o
observe that

- _1 _ g(a;)_—of{(x)g(ai)_l (mod ¢(x))

Definition 2.7. The Goppa code T'(L,g(x)) C Fy consists of all vectors ¢ =
(¢1 +++ ¢p) such that

R.(z)=0 (mod g(x)).

Before identifying some properties of the Goppa codes, we give a definition of
the BCH code and its relation with the Goppa code, see [39].
Definition 2.8. Let b be a nonnegative integer and o € Fym be a primitive nth root
of unity. A BCH code over F, of length n and designed distance d, 2 < d <mn, is a

b+d—2

b+1
e

cyclic code defined by the roots a®, a of the generator polynomaial. If

m;(z) denotes the minimal polynomial of " over F,, the generator polynomial of a

BCH code has form
g(x) - lcm(mb(x)7 mb+1(x)7 T 7mb+d—2(x)) S qu‘

Some special cases of the general definition are also important, see [36]. If b = 1,

the corresponding BCH codes are called narrow-sense BCH codes.
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If n=¢™ — 1, the BCH codes are called primitive.
If n=q—1, a BCH code of length n over [F, is called a Reed-Solomon code.

Proposition 2.2. A narrow-sense BCH code is a Goppa code.

Proof. Let C =< g(x) = be anarrow-sense BCH code of length n and o, %, - - - , @~}

be the powers of a used to calculate g(z), where a € F,m and ord(a) = n. Then
(coc1 -+ 1) € Cif and only if co+croy 4 coa + - - -+cn_1a?_1 = u(a;)g(a;) =0

for 1 <j <d—1. We write a; = o. For each j we write

with r = (ro 71 -+ 7,1) € Fj. Then r € C' if and only if s; = 0 for each j. We
define the polynomial

d—1
$(x) = 51+ 97 + -+ + 5g124 % = sjr? !

7=1
and obtain that r € C if and only if s(c;) = 0 for each j. Now,

d—1 n—1 n—1 d—1
=5 (5 nat) =5 0 (8w
- =1

=0

j=1 j=1
That is,
-1 T (adz)t -1 qild=1)pd=1 _ 1
Z af 7 = o [ , ] = . = - (mod 2%71).
= o'z —1 rT—a! r—oat
Thus,
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and therefore r € C' if and only if

n—1

0=s(z) Z " _Tia_i (mod z%71).
i=0

We can conclude that a narrow-sense BCH code is a Goppa code with g(x) = z¢°*

and L={a":0<i<n-—1} CFm. O

Theorem 2.9. The Goppa code T'(L, g(x)) of size n and polynomial of degree t is

a linear code over Fy such that k >n—mt and d>1t+1.

Proof. If we define —— = 9los)=9(2) o ()1 (mod g(z)) we can see x%al as a poly-

a; e

nomial p;(x) € Fym[z] modulo g(z) of degree t — 1. We write
pi(T) = aj + apr + -+ +azz'™"  (mod g(x)).

Then

n n

0= Z ¢ pi(z) = Z laici + apxe; + - 4 auz' e

i=1 i=1
Therefore
a;jc;=0 for 1<j<t and a; € Fygm
i=1

We obtain the n x ¢ matrix

11 a2 @13 - Ag

Q21 Q22 QA23 -+ Ay
A=

Ap1 Qp2 QAp3 -+ Apt

Then we can rewrite the definition of a Goppa code:

[(L,g(x)) ={ce€F;: cA=0}
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Therefore, I'(L, g(x)) is a linear code over F, of length n and can be defined by ¢
linear equations over F,, but since

m

=) bilif) B,

k=1
where b (ij) € F, and {81, , Bm} is a basis of F;m over F,, I'(L, g(x)) reduces to
no more that mt linear equations over F, and the dimension of the code must be at
least n — mt, i.e., kK > n — mt.
Now that we know the code is linear, we can use the fact that for a linear code,
the minimum distance is equal to the Hamming minimum weight of the nonzero

codewords. We assume ¢ € I'(L,g(x)), ¢ # 0, d(c) = w. We can write ¢ =

(c1 ¢ +++ ¢, 0 -+ 0) doing permutation if necessary. Then
d - Hk 1 ;ék — o)
R.(z) = . :
;x—al Z:: [Tiei (= )

Since the denominator has no common factor with g(x), because g(«;) # 0 for all
i, g(x) must be a divisor of the numerator. But the numerator has degree less or

equal than w — 1, so it follows that
w—1>1t
and then the minimum distance d = w >t + 1. Thus,
d(T(L,g(x))) =t +1,

i.e., I'(L,g(x)) can detect up to t errors.
[l

We want the minimum distance of the code to be as large as possible; from
Theorem 2.1 a code can correct t errors if d > 2t + 1. There is a special case where
the lower bound on d can be increased. That is the case where I'(L, g(z)) is a binary

code, g(x) € Fom[z].
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Theorem 2.10. Let T'(L, g(x)) be a binary Goppa code with a separable polynomial
g(x) of degree t. Then

d>2t+1.

Proof. We have L = {ay, -+ ,a,} C Fom. Let ¢ € I'(L,g(z)) with ¢ # 0 and

d(c) = w. Now, we know from the previous proof that

> T =0 (mod gla) & gla) | S(a),

where

w w

because ¢; € Fy and ¢; # 0. But Z H (x — ay) is the derivative of the function
i=1 k=1 i#k

[T;—,(z—ay) and a binary derivative can only have terms with even exponents, thus

f(@) = ag + apx® + agz* + - - - + aguz™, with 2u <w — 1.

gm— 1

1 1. 1
But, for a € Fom, we know a*” = a. Then (a*")2 = a2, ie., a = a2 and

m—1 .
a? € Fom. Thus we can rewrite

F(@) = (bo + bot + baa® + - - + boya®)”,

where b; = a2. So g(z) divides h2(x) where h(z) = by + box + ba? + - - - + by x", i.e.,
h?(x) = g(x)q(z). Since g(x) is separable, g(x) = (v — di)(x — dy) - - - (x — d;) with
d; #d; if i # j. Then v —d; | h(x) for each i. That is, (zv —dy)(z —da)--- (v — dy) |
h(z), i.e., g(z) | h(z).

Therefore, t < u, i.e., 2t < 2u < w — 1. Thus
d>2t+1,

and a binary Goppa code with a separable polynomial of degree ¢t can correct up to

t errors. O
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To decode, one needs a parity check matrix H of the code. We know ¢ €
I'(L, g(z)) if and only if

Z aic; =0, 1<j5<t
i=1

The parity check matrix H satisfies cH' = 0, thus H' = A.

We are going to determine the factors a,; of the matrix A. We know

p(o) = (o — ) = LD 290

Calling g(x) = go + g17 + g22® + - - - + gz’ and h; = g '(c;), we obtain

t

G0+ QT+ gax? + - 4 g’ — go — 10 — G207 — - — g1,

r — Oy

pi(z) =

That is,

— 2 o)+ L—Y
pi(a:):—gl(x @) +g(z” —aj) +- -+ gz al)hi,

r —

pi(e) == [g+ gz —) + -+ g (" + 2P0+ + 2% F e+ a7 b,

pi(z) = —[(g1+ goci + -+ geal Y hi+ (g2 + - + ga' ) hiw + -+ + ghia' 1]

Thus,
(
an = — (g1 +gpoi+-+ g )b
@2 = — (24 + g1+ gal ) b
a1 = — (g +gi-1) hi
Qi ¢ = —gih;

\

Since A = H!, i.e., H = A', we obtain that H = CXY where
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gt Gi-1 Gi—2 " 01
0 gt Gi—1 0 g2
C=—1|o0 0 Gt g3
0 0 0 gt
o™t okt bt al~t
o™? ak? a§_2 a2
X =
(071 (6) Q3 (679
1 1 1 1
hiy 0 0 --- 0
0 he O 0
Y =
0O 0 0 - hy,

We observe that C' € My(Fym), X € My, (Fym) and Y € M, (F;m ), and since C
is invertible, another parity check matrix of the code is H' = XY
2.2.1 A SPECIAL CASE

We do not have a specific reference for the Proposition 2.3, which is probably
known, but we include it here. We want to find a parity check matrix of a Goppa
code when g(x) = z'h(x), h(0) # 0, and deg(h(z)) = t. In this case deg(g(x)) = [+,

and a parity check matrix is given by
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51 Qy — oy oy
ol ol al? a2
h ') 0 0 0
a a a ay, 0 h=(as) 0 0
- 1 2 3 (ag)
1 1 1 1
art gt agt ot 0 0 0 ()
ozl_l 042_1 ozgl a;l

ot ab! océ_l al~t
a™? ab? af? a2
h ') 0 0 0
aq (67) (0% (7%
0 h'(as) 0 0
H = 1 1 1 1
1 1 1 1
0 0 0 - h\(aw)
a;t ooyt gt ot
ozfl a;l ozgl oz;l

If we call Oy = T'(L, h(x)), C = T'(L, 2'h(x)), and H; a parity check matrix of
Cb

H,

AB
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where
111 1 hllay) 0 0 0
art ayt oazt oot 0 h~l(ag) O --- 0
. 1 2 3 B (a2)
of' oyl ozt - ! 0 0 0 - hiay)

Calling Cyp = {c € F} : ABc' = 0} we obtain C' = C; N Cy. Then d > 2t + 1
in the binary case when h(x) is a separable polynomial. We would like to have
d > 2(t+1) + 1 in the binary case where h(x) is separable over Fom, however we
have:

Proposition 2.3. Let g(z) = 2'h(z) be a polynomial over Fom, where h(z) is sep-
arable and such that h(0) # 0. Then the minimum distance d of T'(L, g(x)) is such

that:
q> [4+2t+14f lis even
T l+2t+20f lis odd.

Proof. From Theorem 2.10 we have f(r) = ag + a12? + agx* + -+ + az,2%* with
2u < w — 1. Since 2!|f(x), ap = 0 and f(x) = a1,2!T + ag, 27 + -+ + a2t
where [ + ¢; is an even number. If [ is an even number, each e; is an even number

too and

f(z) = 2" (a1, 2 + ag,2® + - - - + a,,2°")
Calling fi(z) = a1, + a9, + - - - + a,,x°", we can write

fl(ff) _ (blixel/Q 4o b,«ixeT/Q)Q _ b(l’)Q,

where b;, = a?i. Then

f(z) = 2'b(z)?.
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Since h(z)|f(x) and h(0) # 0, h(z)|b(x)?* and therefore h(x)|b(x) because h(z) is

separable. That is, t <e,/2, 2t < e, and then | + 2t <[+ e, <w — 1. Thus
w>1+2t+1,

if [ is even.

If [ is an odd number, since all the powers of f(x) are even, we can write
fl@) =" (a2 + -+ a;,27)

where each e; is an even number. Then we can write f(x) = z!™'b(z)?. Again,

2t <e,and [+1+4+2t<e.+1+1<w-—1. That is,
w> 142+ 2,

if [ is an odd number.

O

1

From Theorem 2.1, the binary Goppa code I'(L, z'h(z)) can correct up t + 5

€eITors.
2.3 BASICS OF QUANTUM ERROR-CORRECTING CODES

In this section, we have some general facts about quantum codes and linear
algebra. The principal references are [1, 3, 5, 13, 24, 25, 31, 33, 35, 42, 47|, the
books [27, 37, 43, 44] and the seminal works [14, 15].

From [44], see T'heorem 8.10, we have the fact.
Theorem 2.11. Let V be a finite dimensional vector space. An operator T €
Hom(V) is diagonalizable if and only if there is a basis for V that consists entirely

of eigenvectors of T'; that is, if and only if
V=Vy,® -0V,

where A1, -+, A\ are the distinct eigenvalues of T
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Given a family S C Hom(V) of diagonalizable operators on a finite-dimensional
vector space V, it is necessary that S be a commuting family to find a basis B of
V such that all the matrices [T]g, T € S, are diagonal. That follows from the fact
that all diagonal matrices commute. From [27], see T heorem 6.8, we have:
Theorem 2.12. Let S be a commuting family of diagonalizable operators on a finite-
dimensional vector space V. There exists an ordered basis for V such that every
operator in S is represented in that basis by a diagonal matriz.

Definition 2.9. Let 'V be a vector space over a field F, where F =R orF =C. An

inner product on 'V is a function
(,): VXV F

such that:

a. ForallveV, (v,v) € R and
(v,v) >0 and (v,v) =0+ v =0.

In this case, we say that (.,.) is positive defined.

b. For F =C,

(u,v) = (v,u)

and for F =R

(u,v) = (v,u).

That is, (.,.) is conjugate symmetric or symmetric.

c. For all element w and v in 'V and any scalarsr, s € F
(ru + sv,w) = r(u,w) + s(v,w)

and we say that (.,.) is linear in the first coordinate.
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We say that V is an inner product space. If in addition V is a complete space in

the metric defined by the norm
]| = v (v, v),

meaning that all Cauchy sequence converge, V is called a Hilbert space and is
denoted by H.

We will take V as a finite-dimensional space, where the completeness condition
always holds and inner product spaces are equivalent to Hilbert spaces. Indeed, we
will take V = C™ for some integer m > 2.

Theorem 2.13. Let H be a finite dimensional inner product space and let f €

Hom(H, F). Then there exists a unique vector & € V for which f(v) = (v, x).

Proof. If f is the zero functional, we can take = 0. Let us assume that f # 0.
Then K = ker(f) has codimension 1 and since K is finite dimensional, H is the

orthogonal direct sum of K and K+, i.e.,
H=<w>0cK

for w € K+. We observe that if f(v) = (v,z) and £ € K, then in particular
0= f(x) = (x,x) and so = 0 because (.,.) is defined positive. Therefore we have

r = aw for some a € F and f(v) = (v, ) if and only if

f(v) = (v, aw),

and since v € V has the form v = fw + k for g € F and k € K, this is equivalent

to f(Bw) = (Bw, aw) or

f(w) = a(w, w) =alw|]*.
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Hence, we can take o = Hgﬁg

Ny

[]

Theorem 2.14. Let H and H; be finite dimensional inner product spaces over F and
let T'e Hom(H, H,). Then, there is a unique linear function T* € Hom(H,;, H)
defined by the condition

(T'(u),v) = (u, T"(v))
for allu € H and v € H;. T* is called the adjoint of T.
Proof. For a fixed v € Hj, consider the function f, : H — F defined by
fo(u) = (T'(u),v).

Then f, € Hom(H, F) and, by Theorem 2.13, there exists a unique vector € H
for which

fo(u) = (u, x)

for all w € H. Hence, if 7%(v) = « then
(T(u),v) = (u, T"(v))
for all u € H. Now, since

(u, T*(rv + sw)) = (T(u),rv+sw) =7(T(u),v) +35(T(u),w)
= T(u,T"(v)) +35(u, T"(w)) = (u,rT*(v)) + (u, sT*(w))

= (u,rT*(v) 4+ sT*(w))
for all u € H, we get that

T*(rv + sw) = rT*(v) + sT" (w).
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Hence T* € Hom(H;, F) and is unique. O

a. We say that '€ Hom(H) is self-adjoint (or Hermitian) if 7% = 7', T is unitary
(or Orthogonal in the real case) if TT* = T*T = I, and T is normal if T77* = T*T.
Given T a normal operator on H, if A and p are distinct eigenvalues of T and Hi, is
the eigenspace of A and H, the eigenspace of i, then Hy L H,, because for u € H

and v € H,,

AMuw,v) = (T(u),v) = (u, T"(v)) = (u, iv) = p(u, v),

and since A # p we get (u,v) = 0.

b. When T is unitary and A is an eigenvalue, then |A\| = 1 because
(w,u) = (u, T"T(w)) = (T(w), T(u)) = A\(u, u).

That is A\ = | A2 = 1.
From [44], see Theorem 10.13, we have:
Theorem 2.15. Let H be a finite dimensional inner product space over C. Then an
operator T' on H is normal if and only if H has an orthonormal basis B consisting

entirely of eigenvectors of T'; that s,
H:HAl ®"'®H>\k

where {1, -+, \g} is the spectrum of T'. Put another way, T is normal if and only
if it is diagonalizable.

Let H be a finite dimensional inner product space over C. We can associate
any vector v € H with an element of Hom(C, H) called ket, denoted |v >, and
defined by

lv> C—H, a—av
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We regard |v > as the vector itself. The adjoint of a ket, |v >*, is called bra and

denoted by < v|. Then < v| € Hom(H, C) and, by Theorem 2.13, we can write
<v| : H->C, u— (u,v). (2.2)

Using this notation, the composition < u| o |v > is an element of Hom(C, C) for

any elements w and v in H defined by
<ulo|v>=<ulv >= (v,u).

On the other hand, the composition |u > o < v| = |u >< v| is an operator on H.
For example, if H is N dimensional over C, H = CV, an element w € H is represented

by the N—tuple of its component with respect to a specified orthonormal basis:

u — <u17'” 7U‘N>t7

and then
<ulv> = vul+---+oyuy (2.3)
is the Hermitian inner product and
lu ><v| = (ug, - ,un) (v, -+ ,vN)

is an N x N complex matrix. The matrix |u >< v| is known as the outer product
of Ju > and |v >. The outer product of |u > with itself is called density matrix or
density operator.

If w € H is such that < w|u >=wju} + - uyuly = [us])?* + -+ + luy|?* = 1, we
say that w is a normalized vector. Given a Hilbert space H, any physical state can
be represented by a normalized vector |u >, which is unique up to a phase factor;
that is, any two vectors |u > and |v > such that |v >= r|u >, with » € C and

|r| = 1, represent the same state. We say that H is the state space of the system.
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Definition 2.10. Let H be a space state and U a mapping that takes as input state
|lu > and output a different state Ulu >. Then U is a unitary operator which is
unique up to a phase factor.

Unitary evolution implies reversibility; that is, we can determine the input
state of an evolution given the output state and knowledge of the evolution because
unitary operators have an inverse. And since (Uu,Uv) = (u, U*Uv) = (u,v), the
unitary evolution preserves the unit norm constrain.

2.3.1 BINARY STABILIZER CODES

It is known that any channel comes with an underlying alphabet, where the

letters of the alphabet are the smallest unit of information that can be sent across
the channel. In classical error-correcting codes, the alphabet can be the finite field
F,. In the quantum scenario, the analogous to IF, is a finite-dimensional Hilbert
space H, we take H = C? or in particular H = C? in the binary case, see [34], and
[45].
Definition 2.11. The basic unit of quantum information is the quantum bit,
coined as qubit by Schumacher [45], and its state space is the two state space C2.
The basis states are denoted in the Dirac notation by |0 > and |1 >, where |0 > is
the column vector (é) € C? and |1 > is the column ((1)) € C?. With this notation a
qubit is any system whose state vector |u > can be written as |u >= uy|0 > +ug|l >
where uy,uy € C and |uy)? + |ug)?> =1 .

An important difference with respect to bits is that qubits can be in super-
position, any linear combination, of the basis states subject to the normalization
requisite. The state space for n qubits is the tensor product of n copies of the state

space C?, i.e., is the Hilbert space C*" = C? ® --- ® C?. An orthonormal basis for

the state space of n qubits is given by B = {|ajas---a, >:=|a > | a € Fy}; that
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is, a general quantum state for n qubits is given by

Z Aela > and Z Nal? =1,
acFy acFy

where |ajag---a, >= |ag > ®--- ® |a, > is the tensor product of the individual

states |a; >. We remember that the tensor product is an associative operation and

a b
< 1) ® ( 1) = (a1by a1by azby a252)t-
a9 bg

Example 2.5. Forn = 3, the state space for three qubits is C?’ and an orthonormal

basis is given by

B = {|000 >, [100 >, [010 >, |001 >, |110 >, [101 >, [011 >, |111 >}

= {larazaz > |a = (a; ay a3) € F3},

where
e = (o () () =(2)e (e () -oomrs )
= (10000000)",
e = ()2() ()= () (e ) -omre(2)
= (00001000)",
and so on.

Example 2.6a. If |[u >= |0 >, the quantum state |1 > is an evolution of |0 >

because U = o, is such that 0,|0 >= |1 >, where

Oy =

is the bit error Puali Matrix or the NOT gate, the unitary operator which

flips the basis states |0 > and |1 >.
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Indeed,
01 1
0.|0 >= = =|1>
10 0 1
and
0 1 0 1
0|1 >= = =10>.
10 1 0
Let
01
0, =
10
be the phase error Puali matrix. Then
1 1
0.]0 >= = =0 >
0 —1 0 0
and
1 0 0
0 —1 1 1
Let
0 —1
Oy = = 10,0,
0

be the bit and phase error Puali matrix. Then
0y|0 >=1i|1 > 0,1 >= —i[|0 >.

In this example, an important case is when the input quantum state is |0 > or |1 >
and the output quantum state is |+ >= \%(]0 > 4|1 >) or|— >= \/Li(|0 > —|1>)
respectively. In this case we can take the unitary transformation given by the

unitary matriz U = \%Hz where

H2:
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1s the second order Hadamard matriz, because
U0>=|4+> and U]l >=|— >.

Also observe that

o+ >=-> o)—>=|+>

and

o+ >=1+> oy]—>=—|—>.

That is, a phase error o, in the basis {|0 >, |1 >}, corresponds to a bit error in
the rotated basis {|4+ >= \%(|O > +[1>), |— >= \/Li(|0 > —|1>)}. See [15] and
341

Table 2-4 summarizes the action of the Pauli matrices on the state basis for a

single qubit.

|u > O‘J? gy O-Z

0> |]1>| i1> | |0>

1> ]|0>|—i0>| —|]1>

Table 2—4
From Table 2-4 we have o, = i0,0,. Then, in binary quantum context, we have
two types of error: o, causes bit error and o, causes phase error.
. If the initial quantum state is given by |v >= 0101 >€ C2', the state —[1111 > s

an evolution of v > because
—[1111 >=0,® I ® 0, ® 0,|0101 >= U|0101 > .
Observe that we may write U = —1U; where Uy = 0, ® 0, ® 0, @ I and again

U1)0101 >= —[1111 > .
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Remember that unitary evolution is unique up to a phase factor. In the first

case we can write the unitary transformation as

U :=i'U,Vs,
where

a=(1010)
and

b=(0001)

that is, we have bit error, o,, at the first and third positions of the input state
and phase error, o, at the fourth position. If no error at a position, the identity

matrixz, we put zero at the respective place. Then
Uglv >=|v+a >

and

Volv >= (=1)°%|v >,

where b - v means the usual inner product between elements of F3 and U|’U >=
(=1)°%|v + a >, see [14] and [3}].

The loss of coherence, called decoherence, caused by vibrations, tempera-
ture fluctuations, electromagnetic waves, and other interactions with the outside
environment, destroys the quantum property of the superposition. For this reason,
decoherence represents a challenge for the practical realization of quantum comput-
ers, since such machines require the coherence of states to be preserved and that
decoherence is managed to perform quantum computation. The preservation of
coherence and mitigation of decoherence effects are thus related to the concept of

quantum error correction, see [15].
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Definition 2.12. A quantum error-correcting code, (Q, with rate % s a unitary
mapping of C2* onto a 2%-dimensional subspace of C*". The subspace itself will be
called the quantum error-correcting code.

From Table 24, we can see that a bit error in an individual qubit corresponds
to applying o, to that qubit, and a phase error to the matrix o,. In view of the
linearity of quantum mechanics, if we can correct errors £ and F,, we can correct
any linear combination of them, rE + sE7, where r;s € C. That is, we only need
to consider whether the code can correct a basis of errors. For example, on a two
dimensional Hilbert space, a qubit, the most commonly used basis of error operators

consists of the four matrices
B = {L, 0., 0y, 0.}. (2.4)

If we make the assumption that noise on each qubit is independent, it
is possible to decompose an error on the system into a tensor product of n single
qubit errors. The set B is an orthonormal basis of linear operators, where the
inner product of operators E and E; is given by (E, Ey) = %Tr(EtEl), see [14] and
[25]. The set describing the possible errors in n qubits is the tensor product of the
elements in B, ie., & = {i"w; ® -+ @ w,|w; € B, r € Z}, which is a subgroup of
the unitary group U(2"). The weight of an operator of this form is the number
of qubits on which it differs from the identity. For example, if ¥ = 0, ® [L,® 0, X0,
the weight of E € &, is three. In general, since the quantum evolution is unitary
and unique up to a phase factor, we can write each element of &, uniquely in the

form (see [14])
E = iUV, (2.5)

where a,b € F3, U,, Vp € &, and defined by
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Uglu> = |lu+a> (2.6)
Vlu > = (=1)*?|u > (2.7)
Elu> = (-1)*’lu+a >, (2.8)

where u - b means the Euclidean inner product. That is, there are bit errors, o, in
the qubits for which a; = 1 and phase errors, o, in the qubits for which b; = 1.
By uniqueness, up to a phase factor, of writing each element of £, we associate
to the unitary operator U,V, the element (a,b) € F3" to which we associate the
element p(a,b) = a+d6b = (a; +0by, - -+ ,a,+3db,) € F} where ¢ is a bijective map,
§ € Fy \ Fy and 62 = 6 + 1, see Definition 3.1.

Let E =i"U,Vp and Ey = i"U.Vy be given by (2.5). We get that

EE v >= Bi"(=1)¥V|v + ¢ >=i" ™ (=1)dvPvibey L cfa >
and
E\Elv >= i (=1)bvrdviday L 5 1 ¢ > .

Then FE, = E|F if and only if
d-v+b-v+b-c=b-v+d-v+a-d

for any |v >; that is,

a-d=Db-c.

Since we are in characteristic two, FE; = EF if and only if a-d+b-c = 0, but
writing a + b from E and ¢ + dd from E;, then EF, = E| F if and only if a + b
and ¢ + dd are orthogonal with respect to Trace Hermitian inner product, defined
by,

(a+6b) 7 (c+0d) =Tr[(a+6b) -y (c+dd))=a-d+b-c
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see Equation (3.14) which is a particular case of the Equation (3.5). Thus a subgroup
S of &, is commutative if and only if its image S through o in F? is self-orthogonal
with respect to Trace Hermitian inner product. From Theorem 2.12, if S C gLTH,
the elements of S can be simultaneously diagonalizable and, from Theorem 2.15,
this induces a decomposition of C?" into orthogonal eigenspaces. From [3, 25, 31]
we have:
Definition 2.13. The stabilizer S is some abelian subgroup of &, and the coding
space Q C C*" is the space of vectors fized by S. That is

Q= {lv>€ C”|Ejv >= v >}.

EeS

Q s called a stabilizer code and it is the space with all eigenvalues +1.

From Definition 2.13, S is the set of errors, £, that have no effect on the encoded
state, S is the analog of the zero subgroup in the classical coding case. When S is self-
orthogonal, we get that for all £ € S and all F; € w_l(gLTH) =Stro EE, = E\E.
Then S'7#\S is the set of the undetectable errors. Observe that @ is invariant
under the elements of S*7#. On the other hand, the errors which fail to commute
with some element of S move codewords into an orthogonal subspace to the code,
so can be detected by @, see [5].

Definition 2.14. Let Q C C*" be a quantum code and E,FE, € &, be two errors.
The code can correct them if and only if E(Ju >) # Ey(|v >) for all |u >, |v >€ Q;
i.e, ET'Ei(Jv >) ¢ Q. That is,

0 =<u|E'E|lv >=< u|E*E|v >= (Ei|v >, E|u >).

A quantum code ) has minimum distance d if and only if it can detect all
error in &, of weight less than d, but can not detect some error of weight d. When @
is a subspace of C?" with dimension 2* and minimum distance d we say that ) is an

[[n, k, d]]s quantum code, and it is pure to ¢ if and only if its stabilizer subgroup
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S does not contain nonscalar matrices of weight less than ¢. When ¢ = d, we say
that @ is pure, see [31].

The following theorem from [14] is useful to us when we apply our construction
to stabilizer codes.
Theorem 2.16. Suppose C' is an additive self-orthogonal subcode of F} with respect

2"k wectors, such that there are

to the Trace Hermitian inner product, containing
no vectors of weight less that d in C+7# \ C. Then, any eigenspace of ¢~ 1(C) is a

quantum error correcting code with parameters [[n, k, d|]s.

2.3.2 NONBINARY STABILIZER CODES

Let ¢ = p™ be a power of a prime p and let [F, be the finite field with ¢ elements.

The trace function from F, to [, is defined by

Definition 2.15. A ¢—ary quantum code Q of length n is a ¢* dimensional subspace
of C".

The Hilbert space C?" is identified with the n—fold tensor product of the Hilbert
space CY9, and C? is thought of as the state space of a g—ary system in the same
way as the values 0 and 1 can be thought of as the possible states of a bit in a bit
string, see [3].

Given two complex or real n x m matrices A and B, the Frobenius inner product

is given by
. —t
(A, B)F = szjaiJ =Tr (A B> . (29)
1]

When A and B are n X 1 column vectors, the Frobenius inner product corresponds

to the Hermitian inner product, see (2.3).
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In order to select an appropriate error model in a g—ary quantum stabilizer
code, we take H to be a complex Hilbert space of dimension m. We want to find a
basis of the complex vector space Hom(H, H) representing a discrete set of errors.

Such a basis contains m?

complex linear independent operators, B = {Ey, -+ , E, 2},
with the following properties:
a. It is a set of unitary operators and I € B.
b. Taking the matrix representation and the Frobenius inner product, B is a set of
orthonormal unitary operators, that is, (E;, Ej)r = md; ;. Taking E; = I, we get
(I,E;)p =Tr(E;) =0forall E; # I € B.

c. Since the set of unitary operators is a group under composition, we take B such

that E;E; = w;; E;,; for some operation % on the set of indices. Observe that
—_—t —
I = (EE)) (E,Ej) = WiwijEij Biy = [wi*I,

then |w;;|? = 1.
In this case B is called a nice error basis. Now, since each F; is a unitary
operator, |det(E;)| = 1. If in addition, we take each E; such that det(E;) = 1, the
basis B is called a very nice error basis. For example, taking H = C?, (2.4) is

a nice error basis for Hom(C?, C?) and
B = {L, io,, ioy, io,} (2.10)

is a very nice error basis, see [33].
Taking H = C9, for a,b € F,, we define the unitary operators U,, V, and £ on C?
by

Uz > = |z+a>, (2.11)
Vilz > = w®|z >, (2.12)

Eplzr > = =UVlz >=w"" |z +a >, (2.13)
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where w = exp(2mi/p) is a primitive pth root of unity and ¢r denotes the trace

operation from the extension [F, to its prime field F,. Then
Bi(¢) ={Ew:a, beF,}

is a nice error basis on C?, compare with (2.4). For a = (a; --- a,) € F , we write

Ug =U, ®---®@U,, for the tensor products of n error operators. The set
B.(q) = {Eab =UsVp: @, b F} (2.14)

is a nice error basis on the Hilbert space C?", see [31, 33].
Since

EapEeqd = wtr(b-c) Ua+ch+d = wtr(b.c)Ea—&-c b+d> (215)

the set

§n={w'Eap:a, beF,, r€F,} (2.16)

is a finite group of order pg®", called the error group associated with the nice error
basis B, (q), see [3] and [31].
Given an abelian subgroup S of the error group, a g—ary stabilizer code @ is
defined as
Q= () {lv>€C"|Eaplv >= |v >}.

Eqop€S

An important property of a stabilizer code () is that it contains all joint eigenvectors

of S with eigenvalue 1. Now, we take the centralizer of S in &,
{Fe€¢,: EE, = E\FE VYE;, € S},

and let SZ(&,,) be the group generated by the abelian subgroup S and the center of
&ny Z(&n). From [31], we have the following fact
Proposition 2.4. Suppose that S is the stabilizer group of a stabilizer code ) of

dimension dim Q@ > 1. An error E in &, is detectable by the quantum code Q) if and
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only if either E is an element of SZ(&,) or E does not belong to the centralizer of
S in &,.

In particular, a stabilizer code ) with stabilizer S, can detect all errors in &,
that are scalar multiples of elements in S or that do not commute with some element
of S. From Equation (2.15) we have
Proposition 2.5. Two elements E = w"Eqa, and Ey = w™ Eqq of the error group
&, satisfy the relation

EE = w"(@d-bI)pE

In particular, the elements E and Ey commute if and only if tr(a-d —b-¢) = 0.

When g = p, we get tr(a-d—b-c) =a-d—b-c and if ¢ = p = 2 it corresponds
to Equation (3.14). The weight of an element Egyp € &, is the number of nonidentity
tensor components and the weight of a scalar multiple of the identity matrix is zero.
Definition 2.16. A quantum code (Q has minimum distance d if and only if it can
detect all errors in &, of weight less than d, but can not detect some error of weight
d. A q—ary stabilizer code of length n, dimension ¢* and minimum distance d is
denoted [[n, k, d],.

In order to get a relation between additive or linear codes in FZZ with stabilizer
codes, we define a bijective map ¢ that takes an element (a,b) € Fg” to a vector
aa + bal € IFZQ, where {a, a?} is a normal basis of F,2 over F,, see Definition 3.2.

For x = aa + ba? and y = ca + da? in Fj,, we define an alternating form by

w.yq_wq.y

a4 — o2

Try = tr( ):tr(b-c—a-d). (2.17)

It is alternating form in the sense that @ %, @ = 0. This alternating form is bilinear
over F,, ie., it is a sympletic inner product. From [31], Theorem 15, we have the

following fact:
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Theorem 2.17. An [[n, k, dJ|, stabilizer code exists if and only if there exists
an additive subcode D of ¥y, of cardinality q"/q" = q" 7 such that D is x,—self-

orthogonal and the weight of Dt \ D is d if k > 0, and the weight of D+ is d if
k=0.



CHAPTER 3
GO-UP CONSTRUCTION AND
APPLICATIONS

In this chapter, we present a new code construction technique that permits us to
get additive codes, two-weight and three-weight codes. Section 3.1 introduces this
technique that we call Go-Up construction. We present an equivalence between a
Frobenius invariant linear code over Fym and a code obtained from our construction.
Theorem 3.1 shows such an equivalence. Section 3.2 is dedicated to study the
Goppa codes to which we apply our construction, getting Theorem 3.3, showing
that the amalgamation of a Goppa code is also a Goppa code. Section 3.3 is
devoted to study the dual of the amalgamated code. We obtain Proposition 3.5 and
Theorem 3.4. In Section 3.4 we generalize Proposition 3.6 and Theorem 3 from
[14] when ¢ is prime such that ¢ = 3 (mod 4). Proposition 3.8 and Theorem 3.5
show such generalization in this g—ary case. Section 3.5 contains the main results
from this chapter. We discuss various applications. First, we obtain a family of two-
weight codes, see Table 3-9 and Theorem 3.6. Second, from a binary two-weight
code C' and applying our technique to it, we get a code over F, which is almost
six-weight. See Theorem 3.7. When C is the first-order generalized Reed-Muller
code we get a three-weight code over Fg 2, see Theorem 3.8 , its Corollary 3.2 and,

Theorem 3.10.

o2
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3.1 THE GO-UP CONSTRUCTION
We begin this section defining a Go-Up construction, we call it amalgamation.

We recall that

Fogm = Fyla]/ (p(2)),

where p(x) € Fy[z] is a degree m monic irreducible polynomial over F,. We recall
from Galois theory, that a finite field with ¢ elements is unique up to isomorphism.
However, the multiplicative and additive structures depend upon the specific irre-
ducible or primitive polynomials p(z). Hence, the combinatorial structure and the
complexity of computations depend on the choice of p(z).
To illustrate this, when m = 2, we write p(z) = 2? 4+ 2 + « and § € F 2 \ F,
such that p(d§) = 0, that is,
6 = —a—6p. (3.1)

For A = A + Xy and 0 = 0; 4 605 in Fpe,

N = (/\1 + 5)\2) (81 + 582) = (/\1 + /\21’) (91 + QQCL’) (HlOd p(x))

= /\1€1 — )\20492 + ) (/\201 + (/\1 — /\25)02) .
For example, if p(z) = 22 + x + 1, that is, « = 1 and 8 = 1, we get
A = X101 — Aol + 6 (Mab1 + (A — Xo2)bs) .

For the binary case, 2 + x + 1 is irreducible over Fy and we take § € F, such that

624+ 0+1=0. Then
)\9 == )\191 + )\2(92 + 5 ()\291 + ()\1 + )\2)92) .
Fora=(a; ... a,), b= (b1 ... by) in F, we define

a—f—b = (a1 + (Sbl el Qp T+ 5bn) = (a1b1 e anbn) € FZ2
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For example, a=(011) € F3 and b= (110) € F3,
a+b = (011110)= (6§ 6*1) € F}

and

bta = (10 11 01) = (1 §* §).

We write for a, b in Fy

a—T—b:a—i—éb € FZQ

Let x = atb, y = c4+d be elements of F7, and
tr:Fpe—TF, x—a+a1

be the trace of Fp2 over F,. If we take ¢ being a primitive element of Fp, i.e., p(z)
is a primitive polynomial, the set {1, } is a basis, polynomial basis, of F 2 over F,

because the matrix

A=
1 o

is such that det(A) =09 — 6 # 0. If §2 — § = 0 then §2~ ' = 1 which is not possible,
because ¢ is primitive and ¢ — 1 < ¢® — 1.

Observe that the linear operator
Ls :Fp = Fp, z—dz

has the matrix

0 —«
1 =g

as a representation over the polynomial basis. Then

[Ls] =

tr(0) =0 + 07 =tr[Ls] = —p
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and

N(8) = 667 = 591 = det[Ly] = a.

Therefore we get:

a. Euclidean inner product
x-y =Y ;= (a+db)-(c+dd) = (a-c—ab-d)+d(b-c+a-d—pb-d). (3.2)
It is bilinear over F,> and symmetric. By linearity, for any subset C' of Fy;,
Ct={y=c+dédeFhs|x-y=0 Vo ecC}

is linear over F .

b. Trace Euclidean inner product
x-ry =tr[(a+0b)-(c+dd)]=2(a-c—ab-d)+ (0 +d)(b-c+a-d—fFb-d).

That is,
xry=2@a-c—ab-d)—fg(b-c+a-d—pFb-d). (3.3)

In general, it is not linear over F 2 because the trace is not. But, since
x 1 (0y) = tr(z - (0y)) = tr((6z) -y) = bz 1y,

if C C FZQ is linear over F,2, then
CLT:{y:c+5dEFZQ |7y =0 VwEC}

is linear over F .

c. Hermitian inner product

X-py = ZmiE:(a+c5b)-(c—|—5qd):a-c+5qa-d+5b-c—l—5q+1b-d

= a-c+(0"+d—-da-d+db-c+ab-d
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That is,
x-py=(a+db)-(c+dd)=(a-c+ab-d-pFa-d)+d(b-c—a-d). (3.4)

Since (6x) -y y = 6(x-yy) and - (dy) = d(x-xy) = 0%(x -y y), “x” is linear in
the first coordinate and has conjugate linearity in the second. From the conjugate

linearity we get that for any subset C' of e
Ct={y=c+ddeFy |z ygy=0 VeeC}

is linear over F .

. Trace Hermitian inner product

Xrpy=trlx-py]=2(a-c+6"b-d)+(§+6)(b-c—a-d).
That is,
x-rpy=2@a-c+ab-d)+p5a-d—b-c). (3.5)
It is not linear over F 2 by property of the trace. But, since « -pg (dy) = tr(x g

(6y)) = tr((0zx) ‘g y) = (6x) -rgy, if C C 7 is linear over F,2 then
Ciri = {y:c+5d€IFg‘2 |z 7yy=0 VwEC}

is linear over F .
Definition 3.1. Let q be a power of a prime number p, take linear codes C; in Fy
with 0 <i<m—1, and {1, 4, ---, ™'} a polynomial basis of Fym over F,. We
define the Go-Up code over Fym, denoted GU(Cy, Cy, - -+ ,Cr,—1), by setting it equal
to

{a0+5a1+---+6m_1am_1|ai€C’i, OSZSm—l}

This definition is in a sense gluing or amalgamating the m codes Cls. When all the

m codes are the same code Cy, we denote the Go-Up code by GU(m, Cy).
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Example 3.1. We take the dual of the binary Hamming code, that is, Cy is the

simplex code with parameters [7, 3, 4]s.

given by Table 53-2.

The code GU(2, Cp) =

Co = S5(2)

(0000000) | (0111100)|(1011010)|(1101001)
(1100110)|(1010101)|(0110011)|(0001111)
Table 3-1
Co+Co
(000000 0) (0666600) (5056006 0) (560500 0)
(5600665 0) (5050600) (065006 0) (000666 0)
(0111100) (06262626200) | (§16262160) | (662162106)
(562116260) | (5162148206) |(0626211668) |(0116%48266)
(1011010) (166262510) | (6204826204820) | (626146201 0)
(5261166%0) | (6206216168) | (166210626) | (1016%66256)
(1101001) (162662601) | (621662061) | (6262048200 62)
(526201661) | (621616062 | (162610662 | (110625642
(1100110) (162666210) | (6216616%0) | (62620611 0)
(626200626%0) | (621606216) | (1626016268 |(110608%4826)
(1010101) (1662648201) | (6200826161) | (626151042
(526106261) | (6206206206%) | (16620166%) | (1016026 62)
(0110011) (062626611) |(6162606%1) | (662150162
(562106621) | (516205162 | (0626200626%) | (011660242
(0001111) (066626211) | (6066214821) | (660621142
(5601626%1) |(60516216%) | (056116262 | (000052426242

We observe that GU(2

Table 3—2: GU(2, S3(2))

, S3(2)) is a two-weight code and is linear over Fy.

GU(2, S5(2)) is
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Example 3.2. Let Cy = S3(2) and Cy = H3(2), where we use the following matrix

as a parity check matriz for the Hamming code.

0111100
H=1011010
1101001

Since H3(2) = S3(2) U (a + S5(2)), we have
GU(Cy, Cy) = S5(2) + 0H3(2) = (S5(2) +653(2)) U (S5(2) + d(a + S5(2)))

Takinga = (11110000), Table 3-3 gives the elements of a + S3(2).

a + 33(2)
(1110000)|(1001100)|(0101010)|(0011001)
(0010110)|(0100101)|(1000011) | (1111111)

Table 3-3: a + S3(2)
The elements of S3(2) + dS5(2) are given in Table 3-2 and the elements of

S3(2) 4+ d(a + S3(2)) are given in Table 3—4.
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S3(2) + d(a + S3(2))

(6660000) | (5005600) |[(0606060) |(00550009)

(0050660) |(065006068) |(600006868) |[(5666060)

(66%621100) | (§116%26200) | (062162150) | (01626%21056)
(016216260) [ (062116206) | (§1111686) | (86%82626260)
(626621010) | (620182610) [ (1616%06%0) | (10626%20156)
(1062166%0) | (1611616) | (6201106208) | (62062620 620)
(626261001) | (02106%601) | (162082001) | (1166200462
(1161601) | (162016062) | (6210106862) | (626266260 62)
(626250110) | (821086210) | (1620516%0) | (11661196)

(11606%6%0) | (1620002168) | (621001 62%68) | (62626686262 0)
(020620101) | (620166201) [ (1616161) | (106%261042)
(106200261) [ (161062062) | (6201016862) | (626626620 6%)
(66%2620011) | (§116611) [(0621606%1)| (0162601 6%
(0162006%1) | (062100162) | (511004262) | (806262686 6%62%)
(6561111) | (6008626%211)|(0506%216%21)|(0066%11 62
(0085162621) | (060162162 | (500116262 | (664020202 62)

Table 3-4: 53(2) + d(a + S5(2))
Finally, the 27 = 128 codewords of GU(S3(2), H3(2)) are given by Tables 3-
2 and 3-4. Observe that for any € = a + 6b in S5(2) + 6H5(2), we get w(x) €
{3, 4, 5, 6, 7}.

Example 3.3. Take Cy =F35 = {(00),(10),(20),(11),(22),(01),(02),(12),(21)}
and Cy = {(00),(11),(22)}, where p(z) = 2* — x — 1 is irreducible over Fs and

62 =0+1, ie, {1, 0} is a polynomial basis of Fs2 over F3 . Then, GU(Cy, C)
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GU(Cy, Ch)
(00) (10) (20) (11) (22)
(01) (02) (12) (21) (36)
(52 9) (2+ 6 0) (6262) | (2+462+6)| (362
(62+90) (6224 9) (240 6%) (26 26) (1+ 25 26)
(26226) | (1+261426) | (20226%) | (20 1+28) | (2626%)
(1+25202%) | (2021 +26)

Table 3—5

is an additive code over Fs2. We observe that a generator matriz of Cy is

G:
01

and generator matriz over F3 of GU(Cy, C}) is

Example 3.4. Consider Cy = S5(3), the simplex code of dimension 2 over Fs,
p(x) = 22 —x —1 an irreducible polynomial over Fy and 6 € Fs2 such that 6 = §+1.

Its elements are shown in Table 3-6.

Co = 52(3)

(0000) | (1011)|(2022)

(0112)](0221) | (1120)

(1202) | (2101) | (2210)

Table 3—6



61

Let C; ={(0000),(1011),(2022)} be a subcode of S3(3). Table 37 shows
the elements of the additive code GU(Cy, Cy) over Fs.

GU(Cy, Cy)

(0000) (1011) (2022) (0112)

(0221) (1120) (1202) (2101)

(2210) (506 06) (520 6% 62) (24+602+02+0)
(516%2+0) (6224662 (021246 6) (622624 6)
(240616682 (2+624826) (2002620) | (14+2601+261+26)
(2620262 26%) | (26 11+ 25 26%) | (26 2 202 1 + 26) (1+ 251262 26)
(1426220 262) | (202126 1+ 26) | (26221 + 26 26)

Table 3—7

We observe that a generator matriz of Sa(3) is given by

1 011
G —
01 1 2

and then a generator matriz of the additive code GU(Cy, Cy) (this code is linear

over F3) is given by

1011
Gi=1011 2
5 0 6 6

We observe that GU(Cy, Cy) is an additive two-weight code.

Lemma 3.1. GU(Cy, - ,Cy,—1) is additive over Fym with minimum distance
d =min {do, tee dm—l}
and gkotthm=1) codewords over F,. In addition, GU(Cy, - - ,Cp,_1) is linear over

Fym if and only if GU(Cy,- -+ ,Cr1) = GU(m, Cy) and if Cy is an [n, ko, do,

linear code, then GU(m, Cy) is an [n, ko, dolym linear code.
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Proof. Given ¢ € GU(Cy, - -+ ,Cy_1),

m—1 m—1 m—1
T = Sa; = (Z Say - Z (Siain) (3.6)

That is

Qo1 T Qon

11 ce A1n

A(m-1)1 " A@m—1)n

Then, we can see that the weight of a is the number of nonzero columns of the

m X n matrix in Equation (3.7), that is, the minimum distance of GU(Cy, - -+, Cp_1)
is
d=min{dy, -+, dpn_1},
where d; is the minimum distance of Cj.
m—1 m—1
Now, for x = Z 8'a; and y = Z §'b; in GU(Cy, - -+, Cyy_y), from Equation
i=0 i=0
m—1
(3.6), we get that z+y = Z §'(a; +b;) € GU(Cy, -+ ,Cpiq). Then GU(Cy, -+, Cp1)
i=0

is an additive code over F m.
On the other hand, let p(z) = 2™ + 7, _12™ ' + -+ riz + 7o be an irreducible
polynomial of degree m over F, such that p(d) = 0, that is, 6" = —rg — 116 — - —

Tm—10""1. Then

m—1 m—2 m—1
oxr = Z 5i+1ai = Z 5i+1ai — (Z (W’I“l) A,,—1 (38)
=0 =0

i=0
= (—ro@m-1)+6(ap —ram_1)+---+ ot (@m—2 — Tm—1@m—1) . (3.9)

If o € GU(Cy, - ,Cp_1), we get that a,,_1 € Cy, ie., Cp_1 C Cy. Since

ag — ra,,_1 € Cq, then Cy C (. Continuing, we obtain that a,,_s — r,_1@;,_1 €
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Ch1,1e., Cp_o C Cyy_q. Thatis, C,,_1 C Co C Cr C Cy C -+ C Cpg C Cpyy.
Thus, Co=C, =Cy =+ =Cp_92 = Cp_1 and GU(Cy, - - ,Cy,—1) = GU(m, Cp).

If x € GU(m, Cy), from Equation (3.8), éx € GU(m, Cy). Then GU(m, Cp)
is linear over F,m and if Cy is an [n, ko, do), linear code, then |GU(m, Cy)| =
ko

q qko .. .ko = (qm)ko, i.e., dim]}rqm (GU(m, Co)) = ko. [

In most quantum code constructions, only additivity of the constituent codes is
needed. Indeed, for the construction of stabilizer codes, we just need additive codes.
The theory of additive codes is much richer than that of linear codes. Linearity
gives us linear quantum codes for m = 2. Therefore Lemma 3.1 is important for the
construction of stabilizer codes.

Example 3.5. Let Cy be the repetition code with parameters [2™, 1, 2™] and

C) be the first-order Reed-Muller code with parameters [2™, m + 1, 2™ '. Then

GU(Cy, C)) is an additive code over Fy with parameters (2™, 2m+2 2m=1),

Example 3.6a. Let Cy = S,,(2) be the binary simplex code with parameters 2™ —
1, m, 2™ Y and Cy the code obtained by puncturing R(1, m), i.e., Cy has param-
eters 2™ —1, m+1, 2™ ' —1]. The additive code over Fy given by GU(S,,(2), C1)
has parameters (2™ — 1, 22m+1 2m=1 _ 1),

. Let Cy be obtained extending the Hamming code H,,(2), i.e., Cy has parameters

2™, 2™ —m — 1, 4] and let C, = R(1, m). The additive code over Fy given by
GU(Cy, Cy) has parameters (2™, 22", 4) for all m > 3.
Observe that when m = 3, we obtain an additive quaternary code with optimal
parameters, i.e., we get that GU(Cy, Cy) has parameters (8, 28, 4). See Table 1
in [8].

Proposition 3.1. If Sy = {a1, - ,ak,} is a basis of Cy over Fy, the sets f) =

{ai, -, ak} and By = {0+ay,--- ,0+ay, } are bases of GU(2, Cy) over Fyp.
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Proof. Consider o; = (15, 8;) = 1; +9s; € F2, 1 <i < ko, such that
> ai(ai+0) = 0.

Since a;(a;+0) = (r; + ds;)(a; + 60) = 7;a; + ds;a;, we get
0= Z o; (a340) = Z (r;a; + ds,a;) = Z ria; + 0 Z S;4;.

But, > rai = (z1 - x,) € Fy and ) s;a5 = (y1 -+ yn) € Fy, imply that
0= Z ai(a;+0) = (21 +6yy -+ Tp + Oyn) .

Since z; € Fy, y; € F, for 1 < j <n,and 6 € F2 \F,. Then, z; =0 and y; =0
for all j, that is, >, 7a; = 0 and ), s;a; = 0. From this we get 7, = 0, Vi and
s; = 0 Vi. Thus, a; =0, Vi and 3; is linear independent over F,.. Now, given
any a+b € GU(2, (), there are scalars r; and s;, 1 <4 < kg, in F, such that

a= g ria; and b = E S;a
i

)

because f is a basis of Cy over F,.

Then,

atb = Zriaiﬁr Z s;a; = Z(nai—F&m) = Z(m, s;)(a+0).

% %

From this, there are scalars a; = r; + 0s;, 1 <1 < kg, in Fj2 such that
a—T‘b = Z ai(ai—T—O).
Thus, f; is a basis of GU(2, Cp) over Fp.
On the other hand, if there are scalars a; = (15, 5;) =1+ 9s; € F2, 1 < i < ky,

such that

Z Oéi<0—?-ai) =0
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Since a;(0+a;) = (r; + 6s;) (0 + da;) = —as;a; + 6(r; — s;0)ay,

O—Zaz 0+a;) = Z aslai—T—Z . — si)a Z asal+(5z i — si8)a

That is, >, s;a; = 0 and ) (1, — s;8)a; = 0. Then, s; = 0 and r; = 0, Vi. From
this, /3, is linearly independent over [F 2 and we conclude that 3, is another basis of

U(2, Cp) over Fp.

]

Remark: From Proposition 3.1, if G is a generator matrix of Cy, then G and
0G are generator matrices of GU(2, Cj). Observe that the linear code Cy + 60 is
the subfield subcode of GU(2, Cy) = Cy + 0Cy over F,.

Proposition 3.2. If Cy and C; are cyclic codes over F,, then C = GU(Cy, C) is

an additive cyclic code over FFg.

Proof. Let a = (a; -+ a,) € Cp and b = (by --- b,) € C;. By definition,
a+o0b = (ay + 0by---a, + 0b,) € C and (a + 0b)(x) = (a; + 6b1) + (az + dbe)x +

o+ (ay + byt € F,. Then

z(a+6b)(x) = (a1 + b))z + -+ (ap_y + 6by_1)z" ' + (ay, + 6b,) 2"
= (x4 +a2")+0(byx+ -+ ba").
From this,
z(a+ db)(z) = xa(x) + dxb(x) € Cy + Cy
because Cy and C are cyclic codes. m

Let Cy C Fy be a linear code and ' = GU(m, Cp). Given z € C, & =

ap + da; + -+ + 0™ ta,_1, where {1, §, ---, &™ '} is an F,-basis of Fm and
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a; € Cy, 0 <i<m—1. Then,
xrd = agp + 5qa1 4+ .. 4 5q(m*1)am71.

Since 6% € Fym, with 1 < j <m —1, 6% = agj + 10 + - -+ + (10" " for some
a;; € Fy, we get that 7 € C. Thus, C? C C, that is, C' is Frobenius invariant.

On the other hand, let €' C Fj» be a linear code and Cj its sub-field sub-
code over F,. From Lemma 3.1, GU(m, Cj) is a linear code over F;m. Then
ao + da; + -+ 0™ a,,; is an element of C'. Therefore GU(m, Cy) C C. If in
addition C? C C, we get that for x € C, & +a%+---+ a2/ ' = tr(z) € C. Thus

dimg, (tr(C)) < dimg, ., (C) and from Delsarte’s theorem
dim(tr(C)) = dim((C1)o)*t = n — dim(C*)y > n — dim(C*) = dim/(C) > dim(Cy).

Thus
dimg, (tr(C)) = dimg,,,(C) and dimg,(Co) = dimg,,,. (C).

Also dimg,..(GU(m, Cy)) = dimr,(Co) = ko and we obtain that
C= GU(m, C())

We get then
Lemma 3.2. Let C' C F. be a Frobenius invariant linear code. Then C' =
GU(m, Cy), where Cy is the sub-field sub-code of C' over F,.

We can summarize the above argument in the following theorem, which gives us
a nice relation between amalgamated codes and Frobenius invariant codes.
Theorem 3.1. Giwen C' C Fpn and C1 C C, C is linear over Fgm if and only
if C = GU(m, Cy), where Cy is the sub-field sub-code of C' over F,. Since C' is
Frobenius invariant, tr(C) = {tr(m) —ztait-- " |xe C’} = ().

Now, we will define the amalgamation operation taking a normal basis of [Fym

over Fy. For example, if § € Fp2 is a primitive element, then {d, §?} is a basis
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because the matrix

o 0

A=

57§
is such that det(A) = 66 — 624 # 0. If 6* — §?¢ = 0 then §?2 = 1, which is not
possible because § is primitive and 2¢ — 2 < ¢ — 1.
If we call p(z) = 22 + Bz + a = (z — §)(x — §9) the minimum polynomial of § over
F,, we get that p(z) = 2? 4+ Sz + « is irreducible over F, and tr(§) = + 69 = —f3
and N(§) = §d7 = a.
Definition 3.2. Let q be a power of a prime number p, take m linear codes C; in

[y, and let {(5, 09, -, (5qu1} be a normal basis of F,m over F,. We define a code
over Fym, denoted NGU (Cy, - -+, Cy_1), by

NGU(C(), ,Cm_l): {5a0+6qa1+'--+5qm_1am_1 | a; ECi, nggm—l}

When all the m codes are the same code Cy we denote NGU (Cy, -+ ,Cp1) by
NGU (m, Cy).

a. Using a normal basis {(5, 0, --- (5‘77"_1} of Fym over F,, then

m—1

NGU(C(), st ,Cm_l) = {60,0 + 5‘10,1 + -+ 04 Q-1 | a; € Ol} s

and given & € NGU(Cy, - -+ ,C,,_1) we can write

m—1 m—1 m—1
i—1 i—1 i—1
xr = 04 a; = E 04 a; - E ol ay,
i i 1=0

ie.,

Qo1 T Qon,

. an Qin
a::((; 51 ... §am ) : (3.10)
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Again, NGU(Cy, - - - ,Cy,—1) is an additive code over F,m and the weight of the
codeword « is the number of nonzero columns of the m x n matrix in Equation
(3.10).

We observe that for a normal basis {6, 62} of Fy over Fy if Cy and C) are
two linear codes in F%, then da + 6°b = &(a + db), that is, in the binary case
NGU(Cy, Cy) = dGU(Cy, C1).

3.2 THE GO-UP OF A GOPPA CODE

Now, we apply the Go-Up construction in the Goppa codes context. We know
I, is an extension field of F, and Fy» is an extension field of Fym. We consider
L={ay, - ,a,} CFom and g(x) € Fom[z] separable polynomial. With the same L
and the same g(x), we take C = I'(L, g)r, C F}. We call Cy =TI'(L,g) C F3, and
we know, see Theorem 2.10,

dy > 2t + 1,

where t = deg(g(x)), and dimg,Cy = kg > n—mt. Then Cy = I'(L, g) = GU(2, Cy)
is a linear code over 4 with the same parameters as the binary Goppa code. That
is, it is possible to construct a code over [F4 with the same capability to correct errors
as Cp =T'(L,g) C F3.

For a + 6b = (ay 4 0by --- ayn + 0b,) € T'(L, g) we have,

Z - ﬁa =0 (mod g()) Z - fa =0 (mod g(x)).

Taking m an even number, we have a + db € T'(L, g)r, because, in this case, Fy is a
subfield of Fom and then we may write

i +0b; i i
Zc;j:al: :;xiaﬁégzxﬁai = 0 (mod g(z)).

7

That is,
I(L,g) = GU (2;T(L, g)r,) C T(L, 9),.
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We summarize this in the following theorem:

Theorem 3.2. Given L = {ay, - ,a,} C Fom, g(z) € Fom|x] and m be an even
number. Then GU(2;T(L, g)r,) is a quaternary linear subcode of T'(L, g(x))r, with
the same parameters as its subfield subcode.

With this Go-Up construction we obtain a subcode of I'(L, g)r, with the same
parameters as I'(L, g)r,. The natural question is if it is possible to obtain equality,
that is, under what conditions I'(L, g) = T'(L, ¢), i.e., when GU(2;T(L, g)g,) is a
Goppa code.?

We begin with a particular case, see De finition 2.8, taking 8 € [F; a primitive
nth root of unity, n|(¢ — 1) and o = B et Loy = {a® !+ Ja" '} C F,. For
k <mn, we let

By = {f(x) € Fyla] | deg(f(x)) <k —1}

and we know

RS(TZ, ]{J) = {(f(ao),f(()é1>, e 7f(an_1)) | f(l’) < Pk} C F;L

is a cyclic code because for ¢ = (f(a®) f(al) --- f(a™1)) € RS(n, k),

ve=(f(a") f(a®) - f(a"7%) = (fu(a®) fila?) -+ fila")),

where fi(x) = f(a™'z) € B, i.e., zec € RS(n, k). We know RS(n, k) is MDS code,
i.e., d—1 =n—k and we can also see the RS(n, k) as a Goppa code with polynomial
2471 and support set L = {a,a7!,--- ,a= ™D} C F,, ie., RS(n, k) = T(L,z41),

see Proposition 2.2. Then a parity check matrix of RS(n, k) is given by

aO(d—Q) a_(d_z) [N a_(n_l)(d_2) O{O O . e 0
0 ot 0
H =
ao Oé_l PN a_(n_l)
1 1 1 0 0 am=Dd-1)
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That is,

1 ot a? a1
H—

1 af2 o202 (=1 (d-2)

1 af-l Q2@-1 ... 411

On the other hand, if we take a cyclic code C' over [, of length n with generator
polynomial g(z) = (z — a)(x — a?)--- (z — a® 1) with d > 2, a polynomial word
p(x) =co+c1x+- -+ cp_12™ 1 is such that p(z) € C if and only if g(z)|p(z) if and

only if p(a?) =0 for 1 < j < d — 1. That is, p(z) € C if and only if

]_ al a2 . o a(n_l) CO
C1 ¢
:H(CO Ci - Cn—l) =0.
1 a2 Q2@-2) ... ,0-1)(d-2)
1 %1 o2d-1) (n=1(d-1) 1

Then, C = {c€F | Hc' =0} = RS(n, k) with d —1 = n — k. If we take
RS(n, k) C Fl and Ly = {a°,a, -+ ,a?7?}, where a is a primitive element for Fy,

i.e., we take n = ¢ — 1 and observe that (¢ — 1)|(¢* — 1). Then,

n—1
RS(n, k) =T(L, 24" = {c €Fp | ZZ:; . _Ciaﬂ, =0 (mod xd_l)} .
For c e T(L, 2" "), c = a+b = (ag + by - @n_1 + 0b,_1) for some a,b € Fy.
From this,
n—1 n—1 n—1 n—1
¢ a; +0b; a; b;
r—a"t L= gp—qi 4 x—a—i+6zx—0z—’
=0 =0 =0 =
n—1 n—1
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where p;(z) = —%gfl(a*i) (mod g(z)), i.c., we can see —— as a polyno-

mial, over F, modulo g(z) = 2?71, of degree d — 2. We write p;(x) = ap; + ayz +

-+ ag_9v9"? € F [z] and then

-1

C; —2
— = = a; (aoi + -+ + ag_2 +6§ bi (agi + -+ + ag-227?)
1=0

i
o
3

@
I
o

n—1 n—1 n—1 n—1
= Z a;ag; + 0 Z bﬂm) +oot (Z AiGd—2; + 0 Z biad—2i> z?

i=0 =0

Since ¢ = a+b € T'(L,2%!) and we obtain a polynomial of degree at most

d — 2, then
n—1 n—1
(Z aiap; + 0 Z bﬂm) (Z ;-2 + 0 Z biag_ 21> —“=0.
=0 =0
That is
Z Q; Qi + (sz biaji = Uyj; + 5Uji =0
i=0 i=0
n—1 n—1

i=0 =0
which is not possible because § € Fp \ F,. Therefore, v;; = 0 and uj; = 0 and we

conclude that

a;p;(x) =0 and Z bipi(z) =

i=0
That is
n—1 a: n—1 b:
— =0 d z%") and — =0 d zh).
2 (mod z“7*) an ; pr— (mod z77)

This implies

c=a+dbel(L,a" g, +0T(L, 2" g, = RS(n, k)r, + SRS(n, k)r,



and

I (L,z"")

]Fq2

We summarize this in the following proposition.

Proposition 3.3. Let a € F, be a primitive nth root of unity and L = {a°,a*, -+ ,a" '}

Then,

a. Another way to see that it is as follows: If we take d — 1 consecutive powers of «

and d — 1 =n — k, we know RS(n, k) has a parity check matrix given by

For c=a+0beF),, c€ RS(n, k:)]qu if and only if He! =0, i.e.,

=

because la; + a/ay + - - + /™ Ya, € F, and 1b; + a/by + - - - + /™~ Vb, € F,.
Then, RS(n,k)r , C RS(n, k)r, + 6RS(n, k)r, and we conclude that

L(L,z* e, = GU(2, T(L, 2" ")g,).

1 Oél Oé2 &(n—l)
1 a2 o26@-2) ... -1)(d-2)
1 af-1 21 ... =11

1(ay 4 6b1) + o (ag 4 8by) + - - - + a? " V(a,, + 6b,)
(lai + dag + -+ /" Va,) + 6 (1by + alby + -+« + " Vb,
Had' +6HbV =0

Ha'=0 and Hb =0,

RS(TL, k)]qu = GU(27 RS(”? k)Fq)

as the above proposition says.

C D(L, 2" Mg, + 6T(L, 2" ")z,
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In general, we have:
Theorem 3.3. Let m be an even number, L = {ay, -+ ,a,,} C Fym be such that
a, €F,, 1 <i<n, and g(x) = go + 1x + - - + ¢;a* € Fym[x] be such that g; € F,,
1< j5<t. Then,

L(L, g(x))e,, = GU(2, T'(L, g(x))g,)-

Proof. Given ¢ = a + 6b € I'(L, g(z))r, + 6I'(L, g())r, ,

C; a; + (Sbl a; bz
= ) =0 d
4 > Y =0 (medgle)
I'(L, g(z))e, + 6T (L, g(2))r, C T(L, g(2))r .-
On the other hand, we observe that F,. is a subfield of F;m because m is an even

number. We know p;(z) = —9@=9(0i) (=1 () = ag; 4 agz + - @zt € F,[x] and

T—oy

a parity check matrix for I'(L, 9(x))r, is given by

Ag—11 Ag—12 Gg—13 -+ Qg—1n

Given ¢ = a + 6b € F},, ¢ € I'(L, g(z))r , if and only if He' = 0, i.e., for all

0 = aji(ar +60by) + aj(az + 0bg) + - - - + ajn(a, + ob,)
= (ajlal -+ anCLQ + -+ ajnan) + (5 (Clebl + CLijQ + -4 Cljnbn)
= Hd" +6HV =0

= Ha =0 and HV =0,



74

since ajia, + ajoay + - -+ + ajpa, € Fy and a;1by + ajoby + - - + ajnb, €T,
From this a, b € I'(L, g(2))s,, i.e., T'(L, g(2))r . C T(L, g(2))r, +6L(L, g(2))s,-
Thus
L (L g(x))e,, = QU T(L.g(x))s,).

]

Remark: Since I'(L, g(:p))ﬂ:q2 is self-amalgamated, then it is Frobenius invari-
ant. From T'heorem 3.1 we obtain the other direction
Proposition 3.4. Let m be an even number, L = {oq, -+ ,a,} C Fm and g(x) =
go+ g1z + -+ + it € Fym[z] be such that for any codeword ¢ € T'(L, 9(@))E 2, €7 is

also a codeword. Then,
(L, g(x))r,, = GU(2, I'(L, g(2))r,)-

3.3 DUAL OF THE AMALGAMATED CODE
We remember that for a linear code C' C Fy, the set Ct = {:B eF:x-y=0Vye C}

is the dual of C' with respect to the Euclidean inner product. We know C* is linear

over F, and

dim(C) + dim(C*+) = n.

That is, C* is a [n, n—k] linear code, where k = dim(C). The linear code C is called
self-dual if C+ = O, and it is called self-orthogonal or weakly self-dual if C' C C+.

We observe that C* is exactly the set of all parity checks on C. If 8 = {a4,--- ,a.}

is a basis of C' over F, and G = [a4, - - - , a;] is a generator matrix of C, then
Ct={beF}:Gb' =0}.

That is, G is a parity check matrix of C'*.
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Now, suppose that Cy is an [n, kg, do] linear code over F;. We know by Lemma
3.1 that C = GU(m, C)) is an [n, ko, dp] linear code over F,m. We want to study
the duality of the linear code GU(m, Cj).

Proposition 3.5. Let Cy C Iy be a linear code and m be an even number. Then,

GU(m, Cy)*t = GU(m, Cy) = GU(m, Cy)**

and
Co C Cy — GU(m, Cy) € GU(m, Cy)*
Co=Ci — GU(m, Cy) = GU(m, Cy)™ .
m—1
Proof. Given y € GU(m, Cy), we write y = ZcSibi where b; € Cy. Writing
i=0

m—1 m—1 m—1
T = Zéiai € GU(m, (), and since x; = Z(Sjaji and y; = Zékbki, from
i=0 §=0 k=0

Equation (3.7) we get

-y = inyiz (ao+5a1+...—|—6m—1am_1) . (bo+5b1+---+5m_1bm_1)

m—1 m—1 m—1
= ( *aq - bk) +6 (Z *a; - bk> SRR (Z F ey - bk>
0

k=0 k=0

That is, GU(m, Cg) C GU(m, Cy)*. But |GU(m, Cf)| = ¢*Fogn=ho...gn ko =
(qm)"*0 = |GU(m, Cp)*|, i.e., GU(m, Cy)t = GU(m, Cy). Observe that if
Co C Cy, GU(m, Cy) € GU(m, Cp)*.

On the other hand, we want to find the Hermitian dual of the code C' C Fy... In
this case ¥ = yVv4", that is, we take m to be an even number and the Frobenius
automorphism with fixed field Fym/2. Then, § = (by + 0by + -+ + 6(m=Db,, ),

because b; € Fy and we get

gy = y: (a0+5a1 + ... +5m_1am—1> . (b0_|_5b1 + .. +5(m—1)bm_1) — 07



because each a; - b; = 0 for 0 <4, 5 <m — 1. Therefore
xrgy=1tr(x-gy) =0,

where

m/2
tr:Fgm — Fympz, o —x+ 27

is the trace of Fgm over F m/. That is, GU(m, Cy)= € GU(m, Cy)*™" and they

have the same size.

Theorem 3.4. Let F, be a finite field of characteristic two and consider two different
linear codes over Fy, Cy and Cy, such that Coy C Cy. Let 6 € Fo \ F, be as defined
in Equation (5.1). Then, the additive code C' = GU(Cy, C{) C Fv, 1s Trace

Hermitian self-orthogonal.
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]

Proof. From Lemma 3.1, C' = GU(C), C{) is an additive nonlinear code over F .

Given y = ¢+ dd € C; + 6Cy and any & = a + éb € C, from Equation (3.5),

xrpy=2@a-c+ab-d)+Fa-d—b-c)=p(a-d—b-c)=p5(0)=0.

Then
C1 4 6C5- C (Cy + 6CiH)trn
But
(Co+ By -rn] = n-thorn) = gr-tha),
and

|C1+8Cy| = g"rg" 0 = gk,

That is, C+7# = (Cy + 0C{) mH = C) + 6Cy- and since Cy C C4, C C C*7# e, C

is Trace Hermitian self-orthogonal.

]
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Example 3.7. Let Cy be the repetition code with parameters [2™, 1, 2™]. Then Cy
has parameters 2™, 2™ — 1, 2]. Let C; = R(1, m) with C{+ = R(m — 2, m) which
has parameters [2™, 2™ —m — 1, 4]. We have Cy C Cy and C = Cy + 6C{ is an
additive and Trace Hermitian self-orthogonal code over F, with parameters
(2m, 22"-m_4). Observe that C+71 = Cy + §C3- has parameters (2™, 227"+m  2).
Example 3.8. We take Cy and Cy as Ezample 3.7. Since Cy C Cf, from Theorem
3.4, we let C' = Cy+0C,, an additive code with parameters (2™, 2m+2 2m=1) " Then
C C C*ri. Observe that for e+ dd in Ci-+06C3-, (a+6b)-(c+dd) =a-d+b-c=
04+0=0 and

]Cf + (5001_‘ _ 92M=m—192"—1 _ 92"+ -m-2 _ ‘CJ_TH‘.

That is C*+r1 = CF + 6Cy-, which has parameters (2™, 92t -m—2 d).
Lemma 3.3. Let IF, be a finite field of characteristic two and consider a linear code

Co C F}. The additive code C' = GU(Cy, Cy) € F, is Trace Hermitian self-dual.
Proof. From Lemma 3.1, if Cy- # Cy, C' = Cy + 6Cy is an additive nonlinear code
over F 2. For y = ¢+ dd and = a + b in Cy + 6Cy, from Equation (3.5),

zrpy=2@a-ct+ab-d)+pa-d—b-c)=pa-d—b-c)=p(0)=0,

i.e., C C C*tr#. But

’CJ_TH’ — q2n7(k0+nfk0) — qn

and
|C| = |Co + 5COL| = ghognho = ¢n.

That is, C*+78# = C. O]

Example 3.9. Let Cy = Si(2) be the binary simplex code of dimension k, this linear
code has parameters [28 — 1, k, 2871, Now, Cy = Sp(2)* = Hi(2), the binary

Hamming code with parameters [28 — 1, 28 — 1 — k, 3]. Then the additive code
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over Fy given by GU(Sk(2), Hr(2)) is Trace Hermitian self-dual with parameters
(28 — 1, 22°71, 3), see Example 3.2.

Now, we take the particular case ¢ = 2 and § € F, a root of 22 + x + 1, that is,
a=1and 3 =1, see Equation (3.1). Then tr(5) = § + §? = 1 and the conjugate of
§is 0 = 6% =+ 1. Given a+6b and ¢+ dd in F}, from Equation (3.2) to Equation
(3.5) we obtain

a. Euclidean inner product
(a+0b) - (c+dd)=(a-c+b-d)+dé(a-d+b-c+b-d). (3.11)
b. Trace Euclidean inner product
(a+0b)-7(c+dd) =trl(a-c+b-d)+d(a-d+b-c+b-d)] = a-d+b-c+b-d. (3.12)
c. Hermitian inner product
(a+0b) -y (c+d) = (a+b)-(c+6%d) = (a-c+b-d+a-d)+6(a-d+b-c). (3.13)
d. Trace Hermitian inner product
(@4 0b) -ru (c+dd) =tr[(a+6b) -y (c+dd)=a-d+b-c. (3.14)

We have to say, as in Theorem 3 of [14], that the following is true

Proposition 3.6. Let C C F} be a linear code, C*+ the dual of C with respect to
FEuclidean inner product and C*7 the dual of C with respect to the Trace Euclidean
inner product. Then C' is self-orthogonal with respect to one of them if and only if

it is self-orthogonal with respect to the other.

Proof. Let ¢ € C and y € F}. Now we can write € = a + ¢b, for some a, b € F}

and y = ¢ + dd for some ¢, d € Fy. We know

z-y=(a+db)-(c+dd)=(a-c+b-d)+da-d+b-c+b-d)
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and
zry=tr(zx-y)=tr((a-c+b-d)+dla-d+b-c+b-d)=a-d+b-c+b-d.

IfyecCt,z-y=0forallz € C,thena-c+b-d=0anda-d+b-c+b-d=0.
That is, © -p y = 0 for all x € C and then y € C*7.

On the other hand, if y = ¢+ dd € C*7, from Equation (3.3) and Equation (3.12),
a-d+b-c+b-d=0.

Since C is linear, C7 is linear over F,. We get that 6%y € C*+7, and

z-r8*y = tr(’z-y) = tr(6°(a-c+b-d)+(a-d+b-c+b-d)) = tr(§(a-c+b-d)+(a-d+b-ct+a-c)).

That is

xréy=a-c+b-d=0.
Sincex-y=(a+db)-(c+dd)=(a-c+b-d)+(a-d+b-c+b-d), we get,
x-y=0forall z € C. That is, y € C* and we get O+ = C*. ]

Proposition 3.7. Let Cy C Fy be an [n, k, d] linear code. If Cy is self-orthogonal

with respect to the Euclidean inner product, then C = GU(2, Cy) C F} is such that

Ccct=ctrn,
Ccct=ctn,
Ccct=clr

Proof. From Proposition 3.5, we obtain that C+ = C*t7# = C+7 = C+# and, since

() is self-orthogonal, we get that C'is also self-orthogonal.
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3.4 AN INTERESTING SPECIAL CASE
We consider a prime ¢ = 3 (mod 4), observe that the Mersenne prime num-
bers are example of such integer q.
Taking ¢ in this particular form we may obtain a general version of the T"heorem 3
of [14]: First, we observe the following known result that follows from quadratic
reciprocity (see Chapter 5, Ireland and Rosen [29)]).
a. For any prime ¢, such that ¢ = 3 (mod 4), the polynomial 2% + 1 is irreducible
over F,.
b. In this case, the irreducible polynomial has the form p(x) = 2% + 1, that is, a = 1
and 8 = 0, see Equation (3.1). If § € F2 is such that 6> + 1 =0, §* = —1, the set

{1, 6} is a basis, polynomial basis, of F 2 over F, because the the matrix

A:
1 49

is such that det(A) = 67— = —20 # 0. If =25 = 0 then 2|g which is not possible.
Observe that §7 = (§2)™§ = (—1)™d = —d because m is odd. That is, the conjugate

of 6 over F, is —d. Also, we get that the trace of ¢ is zero because
tr(d) =0+01=6—-0=0=—p.

Now, for a + éb, ¢+ dd in I, since in this case a = 1 and 8 =0, from Equation
(3.2) to Equation (3.5) we get:

a. Euclidean inner product
(a+db)-(c+dd)=(a-c—b-d)+d(a-d+b-c). (3.15)
b. Trace Euclidean inner product

(a+6b)-r(c+dd) =trj[(a-c—b-d)+é(a-d+b-c)] =2(a-c—b-d). (3.16)
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c. Hermitian inner product
(a+0b) -y (c+dd) = (a+0b)-(c—0d) = (a-c+b-d)+d(b-c—a-d). (3.17)
d. Trace Hermitian inner product
(@ +0b) -7y (c+dd) =tr[(a+db) g (c+dd)] =2(a-c+b-d). (3.18)

Proposition 3.8. Tuke q a prime such that ¢ = 2m + 1 with m odd. Let C C IFZQ
be a linear code, C* the dual of C' with respect to Euclidean inner product, and
C*7 the dual of C with respect to the Trace Euclidean inner product. Then, C is
self-orthogonal with respect to one of them if and only if it is self-orthogonal with

respect to the other.
Proof. Let y = c+ dd € C+, for all @ + 6b € C, from Equation (3.15),
(a+0b)-(c+dd)=(a-c—b-d)+dla-d+b-c)=0.
Then,a-c—b-d=0and 2(a-c—b-d)=0. That is,
(@ +6b) -r (c+dd) = 0.

Thus, y € C*7 and

ctcctr,

On the other hand, if y = ¢ + dd € C*7, for any a + 6b € C, and from Equation
(3.16),
(a+db) 7 (c+dd)=2(a-c—b-d)=0.

That is, a-c—b-d = 0. Since C*7 is linear over F 2, dy € C*7 and

(a+db)7(0y)=(a+0b)r(dc—d)=—-2(a-d+b-c)=0,
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ie,a-d+b-c=0. Then,
O=(a-c—b-d)+déa-d+b-c)=(a+b)-(c+dd).
and we obtain that y € C+. Thus

ct=Ctr.

The following result is a general version of the Theorem 3 of [14].

Theorem 3.5. Let q be a prime such that ¢ =3 (mod 4), C' C ]FZ2 be a linear code,
C*# the dual of C with respect to Hermitian inner product, and C*+7H the dual of C
with respect to the Trace Hermitian inner product. Then, C' is self-orthogonal with

respect to one of them if and only if it is self-orthogonal with respect to the other.

Proof. Let y = c+dd € C+# for all @+ db € C, from equation (3.17),
(a+6b) -y (c+dd)=(a-c+b-d)+db-c—a-d)=0.
Then, 2(a-c+b-d) =0. That is,
(a+db) -7 (c+0d) =0,

and we get that

CcHHoc e

On the other hand, if

y=c+odeCtra

for any a + 6b € C, from Equation (3.18) we obtain

0= (a+db) vy (c+0d)=2(a-c+b-d).



83
That is, a-c+b-d =0. Now, § y = 6 ¢ —d € C+7# because C is linear and
therefore C+7# is also linear. Then,

0= (a+db) vy (dy)=tr[(a+db) - (—d—dc)]=2(b-c—a-d),

ie,b-c—a-d=0. Thus, (a+0b) -y (c+dd)=(a-c+b-d)+6(b-c—a-d)=0,
and we get

Ctu = g,
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3.5 APPLICATIONS

Linear codes with few weights have applications in cryptography, association
schemes, designs, strongly regular graphs, finite group theory, finite geometries,
among other disciplines. For a comprehensive survey of two-weight codes, see [16],
and for three and few-weights codes see [17, 21, 22]. We use our GU code con-
struction to obtain two-weight, three-weight, and few-weights codes. Consequently,
we also give an elementary construction of the two-weight codes in Calderbank and
Kantor [16], of three-weight codes and few-weights codes given by Ding [22], and by
Tonchev and Jungnickel [17].
3.5.1 TWO-WEIGHT CODES FROM THE GO-UP CONSTRUCTION

Let Cy C F% be an [n, k, d]; linear code such that for alla # 0 € Cp, w(a) = wy.
That is, Cy has the following weight distribution: Ay = 1 and A, = 2F—1, i.e., O is
a one-weight code. The binary simplex code with parameters [2¥ — 1, k, 2¢71],
is an example of a code Cy, see Proposition 2.1.

We want to calculate A; = |{z € GU(2, Cy) : w(zx) =i} |. We know Ay = 1.
Now, calculating A, = | {a+ db € C | w(a + db) = wy} | we observe that for a # 0
the codewords of the form a + d0 € C' have weight wy, same for 0 4+ db with b # 0.

If a # 0, the codewords a + da also have weight w;. Therefore,
A, =34, =3(2F-1).

The other codewords have weight 3%, because, if @ # b and both are different

to zero, then
w(a+b) =w; =w(a)+w(b) — 2w(a *xb) = 2w; — 2w(a * b),

i.e., w(a*b) = % Thus,

w(a+5b)=w(a)+w(b)—w(a*b):2wl_%:%
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for all @ # 0, b # 0 and @ # b. Then

Asw, = 2% 34, —1

= 22 302" -1)-1

= 2% _2F _92(2%) +2
= 2F@2F —1)—2(2" - 1)

= Ay, (Ay, —1).

wi
PR

Remark: Since w(a * b) is an integer and we have obtained w(a * b) =
then w; is even. When Cj is the binary simplex code with £ > 3, GU(2, Cj) is
Euclidean self-orthogonal and GU(2, Cy)* = Cy + 6C5-.

Table 3-8 gives the weight distribution of GU(2, ().

~

i A;
0 1
w1 3Au,
B Au (Au, - 1)

Table 3—8: Weight Distribution of a Two-Weight Code over [Fy
Let Cy C F} be a one-weight code, i.e., for a € Gy \ {0}, w(a) = w; and
Ay, ={aeCy : wla)=w}|
Definition 3.3. Given Cy C Fy a linear code. We say that Cy has the property of
constant intersection if for any a, b in Cy \ {0} with b # \a and X € F;, we
have w(a x b) = I is a constant number, where a xb = (¢; -+ ¢,) and ¢; = a;b; if

and only if a; + b; = 0 with a; # 0 and b; # 0. Otherwise ¢; = 0.
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For example, when ¢ = 2 and Cj is the binary simplex code, I = <'. In general,
we have
Lemma 3.4. The simplex code Sy(q) with parameters [q:%ll, k, ¢"71] has the prop-

erty of constant intersection with I = “X = ¢*=2.
q

Proof. If a and b in Sy(q) are different nonzero elements with b = Aa for some

A € F; such that 1+ A # 0, then @ + b = (1 + \)a # 0 and
w(a+b) =w(a) =q"".

From this

w(a + 6b) =w(a) = ¢"

If14+X=0,a+b=0, but, since
w(a + db) = w(a +b) + w(a xb), (3.19)

we get that

w(a+0b) =0+ ¢ =g

Let @ and b be nonzero elements of Sy.(q) with b # Aa, A € F;. Let a; # 0,
bj # 0 be such that a; + b; = 0, Aa; + Ab; = 0 for any A € F;. Then, there exists
Pj = (115 -+ x1;) € PG(k — 1,q) where a; = x,j, bj = 1. Since for any A € F;
A P; generates the same one-dimensional subspace, we may take either a; = 1 and
bj=qg—1loraj=qg—1and b; =1. Ifeithera; =1 and b; =¢—1ora; =¢g—1 and
b; = 1, the other k — 2 entries of P; can take any value from F, i.e., we have ¢"~2
possible value for the other entries. We have each P;, taken as a representative of
the one-dimensional subspace of IF’; , appears one time as a column in the standard
generator matrix of Si(q), we get ¢*~2 points of the projective geometry such that
Zrj + 255 = 0. Thus,

w(a *b) =¢" 2
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Theorem 3.6. Let Cy C Fy be a one-weight linear code with the property of
constant intersection. Then, GU(2, Cy) is a linear two-weight code over Iy
and its weight distribution is given by Ay, = (q+1)Aw, and Ay, = Ay, (A, —q+1),

where Ay, = [{a € Cy : w(a) =w}|=q¢"—1.

Proof. Let a and b be linearly independent over F,, i.e., b ¢ {aa | o € F,}. Then,

from Equation (3.19),
w(a+db) =w(a+b)+w(axb) =w +1=w,.

In the case of Si(q), from Lemma 3.4,

qg+1

wy ="+ =g" g+ 1) = wy

for all ¢ > 2. We get (¢* — 1)(¢" — ¢) linearly independent sets of the form {a, b},

that is,

~

Aw2 = (qk - 1)(qk - q) = Aw1(Aw1 —q+ 1)

If the set {a, b} is linearly dependent over Fy, b € {aa | a € F }, then w(a+daa) =

wy. From this, GU(2, () is a two-weight linear code with

Awl = q%—Aw—l
= =" - -9 -1
— qk+1+qk_q_1
= ¢"(g+1) - (¢g+1)

= @+ 1" —1)=(q+1)A,,.
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3.5.2 AN ELEMENTARY CONSTRUCTION OF A CLASS OF TWO-
WEIGHT CODES WITH PARAMETERS OF (RT1) OF CALDER-
BANK AND KANTOR

As a consequence of Theorem 3.6, we derive the following infinite class of two-
weight linear codes that have the same parameters as the codes given by Calderbank
and Kantor [16]. To construct their class of two-weight codes RT'1, they use relatively
deep results from finite geometries. We derive our class as an immediate corollary.

Corollary 3.1. There exists a two-weight code over F 2 with parameters [qqk%ll, k", (q+
1)q*?]

Proof. Take Cy = Sk(q) in Theorem 3.6. O

As stated, the class of two-weight codes with the parameters of Corollary 3.1
are also obtained by Calderbank and Kantor in [16] from a construction they called
RT1. That construction uses some deep properties of finite projective geometry and
rank 3— permutation groups. We get the same parameters with the amalgamation
of the simplex code; our construction is much more elementary. It is possible that
the two-weight codes with these parameters are unique. In that case, the codes we
obtain can be equivalent to those obtained in [16].

Example 3.10. Let Cy = Si(2) C Fy be the binary k—dimensional simplex code
which is a code with parameters |28 — 1, k, 2*71]. We obtain, from Theorem 3.6,

Table 53-9 of two-weight codes over Fy.
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k| [2F -1, K, 21, Weight Distribution

2 13, 2, 24 Ag=1]A4A,=9 A3 =6

3117, 3, 44 Ag=1| A4, =21 Ag = 42

4 | [15, 4, 8], Ag=1| Ag =45 Ay =210

5 | [31, 5, 16]4 Ag=1| A =93 Agy =930

6 | [63, 6, 32, Ag=1| A3 =189 | Ay = 3906

7 | [127, 7, 64], Ag=11| Ags =381 | Agg = 16002

8 | [255, 8, 128], Ag=1| Ao =765 | Ay = 64770

9 | [511, 9, 256), Ag=1| Aysg = 1533 | Asgy = 260610
10 | [1023, 10, 512], | Ag =1 | Asy = 3069 | Azgs = 1045506

Table 3—9: Ezxzamples of two-weight codes over Fy
Example 3.11. Let Cy = S5(3) be the simplex code with parameters [4, 2, 3]. A

generator matriz is given by

1011
G —

011 2

Then S9(3) = {a(1011)+A0112)|a,\€Fs3} and its elements are shown
in Table 53-6.

We get that, for a,b € S5(3), w(a + 0b) € {3,4}, A3 = 32 and A, = 48.
Proposition 3.9. If Cy C Fy is a projective code, then GU(2, Cy) is a projective

code.

Proof. Let G be a generator matrix of Cy. Then no two columns of G are F,—dependent.
From Proposition 3.1 any two columns of G are F 2 —independent. Then GU(2, Cp)

is also a projective code. 0

Remark: If Cj is a constant weight and projective code, from Theorems 2.8

and 3.6 we get a projective (n,k,n —wy,n — %wl) set. If we take Cy = Sk(q), we
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get a projective set with parameters

qk_l " qk—l_l qk:—2_1
¢g—1""7 ¢—1" ¢—-1 )

3.5.3 GO-UP OF A TWO-WEIGHT CODES
Let Cy C Fy be an [n, k, d] linear code such that for all @ # 0 € Cy, either

w(a) = w; or w(a) = we. We take
Cu;, ={a € 0y |w(a) = w;},
where ¢ = 1, 2. Observe that
Co = {0} U Oy, U Cl,.

We suppose that wy and w; are even numbers with w; < ws. Then wy = wy + s for
some even number s.

a. Fora € Cy,, a+00, 0+ da and a+ da are elements of GU(2, Cy) with Hamming

weight w;. Then flwl > 3A,,. Butifa € C, and b € Cy,, w(a + Jb) > wy # w;.

If @ and b are elements of C,,, w(a + 0b) > wy # w;. Thus,
Ay, = 3A,,.

b. Fora € C,,, a+ 00, 0+ da and a+ da are elements of GU(2, Cj) with Hamming
weight wy. Then AwQ > 3Ay,.
c. Let a € C,, and b € C,, with a # b. Since a + b € Cy, either w(a + b) = w; or

w(a + b) = wq. In the first case,
w; = w(a + b) =w; +w; —2w(a xb).

That is, w(a * b) = %+. Then,

2

3
w(a+5b):2w1—%:ﬂ.
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If w(a + b) = ws, then
wy = 2wy — 2w(a * b),
ie., 2w(a*b) =w; — (we —wy) = w; — s and we obtain

— 3
w(a+§b):2w1—w12 S:%ng.

We observe that in this second case, we can have w(a x b) = 0. In this case,
wy = 2wy and w(a + db) = ws.

. Given a € Cy, and b € C,,, we have either w(a + b) = w; or w(a + b) = wy. If
w(a +b) = wy,

wy = wy + we — 2w(a x b),
ie., w(a*b)= %2 Then

Wa wy+s 3wy S
+0b) =w; +wy — — =wy + = —+ -
w(a ) = wy + wy 5 wy 5 5 5

In the second case,

wy = wy + we — 2w(a x b).
That is, w(a * b) = %* and we obtain

w w 3w
w(a+5b):w1+w2_71:w1+71+5271+8_

. If @ and b are elements of C,,, with @ # b, then either w(a+b) = w; or w(a+b) =
wy. In the first case,

wy = 2wy — 2w(a * b),
ie., w(ax*b) =% + s and then

3
w(a+(5b):2w1+23—%—3:%+s.

For the last case,

wy = 2wy — 2w(a * b),
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that is, w(a * b) = %2 Then

Wo 3w2
=92 - ==
w(a—i—éb) Wa 5 B

We have
Theorem 3.7. Let Cy C Fy be an [n, k, d] linear code with two weights wy and wo,

where both are even, with w; < wy and we = wy + s for some even number s. Then

for all a +0b € GU(2, Cy) \ {0},

3w, 3wy 3wy, s 3w
b 2 27
w(a+5 )6 {wh W3y, 9 5 2 5 9 +27 5 +S},

where

A

Ay, =3Ay,, and Ay, > 3A,,.

Remark: In the particular case when Cy C F} is the binary first order Reed-
Muller code R(1,m) with parameters [2™, m + 1, 2™71], which is a two-weight
code with w; = 2™~ and w, = 2™ = 2w, GU(2, Cy) C F2" is a three-weight

code and for all @ + 6b € GU(2, C)) \ {0},
w(a +6b) € {2m71, 2m~t 4 2mm2 omy

We observe that our construction permits us to get examples of a three-weight code
in an easier way comparing with the method used by K. Ding et al., in [22].
3.5.4 THREE-WEIGHT CODES FROM ANTIPODAL CODES
We get three-weight codes over F2 from the first-order generalized Reed-Muller
code over F,, R,(1,k), with parameters [¢*, k + 1, (¢ — 1)¢" '], see Theorem 2.7.
Foundation: Let C C Fy be an antipodal linear two-weight code and Cy C Fy

be the one-weight linear code generated by (M 0), see Theorem 2.6. Then,

C:COU<CL1+00)U"'U(CI/(1_1+00)
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witha; € C\Cpand 1 <i<q-—1,1ie., w(a;) =n.

We suppose that C' contains no codewords of full weight which are linearly inde-
pendent, ie., a; = A(1---1) = Al for some A € F;, where w(l---1) = n. We
get

C = Ujer, (A1 + Cp),

and for all @ € Cy \ {0} and for all A € F,
M+aeCy ={becC|wb) =w}
because otherwise, for some A € F; and some a € Cp \ {0}
M +ae€Cy,.

That is, \1+a = a1 for some a € F; and a = (a—A)1 € Cy,, which is not possible.

Now, for each A € F}, each & € Cj, from Equation (3.19),
n=w(@+oAl) =w(®+ A1) + w(x x A1),

ie, w(@x=*Al) =n—d. Then, |{i|z;=—-\, £ € Cy\{0}}| =n—d. In words,
we have each & € Cp \ {0} contains n — d times each A € F;. That is, d = w; =

(¢ - D)n —d), ic.
qd

n— ——

qg—1

1

and we get that (¢ — 1) | d. From Proposition 2.1, w; = r¢*~!, where r is the

replication number of Si(q), i.e., w; = ¢* (¢ — 1)w for some integer w > 1.

Since n = q‘i—dl, we obtain

9 k-1 k
= - —_ 1 pu— .
n = T4 (¢ —Dw = q¢"w

Thus, C'is a [¢*w, k+ 1, (¢ — 1)¢* *w] code, see Theorem 2.7.

We apply our construction to the linear code C' with parameters [¢F, k+1, (q—

g1,
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Since z € Cp \ {0} contains n — d times each A € F;, the number of zero

k=1 —n —d, ie., x # 0 contains n — d times each

coordinates is ¢* — (¢ —1)¢* 1 = ¢
element of F,. We observe that given a € Si(q) \ {0} and F; = {1,p1,---, pg—2},
if a; # 0 then F} = {a;, pras,- -+ , pg—20;}. Therefore, from Proposition 2.1, we can
write

z=(apa - pg2a0),
where a € Si(q) \ {0}. That is, given y € C, there is A € F, and b € Si(q), such
that

y=A1+(bpb - p,_2b0).

Theorem 3.8. Let C' C Fy be a (", k+1, (¢ — 1)¢* Y] antipodal linear two-
weight code that contains no linearly independent codewords of full weight. Then,
GU(2, C) is a three-weight code, where w, = d = (¢ — 1)¢*™!, wy = &qlwl, and

W3 = N.

Proof. Given x, y € C, from Lemma 3.1,

x+oy=(19)
yl e yn

and

w+dy)=n—{i|x;,=0=uy}|

Since Cy = {(a p1a -+ p,—2a 0) | a € Sk(q)},
C:{/\1+33 | /\EFq, wecO}:U)\(/\l—FCo).

Let * = a1l + (a p1a -+ pg2a 0) and y = A1+ (b p1b --- p,_2b 0), where
a, b e Si(¢) \ {0} and {a, b} is a linearly independent set over F,. We want to

calculate |{i: | z; =0=y;}|.
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Since {a, b} is alinearly independent set, (a p1a --- p,—2a 0) and (b p1b --- p,_2b 0)
are two linearly independent elements of Cj, we can take them as the first two rows
of a generator matrix of Cj. We set the elements of the column j of the form
(—a —Xesj - cry) € Fiowhere (c3; -+ c;) € Fi?. We obtain ¢*~* such

columns, ie., [{i: |z; =0=y;}|=¢"% Then

1
w(x+oy)=n—q¢ %= %(q —1)¢" . (3.20)
On the other hand, let = al + (a p1a --- p;2a 0) and y = A1 +

(b p1b -+ pg2b 0), with @ # 0, b # 0, and {a, b} linearly dependent. Let

b =ra, for some r € F;. If A =ra, i.e., y = rx then
w(z +0y) =w(@) =w = (¢ —1)¢" "
If A # ra, when x; = 0, y; # 0, then
w(x + dy) = n.

We observe that w(al+dy) = n = w(xz+0A1) foralla, A € F; and forallz, y € C.

Therefore, for all ¢, y € C

1
w(x +dy) € {O, wy, 4+ wy, n}
q

Corollary 3.2. The weight distribution of GU(2, C) is

~

Awl = (q + 1)Aw17

sz = Awl (Aw1 - QQ + q)v

and

~

ATL = (q2 - 1)<Aw1 + 1)7
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where A, = [{x € C |w(x) =w}]|=q¢" —q.

Proof. Since C' = Uy\(A1 + Cp), we get
GU(Q, C) = Uj, a(Oé]. + Cy + 5(/\1 + CO))

Let x =al+(a pia - ps2a0)and y = A1+ (b p1b --- p,_2b 0) be two elements
in C such that @, b € S,(¢) \ {0} and {a, b} is a linearly independent set over F,,
ie,b¢ {0, a, pra, ---, p,2a}. Then, the number of codewords y is ¢* — ¢ for a
fixed A € F,. The number of codewords x is ¢* — 1 for a fixed «, and from Equation
(3.20), w(x + d0y) = wy. Therefore, (¢ — 1)(¢* — q) codewords for each \. That is,

we obtain

a(¢" = 1)(¢" ~ q) (3.21)
codewords of weight ws for a fixed a. Thus, for any o and any A,

~

Aw, =qlald" = )" =)l = (" = ) (" = *) = A, (Aw, — @ +q). (3.22)

On the other hand, observe that for any A € F; and for all € C, w(z+0A1) =
n, which gives ¢**'(¢ — 1) codewords of weight n. Now, for any \ € [ and for all
x € C\ {\1}, again w(Al + dx) = n, from which we get (¢ — 1)(¢**! — (¢ — 1))
codewords of weight n.

If we take = al + (a p1a -+ p;2a 0), y = ANa pra --- p,—oa 0) with
a # 0 and )\ # 0, we know w(x + dy) = n. Then we obtain (¢ — 1)[(¢ — 1)(¢* — 1)]
codewords of weight n, we get the same number taking * = A(a p1a --- p;_2a 0)
and y =al + (a pra -+ p;—2a0).

When ¢ = al + (a pra -+ p;—2a 0) with a # 0 and a # 0, y = al +
Ma pia -+ py2a 0) with A # 0 and X\ # 1, we have (¢ — 1)[(¢ — 2)(¢" — 1)]
codewords of weight n.

Finally, taking ¢ = al+(a p1a --- p,—2a 0) and y = \14+r(a p1a --- p;_2a 0)
with a, r, A € F;, A # a, A # ra, ie, y # rx and  # 0, we get w(x + Jy) =
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n, which gives us (¢ — 1)(¢ — 2) codewords, for fixed A and a. Then, we get

(= D)l(a = 2)[(q = 2)(¢" = D]I.

Thus, letting A = ¢* — 1, we have

A

An = (=1 +(g=1) (" — g+ 1)+2(¢—1)*A+(g—1) (¢—2) A+(g—1)(¢—2)*A.

That is,
Ay = (* = 1)(Ay, +1). (3.23)
Therefore,
Ay, =2 —1- A, — Ay, = (¢ + 1)A,,. (3.24)
Equations (3.22), (3.23) and (3.24) prove the corollary. O

Now, we take C as the r—fold replication of the two-weight linear code in

Theorem 3.8. If y € C \ {0}, then there exists € C'\ {0} such that

y=(rxox - a,_1x).

Since

w(z) € {w1 = (q—1)g" " wy = q ‘g 1w1,w3 _ qk} ’
we get

wiy) € {wl =r(g—1)¢" " wy = qur 1w1,w3 = qu} :
That is,

Theorem 3.9. Let C' C F} be a [rd*, k+1, r(q¢ — 1)¢"] antipodal linear two-
weight code that contains no linearly independent codewords of full weight. Then,

GU(2, C) is a three-weight code, where wy = d = r(q — 1)¢" ', wy = “w, and

_T
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Example 3.12a. Taking the binary case, C' = R(1,2), and GU(2, R(1,2)) has

43 = 64 codewords with the following weight distribution.:

~

Ag =1,

Ay =6+2x6=3x6=3(2°—2) = 3A,,
Ap =1+8+42x6=3x6+3=3(2"—2)+3=234,+3,

Az =6x4=(2°—2)(2° —4) = Ay(4, — 2).

We observe that 3 = 2%~ 4 2272,
b. Taking k = 3, computing the 4* = 256 codewords of GU(2, R(1,3) we get the

following weight distribution:

~

Ag =1,
Ap =42 = (2" —2) x 24+ (2 — 2) = 24, + Ay = 3Ay,
Ap=45=(2"—2) x 242" +1=(2" —2) x 242" =243 =342 + 3,

Ag =168 = (21 —2)(2' —4) = (2 = 2)(2' =2 —2) = Ap(Ap — 2),

where 6 = 2371 4+ 2372,
. In general, GU(2, R(1,k)) has 4**1 codewords and, from Corollary 3.2, its weight

o

distribution is given by Table 3-10.

w Aw

0 1

3 3An = 3(28" - 2)

| A4y —2) = (2 -2 )
n 3(Az + 1) =3(2"! — 1)

Table 3—10: Weight Distribution of GU(2, R(1,k))
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Theorem 3.10. Using the notation of the Theorem 3.8, GU(C, Cy) is an additive

three-weight code with

qg+1

w1=(q—1)qk_la Wy = Wi, w3=n:qk

and its weight distribution is

A, = 244,. Ay, = gAwl (Auy — @+ q) s Auy = (@ — 1)(Au, + 1),

k+1

where Ay, = ¢" 7" —q.

Proof. Since
C={al+=zx|aclF, xcC} = Ur,(al+ Cp)

we have
GU(C, Co) = Ua(Oé]_ + Co + 500)
From Theorem 3.8, GU(C, Cy) is a three-weight additive code, with

g+

wy = (q — 1)qk_1, Wa Wi, W3 ="n= qk.

From Equation (3.21),

A

1
Ay, = q(qg—1)(¢" —q) = &Awl(Awl — ¢ +q).

On the other hand, let {a,b} C Sk(q) \ {0} be a linearly dependent set over Fy,
i.e., b = Aa for some A € F;. Then, for z = al + (a pra --- p;2a 0) € C and

y=AXapa - p;2a0) e Cph, we have
w(x+dy) =n

and we get (¢* —1)(g—1) codewords for a fixed a, i.e., we obtain (¢—1)(¢*—1)(¢—1)

codewords with weight n. In addition, when a = 0, w(al + dy) = n, this gives
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(¢ — 1)¢* codewords. That is,

Ayy = (@ = 1)(¢" = 1)(g—1)+ (¢ —1)¢" = (g — 1)(Au, +1).

Thus,

~

Awl = q%Jrl —1—- fle — Ay, = 2(qlerl —q).
]

Example 3.13. Taking ¢ = 2, Cy = {(a 0) | a € Sx(2)}. Then GU(R(1,k),Co)
is an additive three-weight code, with wy = 2871, w,y = %wl, and wy =n = 2*. Its
weight distribution is Ay, = 2A,,, Ay, = $ A, (Aw, —2), and Ay, = Ay, +1, where
Ay, =261 -2,

From Theorem 2.6, we can write R(1,k) = Cy U (14 Cy). Then

We know, for any nonzero x € GU(Cy, Cy), w(x) € {2’“*1, 2k—1 4 2’“*2}, see The-
orem 3.6.
On the other hand, let =1+ (a 0) € 1+ Cy andy = (b 0) € Cy. If {a,b} is

a linearly independent set, from Equation (3.20),
(JJ($ + 5y) =n — 2k—2 — 2k—1 + 2k’—2‘

But, if {a, b} is a linearly dependent set, we have
e Ifa="b, thenw(1l+ (a0)+d(a0))=n=2"
e [fa=0andb+#0, then w(l1+4§(b0))=n=2"
e Ifa+#0 and b=0, then w(1+ (a 0) +60) = 2+,
Therefore, for any nonzero x, y in GU(R(L, k), Cy),

W(w+5y) c {2]671,2]671 +2k72’2k}
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Considering Equation (3.25) and when {a,b} C Sk(2) is a linearly independent or
not, we get that A, = 2(251—2), A, = L(281 —2)(2"1 —4), and A,,, = 2" —1.

An observation: We note that taking £ = 3 we obtain the optimal parameters
of the quaternary additive code of length 8, i.e., the additive code GU(R(1,3), Cp)

has parameters [23, 27 2%], see Table 1 in [8] .



CHAPTER 4
QUANTUM CODES FROM THE GO-UP
CONSTRUCTION

In this chapter we present a relation between our construction and quantum
stabilizer codes. In the first section, given a code over F, that is Euclidean self-
orthogonal, we get a quantum stabilizer code. See Proposition 4.1, Theorem 4.1
and their applications. In these theorems, our choice of Euclidean duality is impor-
tant. In Section 4.2 we show that for an amalgamated code C in F 42+ Buclidean
duality is the same as the trace-alternating duality considered in [31]. We use this
result to construct nonbinary additive stabilizer codes using Euclidean duality and
Frobenius invariant codes, see Theorem 4.2. We give another way to construct g-ary
QECC. Calderbankd and Shor [14] obtain QECC from binary quantum codes by
showing that under their conditions, Hermitian and Trace Hermitian inner products
are equivalent. Using our Go-Up construction, we are able to obtain the same
equivalence of these inner products for ¢g-ary codes when ¢ is a prime such that
g = 3 (mod 4), using Theorem 3.5. Therefore, with our Go-Up construction, we
can obtain g-ary QECC.

4.1 A REFORMULATION OF BINARY STABILIZER CODES AND
NEW CONSTRUCTIONS OF QUANTUM ERROR-CORRECTING
CODES FROM THE GO-UP CONSTRUCTION

We recall a postulate of quantum physics which states that quantum evolution
is unitary, that is, if we have some arbitrary quantum operator U that takes as input
state |u > and output a different state U|u >, then we may describe U as a unitary

operator, see Definition 2.10.

102
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We define
En={i"w ® - Q@uy|w; € {I,04,0,,0,},7 €Ly},

a subgroup of the unitary group U(2"), &, is the tensor product of all possible qubit
errors, that is, &, describes a set of discrete errors in n qubits.

Since w; € {I,0,,0,,0,} and r € Zy, |§,| = 4 x 4" = 2*"*2 The center of
& is Z(&,) = {i"I|r € Zy}, hence |Z(&,)| = 4. Taking &, = &,/Z(&,), we have
|€n| = 227+2 /4 = 22", Indeed we have

&y

via identification
I+ (00) o, <> (10)
o, < (01) o, <> (11),

where multiplication of matrices in &, corresponds to the addition of vectors in F3".
That is, &, is an abelian group of order 22" and therefore a binary vector space.

Observe that to each element of &, corresponds a vector a + éb € F} and two
such vectors = a + db and y = ¢ + dd come from commutative operators if and
only if ¢ -rgy =a-d+ b-c =0, see Proposition 2.5 and Equation (3.14).

Example 4.1a. Takingn =1, let & = {i"w|w € {I,0,,0,,0,},7 € Zy}.

0x0, = = = —1 = —i0y

that s,

0,0, = 0y

in &, and we can see using the identification that

(10) + (01) = (11).
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b. Taking n =2, let & = {i"wy @ we|w; € {I,0,,0,,0,},1 € L4}

0 0 0 —i 0O 0 1 0 07 00
0 0 2 O 0 0 0 -1 ¢t 000
(0, ®0y)(0, ®02) = =
0 —i 0 O 10 0 0 000 ¢
¢t 0 0 O 0 -1 0 0 00 ¢ 0
That is,
0100
11000 _
(0, @ 0y)(0, @0,) =1 =il ®o,).
0001
0010
Then,

(0, @0y)(0, @0,) =1® 0,

in & and we observe that by identification we get
(1011)4+(1001)=(0010).

Definition 4.1. Given S = {E =i"U,Vp € &, | a+ 0b € F}, r € Z4}, the central-

izer of S in &, with respect to the Trace Hermitian inner product is defined by
Strn =B, =i"UVg€ &, |c+ddeF}, ri€Zyanda-d=>b-c}

the subset of all unitary operators in &, which commute with all the elements of S.
Now, we are going to show a fruitful relation between binary quantum stabilizer

codes and our Go-Up construction.

Proposition 4.1. Let Cy C F§ be an [n, k, d] Euclidean self-orthogonal linear

code. Then, C = GU(2, Cy) C F} is Euclidean self-orthogonal and we get an

[[n, n—2k,d]]a quantum stabilizer code, where d is the Hamming minimum weight

Ode' \ C().
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Proof. For any two elements from
S = {E = irUaVb ‘ a + ob € GU(Q, Co), re Z4}
E =1i"UyVp and Ey = i"U. Vg, from Equations (2.6), (2.7) and (2.8), we have

EE v >= Ei" (= 1)*|v + ¢ >= " (=1)dVPViPely L ¢ a>

and
E\Elv >= "t (=1)bvtdviday 4 5 1 ¢ >
Then,
EEl == ElE
when

d-v+b-v+b:-c=b:-v+d-v+a-d

for any |v >, that is, when

a-d=b-c.

Since Cy C Cy,

a-d=0=Db-c,

and we have proven that the operators E and F; commute.

We observe that EE |[v >=i"7"1(—1)Brdvibely a1+ c >= iUy Voralv >,
because b-c¢ = 0, where s = r +r; € Zy, then EE;, € S. Since E~! = i "U, V%,
E-' € Sand E = UyVp € S is the identity element, we get that S is an abelian
subgroup of &, such that S = GU(2, Cy) C F} has 22 = 27~("=2) codewords and
it is an Euclidean self-orthogonal linear code by Proposition 3.5.

Now, from Proposition 3.7, we can take

St = {g=i"UVh € &la+ b € Cf +0C7}
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where for any g = i"U,Vj and g; = i"'UgVy in S*t7#
ggi[v >= "t (= 1)Vl e pa s= (1)UL Viralv >

Ifb-ciseven, (—1)>¢=1and gg; € S*7#. If b-¢ is odd number, (—1)?¢ = —1 =%
and again gg; € S*7#. That is, St7# is the subgroup of &, such that for all g € S*+7#

and any E € S, gFE = Eg. Since C C C*+, S C St7#. We take
S = ot 50t =0+

having 27 ~%2n—% = 227=2F yectors over [Fy.
Now, we take Cj + 6Cy \ Co + 0Cy = {a + b € Ci- + 6Cy|a, b € Cy- \ Co}.
We know
w(a + 0b) = w(a) + w(b) —w(ax*b),

where axb = (¢; --- ¢,) is such that ¢; = 1 if and only if a; = b; = 1.

If d = dist(Cy \ Cp), for all @+ db € C*\ C, we have w(a + db) > d, i.e., there
is no word v € O+ \ C such that w(v) < d. Thus, from Theorem 2.16, we get an
[[n, n — 2k, d]], linear quantum code.

]

Observe that in Proposition 4.1 we are using Theorem 2.16, where C' C
F} is self-orthogonal with respect to the Trace Hermitian inner product, but we
can take C' = GU(2, Cy) C F} being Euclidean self-orthogonal because of
Proposition 3.7.
Theorem 4.1. Let C C F} be an [n, k, d)y Euclidean self-orthogonal linear code
such that C* C C. Then, C yields an [[n, n — 2k, > d*]]s quantum stabilizer code

that is pure to d.

Proof. Let Cj be the sub-field sub-code of C. Letting ¢ = 2, from Lemma 3.2,

C =GU(2, C),
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and from Proposition 3.5,

Ct =GU(2, C).

Since C' C C*, C is Euclidean self-orthogonal and dist(C+\ C) > dist(C+) = d+,

now we apply Proposition 4.1. ]

a. We have a quantum stabilizer code mapping n — 2k qubits to n qubits. From this,

n — 2k > 0, that is,

3|
IA

1
2
i.e., the rate of the linear code Cy, R, is R < %

Example 4.2. If Cy = R(1,m) is the first-order Reed-Muller code of parameters
2™ m + 1, 271, we have Cy is self-orthogonal because Cy = R(m — 2,m), Cy-

has parameters [2™, 2™ —m — 1, 4], and ”;—j,;l < % for all m > 3. That is,
1
RR(I,m) < 5 Vm > 3.

Thus, from the first-order Reed-Muller code, Cy = R(1,m), we obtain the binary
quantum code with parameters [[2™, 2™ — 2m — 2, 4]]s. We obtain d = 4 because
d = dist(C3- \ Cy) = dist(Cy) = 4, for all m > 3. Since the parameters satisfy the
quantum Singleton bound

2d—1)<n—k.

In this case, n — k = 2m + 2, that is,
4 <m+2.

For m = 3, we obtain [[8, 0, 4]]2 from the Euclidean self-dual binary code Cy =
R(1,3). Another form to see that d = 4, when m = 3, is because d < 5 and it

15 known that, except for trivial codes, codes with d < 2, there are only two binary

quantum MDS codes, [[5,1,3]]2 and [[6,0,4]]s. See Theorem 24 from [14].
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We observe that we are using the Fuclidean inner product in contrast with the
seminal work [1]] where they use the Trace Hermitian inner product.
Example 4.3. Consider Hy(2), the binary Hamming code with parameters [2F —
1, 2*~1—k, 3], and Cy as its dual with parameters 28 —1, k, 2871, i.e., Cy = Si(2)
the binary simplex code of dimension k. Since the columns of a parity check matriz
for a binary Hamming code consist of all possible nonzero binary words of length k,

that is, all the elements of F5 \ {0}, because Si(2) is a projective code; we can take

a a primitive element of For and such parity check matriz is given by
H=1[a*72 " a1

changing the order if necessary. Then

2k —2 2k —2
=Y @)= (% o
=0 i=0
2k—2
because the characteristic is 2. But Z o' = 0 because 0 = o — a = aa —
=0

D(a? 2+ -+ a+1) witha#0 and a« — 1 # 0, in our case p = 2. Thus,
HH' =0 (4.1)

and since H is a generator matriz of Sk(2), the binary simplex code of dimension k

is Fuclidean self-orthogonal with rate Qkk_l < % for all k > 3. That is,

1
RCOSQ Vk‘Z?)

and since dist(Hy(2) \ Sg(2)) = 3, we obtain a binary stabilizer code of parameters
[2F — 1, 28 — 1 — 2k, 3]]. These parameters satisfy the quantum Singleton bound,
i.€.,

3—1< (2" —1—(2"—1-2k) =k

1
2
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For the particular case k = 3, consider Cy- as the binary Hamming code of
parameters [7, 4, 3]. We know Cy C Ci-. If we take a parity check matriz of Cy-

given by
0111100

H=11011010 |,
1 101001
then Cy = {c = (a1 az a3)H | a; € Fy} = S3(2).

Thus, we obtain the linear quantum code with parameters [[7, 1, 3]] which maps
7—2(3) =1 qubits into 7 qubits, see [15].

An observation: Consider the Goppa code I'(L, g(x)) with parameters [n, k >
n—mt, d. Since k>n—mt, £>1-m IfE <1 m <1 that is, 2mt > n.
Thus, if Rr(z,g(2)) < % then 2mt > n, or equivalent if 2mt < n, then Rp(r g(x)) > %
Corollary 4.1. We take h(z) = 2*, L = {1,a,-+ ,a" '} C Fom, where a € Fom
and ord(a) = n. Ift < 5, then we will obtain a linear quantum code with parameters

[[n, n — 2kp, w01, d]la, where d = dist(T(L, ') \ T'(L, z*)").

Proof. A parity check matrix of T'(L, h(x)) is given by

1 ol g2t-D ... -1

1 at=2 20t-2) ... H@-1(E-2) h_l(l) 0
H—

1 « a? an! 0 h=t(a™ 1)
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Then,
1 a_l 05_2 e a_(n_l)
1 0472 Oé74 L. a72(n71)
H =
1 at o2 ... a—(n—l)t
and

(HH"i; = b7 (DA 1)+ (@)a’h ™ (@)a?+- - +h~ (" Ha ! (@ Hal

ie, (HHY); =1+ a ) 4 (a=H)2 ... 4 (o~ H))n=1 where 2 < i+ j < 2t.

Since t < 2, a~ ("9 21 and
(HEH'); = (o) = 1) (@ )~ 1) =0
Thus, HH! = 0 and
(L, 2" c T(L,2Y).
Taking
d = dist(T(L,z") \ T'(L, 2")")
and Cy = T'(L,2')*, we get the stabilizer group C = GU(2, Cy) which permits us

to construct a linear quantum code with parameters [[n, n — 2kp(g )1, d]o.

Now we consider different codes.
Proposition 4.2. Let Cy C F§ be an [n, k, d] Euclidean self-orthogonal linear
code. The additive code C = Cy + 6Cy C F% is self-dual with respect to the Trace

Hermitian inner product and we get a pure [[n, 0, d]]s quantum stabilizer code.

Proof. We define

S={E=iUVp € &la+6b € Cy+6Cy, 1 € Ly}
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which has |Cy + 6Cy | = 2F2"7% = 2" elements. For E = i"U,V;, and E; = i"U.Vy

in S, we have
EE v >= i (=1)Prdvibeiy 4 a4 e >= iUy Viralv >
and
E Elv >= "t (=1)Prdviadiy 4 g 4 ¢ >= iUy Vipia|v >= EE v > .

Since EFE; € S and E~! = i7"U,V4 € S, we get that S is an abelian subgroup of &,
and S = Cy 4+ 6C+ = C.
Since Cy C Cy, C*7i = Cj + 6Cy- = C and we apply the Theorem 2.16 wtih

k =0 to get a single quantum state pure code with parameters [[n, 0, d]|s. O

Example 4.4. From Ezample 3.9 we have the additive code C = Si(2) + 0 Hy(2).
Then we get a single quantum state code with parameters [[2F — 1, 0, 2~71]],.

An observation: This is the same result as the one obtained in T"heorem 9
from the seminal work [14], by taking C} = Cy = Cy. However, there, they use a
normal basis {9, §°} of F, over Fy, while here we use a polynomial basis {1, d},
where 62 = § + 1.

Proposition 4.3. Given Cy an [n, ko, dolz code and Cy an [n, ki, di]s code such
that Coy C Ci, we get an [[n, n — (ko + k1), d]]a quantum stabilizer code, with
d = dist {GU(CT, Ci) \ GU(Cy, C1) }.

Proof. We define
S = {E =7"U,Vp € £n\a+ ob € Co + 5C1, re Z4} .

That is, S = Cy + 6C;. For any two elements of S, E = i"U,Vy and By = i UVy

we have

EE\|v >= Ei"(-1)¥V|v + ¢ >= " (=1)dvPvibey L c 4 a >
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and
E\Elv >= it (=1)bvrdviday 1 5 1 ¢ > .
Then,
FE, = FE
when

d-v+b-v+b:-c=b:-v4+d-v+a-d

for any |v >, that is, when

a-d=b-c.

Since Cy C C{,
a-d=0=b-c
and we have proven that the operators £ and F; commute and S C Sl
We observe that EE |[v >= "1 (—1)b+dvibely 4 a4 ¢ >= iU, Vhralv >,
because b-c = 0, where s = r +r; € Zy, then EE; € S. Since E~! = i "U, W,
E~l € Sand E = UyVp € S is the identity element, we get that S is an abelian
subgroup of &,.

In this case we take
St = {g=1i"UsVs € &a+db € CF +6Cy ).

Since ko = dim(Cp) and k; = dim(C}), we get that [S| = 2koFk = gn—(n—ko—k1)

But
Ci-+6Cy \Co+6C1 ={a+dbeCl+0Cy |aeCi-\Cy, be Cy\ Ci}.

Then, d = min {dist(C{-\ Cy), dist(Cy\ C1)} = dist(Ci-+6Cy\ Co+6C,). Thus,

by Theorem 2.16 , we get an [[n, n — (ko + k1), d]]2 additive quantum code.
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Example 4.5. From Example 3.5 we have the additive code C' = GU(Cy, C), where
Cy is the repetition code with parameters [2™, 1, 2™] and Cy the first-order Reed-
Muller code with parameters [2™, m + 1, 271, Since Cy C C, C C{, we get a

(2™, 2™ —m — 2, d]], additive quantum code.

4.2 NON-BINARY STABILIZER CODES
Given a, b, c and d in F7, let € = aa; + bay and y = ca; +day in FZQ where

{1, as} is a basis of F 2 over F, and the matrix

Q1 Qg
A=

q

q
a1 Oy

is such that det(A) = ajad — afay # 0.

Then,
x-y? = (aa; + bay) - (ale+ add) = ajafa - ¢+ ajaia - d + azafb - ¢+ azalb - d
and

x? -y = (aaf +bad) - (cay + day) = ajafa - ¢+ afasa - d+ analdb - ¢ + axadb - d.

That is,
Ly9 - x4 .d—b- R
Xy y _(a tq:)(ozl;%z i) _ o be

We define,

X b (T ZTY) g d—b- o) (4.2)

x = tr =tr(a-d—>b-c). :
Y apad — alay
Then, x xx = 0.

Since tr is linear over F, and —1 € F, we get that x xy = —(y xx). For r € F,,

(rx) xy = r(x*y) by linearity of tr and for z = vay + way € Fy, we have

(x+z)xy=xXxxy+zxxX and xx(y*x2z) =X*xy + X x2.
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Therefore, “x” is an alternating and bilinear form over I, i.e., it is a sympletic
inner product.

Observe that for ¢ = p, a prime number,
Xxy=a-d—b-c

which corresponds, for p = 2, to Equation (3.14), the symplectic inner product
obtained in [14].

Y

Observe that x xy = —(x %, y), where “x,” is given by Equation (2.17), see [31].
Therefore, given any basis of Fp over Fy, x L, y if and only if x 1, y, and
according to Equation (3.5), if IF, has characteristic 2 and « Ly y, then x L, y.
That is, if C' C IFZQ is an additive code such that C' C C*+# then C' C C*+.

In particular, for a polynomial basis of F2 over F,, {1, ¢}, given x = a + db

andy:c—i—édinIE‘g2
X.yq_Xq.y
01 —9 '

Proposition 4.4. Let I, be a finite field of characteristic 2. Take two differ-

x*y:tr(

ent linear codes over F,, Cy and Ci, such that Cy C Cy. Then, the additive
code GU(Cy, Ci") yields an [[n, ki — ko, d]], quantum stabilizer code with d =

dist(GU(Cy, C) \ GU(Cy, C1H)).

Proof. From Lemma 3.1, C' = GU(Cy, C{) is an additive and nonlinear code over

F,2. From Theorem 3.4,
C c ¢ = GU(CY, Cy),

and from Equation (4.2)

crrnc O

Observe that [C| = ¢"~"~*). Then, we define the stabilizer group as S = { Eqp € &, | a + 6b € GU

and we apply Theorem 2.17. O]



115

Lemma 4.1. Let Cy € Fy be an Fuclidean self-orthogonal code. Then, the trace-

alternating duality for C = GU(2, Cy) is the same as Fuclidean duality.

Proof. If we take Cy C F and Cy C F} such that Cy C Cf, where Cf is the
Euclidean dual of C4, then Cy + 6Cy C (Cp + 6Cy)™ = (Cy + 6C1)**e. Because in
this case a -d = 0 = b - ¢. Therefore, C' = Cy + 0 is self-orthogonal with respect
to the form . In particular, if Cy = (', that is, Cy is Euclidean-self-orthogonal, the

linear code GU(2, C)) is *—self-orthogonal and
GU(2, Co)™ = GU(2, Cy) = GU(2, Cy)*.

This follows by taking y = ca; + das € GU(2, Ci), for any x = aa; + bay €
GU(2, Cy),
xxy=tr(a-d—b-c)=1tr(0—0) =0.
Thus,
GU(2, Cy) Cc GU(2, Cy)*.

But |GU(2, Cy)| = ¢** %0 = |GU(2, Cp)**|. Then,
GU(2, Co)te = GU(2, Co)™ = GU(2, Cy)™*.

Therefore, we just need to establish classical Euclidean duality for our construc-

tion and work with classical self-orthogonal codes. O]

Similar to Theorem 4.1, we can get
Theorem 4.2. Let C' C IFZQ be an [n, k, d| Euclidean, i.e., classical self-orthogonal
code, that is Frobenius invariant. Then, C yields an [[n, n — 2k, > d*]], quantum

stabilizer code that is pure to d.

Proof. Let C C FZQ be a linear code and Cj its sub-field sub-code over F,. From
Lemma 3.1,

GU(2, Cy) = {a+db|a, be Cy}
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is a linear code over Fy.. From Theorem 3.1 and taking m = 2, we get

From Proposition 3.5 and Lemma 4.1, C' C C*+ = GU(2, Cp)* = GU(2, Cy) =
C++ and, applying Theorem 2.17, we obtain an [[n, n — 2k, > d*]], quantum

stabilizer code. O

Remark: Theorem 4.1 and Theorem 4.2 are important because, using them,
we do not need to verify alternating or Hermitian self-orthogonality of the code C' to
construct quantum stabilizer codes, see Corollary 19 in [31], we just need to begin
with classical self-orthogonal, i.e., Euclidean self-orthogonal codes. There are many

classes of codes that are classically self-orthogonal.

4.3 OPEN PROBLEMS AND FUTURE DIRECTIONS
We have shown applications of our GU construction considering two linear
codes, that is, we have studied the additive or linear code GU(Cy, C;). Therefore,
our first aim is to study the code GU(Cy, Cy, - -+, Cp—1) when m > 3. For example,
we know from Lemma 3.1 that GU(Cy, Cy, - - - , C,,_1) is an additive nonlinear code
when any two of the linear codes C;, 0 < i < m — 1, are different. Then,
e Can we find an explicit formula for the weight distribution of such additive code
when m > 3, as we found for m = 27
e Can we find optimal additive or linear code when m > 3 as we got with m = 27
e How to use our two-weight and three-weight codes with secret sharing schemes,
along the lines of [2, 22, 46].7
e Construct strongly regular graphs from our two-weight codes.
e Establish whether our two-weight codes constructed via the generalized Simplex
codes and GU construction are equivalent to the RT1 codes of Calderbank and

Kantor [16].
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e When is the additive code GU(Cy, Cy, -+ ,C,,—1) a few-weight code, given that
the linear codes C; have few weights, such as the simplex code or the first order
Reed-Muller code.?

e If m > 3, under what conditions is the additive GU(Cy, Cy, -+ ,Cp,—1) code self-
orthogonal.?

In C'hapter 4 we gave an application of the GU codes to construct quantum
stabilizer codes using Euclidean self-orthogonality. With respect to our quantum
codes, we want to study quantum maximum distance separable codes (QM DS);

that is, a quantum code [[n, k, dJ], satisfying

From [26], we have the following interesting questions:

e Can we construct QM DS code [[¢* + 1, ¢* + 1 — 2d, d]], for ¢ even?

e Are there QM DS codes that are not related to classical M DS codes?

e Prove, disprove, or refine the QM DS conjecture, which is: The length of any
QMDS code [[n, k,d]], with d > 3 is bounded by n < ¢* + 1, with the exception
of [[¢* +2,¢* — 4,4]], for ¢ = 2™, when n < ¢* + 2.

We are also interested in:

e Construct QECC from separable and non-separable Goppa codes.

In the thesis, I have partial results on the minimum distance. We would like to
improve these results and also prove results on the dimension.

e Study Shor’s factorization algorithm (1994). (Shor’s algorithm could be used to

break public-key cryptography schemes, such as the widely used RSA scheme.)
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