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Abstract

This paper presents an extension of mathematical static model to dynamic problems of micropo-
lar elastic plates, recently developed by the authors. The dynamic model is based on the generali-
zation of Hellinger-Prange-Reissner (HPR) variational principle for the linearized micropolar (Cos-
serat) elastodynamics. The vibration model incorporates high accuracy assumptions of the mi-
cropolar plate deformation. The computations predict additional natural frequencies, related with
the material microstructure. These results are consistent with the size-effect principle known from
the micropolar plate deformation. The classic Mindlin-Reissner plate resonance frequencies appear
as a limiting case for homogeneous materials with no microstructure.
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1. Introduction

Classical theory of elasticity ignores the size effects of the particles and their mutual rotational interactions, thus
considering the material particles to have only three degrees of freedom that represent their macrodisplacements.
The stress tensor is symmetric and the surface loads are assumed to be solely determined by the force vector.
Classical theory of elasticity is widely used in engineering and is successfully applied under small deformations
to such linear elastic materials as stainless steel, concrete, plastic, aluminium, etc. Many modern engineering
materials, however, contain fibers, grains, pores or macromolecules, which in turn make them exhibit the defor-
mation that cannot be adequately described by the classical elasticity (see, for example, the studies of a low-
density polymeric foam in [1] [2]). The microstructure of the body also has an impact on the elastic vibrations
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with high frequencies and short wavelengths. The dynamic problems describe the appearance of the new types
of waves that are not predicted by the classical elasticity [3]. Micropolar theory of elasticity describes the
deformation of the materials with internal microstructure. The material particles have six degrees of freedom
(macrodisplacements and microrotations) and the surface loads are assured by the force and moment vectors.
This assumption leads to the introduction of the couple stress tensor and the asymmetry of the stress tensor. The
examples of the materials that consider micropolar and exhibit nonclassical behavior include platelet and
particulate composites, sandwich and grid structures, honeycombs, concrete with sand, ferroelectric and pho-
nonic crystals, polyfoams, and human bones [1] [4]-[12].

The first theory of elasticity that took into account the microstructure of the material was developed in 1909
by Cosserat brothers. They presented the equations of local balance of momenta for stress and couple stress, and
the expressions for surface tractions and couples [13]. Many significant contributions were made by Eringen,
who developed micromorphic and micropolar theories of solids, fluids, memory-dependent media, micro stretch
solids and fluids and solved several problems in these fields [14]. In 1967, Eringen introduced a theory of plates
in the framework of micropolar elasticity [15]. Eringen’s theory assumes constant transverse variation of micro-
polar rotations and is based on a direct integration of the Cosserat elasticity equations. The micropolar plate
theory based on the Reissner plate theory [16]-[18] is developed by the authors in [19]-[21]. The results of the
preliminary computations for the micropolar plate theory based on the Reissner plate are compatible with the
precision of the Reissner plate theory [22].

In this paper, we present an extension of our static approach to the dynamics of micropolar elastic plates. We
reformulate a generalization of Hellinger-Prange-Reissner (HPR) variational principle [23] for elastodynamics
of micropolar materials, and then, using our assumptions, we postulate the variational principle for the Cosserat
plate dynamics. This principle allows us to obtain dynamic equilibrium equations and constitutive relations. We
present our preliminary study of the influence of plate size effect on the natural frequencies in comparison with
Mindlin-Reissner plates and perform the computations for different levels of the asymmetric microstructure.

2. Micropolar (Cosserat) Linear Elastodynamics

2.1. Fundamental Equations

Throughout this paper we will use the Einstein summation notation. The Latin subindices take values in the set
{1,2,3} , while the Greek letters take the values 1 or 2.

The Cosserat linear elasticity balance equations without body forces represent the balance of linear and
angular momentums of micropolar elastodynamics and have the following form:

diva:a—p, (D
ot

. oq
g-o+divu=—, 2
B ()

where the quantity o =0, is the stress tensor, g =y, the couple stress tensor, u and @ the are displace-

ment and rotation vectors, p = pg—u and g=J aa_¢ are the linear and angular momenta, p and J are the
t t

material density and the rotatory inertia characteristics, & =¢,, is the Levi-Civita tensor. In the linearized
theory p and J are assumed to be constant [3] [14]. For simplicity we consider the case J =JI .
The linearized constitutive equations are given in the form [3]:

o=C,[r]=(u+a)y+(u-a)y" +A(try)1, 3)

p=C,lx]=(r+e)x+(r-e)x" +Btx)L, @)
and the strain-displacement and torsion-rotation relations
T

y=(Vu)T+3-¢) and y=(Vp) 5)

where 1, A arethe symmetricand «, £, ¥, € the asymmetric Cosserat elasticity constants.
The constitutive equations in the reverse form can be written as

818
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y=K,[o]=(4+a)o+(u'-a')o" + 2 (tro)1, (6)

=K, [u]=(r+)u+(y' —€)u' + B (ttu)l. (7)
where 4=, o=l =l el /1'2—_/12 - and ﬂ':—_ﬂz <
4u 4a 4y 4e 6ﬂ(l+§lj 6y(ﬂ+37j

We consider a Cosserat elastic body B, . The equilibrium Equations (1) and (2) with constitutive formulas
(3)-(4) and kinematics formulas (5) should be accompanied by the following mixed boundary conditions

u=uy,@=9, on G =0B)\B, x[t,,1], ®)

0,=0-n=0y, 1, =p-n=p, on G =0B_x[t,1], )
and initial conditions

u(x,0)=U,, ¢(x,0)=®, in B, (10)

i(x,0)=U,, ¢(x,0)=®, in B, (11)

where u, and @, are prescribed on G, o, and g4, on G,, and n denotes the outward unit normal
vector to 0B, .

2.2. Cosserat Elastic Energy
The strain stored energy U, ofthe body B, is defined by the integral [3]:

U, = J'BOW{;/,;;} dv, (12)
where non-negative
+a -« A
Wiy 2 =20 + 520+ 5 Vi
2 2 2 (13)
y+e y=¢ B
+ 2 Zijlij +Tll'j;{ji +E/’{kklnn’
then the constitutive relations (3)-(4) can be written in the form:
o=C,[y]=V,W and p=C,[x]=V W. (14)
For future convenience, we present the stress energy
Ui =[, {0 s v
where
(D{O-’”} _£ e 0,0, t £ 0,0, +—0y0,,
2 y-y ! 2 (15)
}// + 6/ 7/! _ 6/ ﬂ!
+ B i Ky +T/ui/‘luji +?/ukk#nn'
The constitutive relations in the reverse form (6)-(7) can be also written in form:
oo oD
K, [0]=22 4 -k [u]-22. 16
The total internal work done by the stresses o and u overthe strains y and y forthebody B, [3]is
U:IBO[0-7+y~;(]dv (17)
and
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provided the constitutive relations (3)-(4) hold.
We also consider the stored kinetic energy of the body B, defined by the integral

. f {au 5¢}dv %IBO[,O@—’:J:J((ZJ Jdv

We also present the kinetic energy as

I (P, 4
Ty :IBOYK {p,q}dv:EJ'BO(——i-— dv,

e J
where
or, oul ou or 6(0} o0
=—X =K |—|=p— and q=—5=K,| — |=J—, 18
P "L;J Par M0 1775 "’[at ot (18)
or
_ 1 ou  Op
hi=, v ZIBO(Gt LR qjd
and
M _ Nk g, [p]=Pand?®-De _ g [4]-1, (19)
ot op 0 ot oq e J

The internal work done by the inertia forces over displacement and microrotation is

_ _r (. . %
T, = J.BOYWdV = J.Bo (E'u'f‘aﬂ?jdv
Using the integration by parts

3 3

Tdt Tdt——J- (putq-@)dv|} - J-Tdt

and taking into account the zero variation of p,u,q4 and @ at the end points of the time interval [to,tk] we
obtain

5 j:TK =5 j;"TW or 8T, =68T, =—5T,,

Note that since the variations ou and J¢ atandpoints #, and ¢, are zeros then
4 ou op [ aop oq
Lo jBO (( p 5( aJ+q 5( = D]dvdt = Lo Iﬁo(az Su+ - S |dvdt (20)

2.3. Hellinger-Prange-Reissner (HPR) Principle for Elastodynamics

We modify the HPR principle [23] for the case of Cosserat elastodynamics in the following way. Now it states,
that for any set .4 of all admissible states s= [u,w, ¥, X0, ,u] that satisfy the strain-displacement and
torsion-rotation relations (5), the zero variation

(s)=0

of the functional

ot

LOI [ (u—uy)+p,(p- ¢0)}dadt+J-J' (o, u+ py - p]dadt

Iy 6 a
®(5)=L0 {UK+TC—_[Bo(a~y+y';(+p—u+qa—fjdv}dt o
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at se.A isequivalent of s to be a solution of the system of equilibrium Equations (1) and (2), constitutive
relations (6)-(7), which satisfies the mixed boundary conditions (8)-(9).

Proof of the Principle

Let us consider the variation of the functional ©(s):

3 (s)=["[oU, +5Tc]dz—j’kj35a.y+a.5y+5p.l+,,.5l
I I

Ou op

—+q- 5(8 jdvdt
ot ot ot

+a—u§p+p~§[ j+5q
ot
+J-: G [56" .(u_u0)+an5” + 5/’ln (¢_¢0)+ﬂn5¢:| dadt?
t
+ J.t(]jgz [60 - 5” + ﬂo ' 5¢] dadt
Taking into account (5), we can perform the integration by parts

[ o-Sydv= j@g 6, -0uda—[ Su-divodv+|[ so-Spdv

jBO u-Sydv = j@gﬂ U, - Spda — Lﬂ’ -divpdy

and based on (16)-(19)

od od
D =—~-00+—o0u=K 00+ K -Ol,
S, :M_C.g(a_”}r ore .5(8_¢J:K [a"} 5(6_”j+1({6_¢}5(6_¢j
a(au) ot 6[%} ot ot or) Lot ot
ot ot

Then, keeping in mind 67, =—o0T and (20), we can rewrite the expression for the variation of the functional
é@(s) in the following form

59(s) Ugﬂ[( '[e]-7): 5a]dvdt+jj [( y]—;()ﬁy]dvdt

iR KK [a_ﬂ —pJ.a(a_‘;ﬂdvdt N KKq., [aﬁ_ﬂ_qj 5@_?)%“”
0, dea——j 5u}dvdt+ ], [[dwwg J—Z—j 5u}dvdt

+ I;Ig, [(u —u, .50'n :|dadt +Lﬂjgl [((0—%)'5/1,,Jdadt

+ jo J,[(0,-0,)-6u]dads + jo J,, [(4,~ 1) 59 dad

The latter expression provides the proof of the principle.

3. Review of Cosserat Plate Assumptions

In this section we review our stress, couple stress and kinematic assumptions of the Cosserat plate [20]. We
consider the thin plate P, where /4 is the thickness of the plate and x; =0 contains its middle plane. The sets T
and B are the top and bottom surfaces contained in the planes x, =h/2, x, =—h/2 respectively and the curve
I' is the boundary of the middle plane of the plate.

The set of points P = (Fx {—% %DUTUB forms the entire surface of the plate and T’ x{—%,%} is the

lateral part of the boundary where displacements and microrotations are prescribed. The notation I'_ =I'\I",
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. . h h
of the remainder we use to describe the lateral part of the boundary edge I', x[—z,g} where stress and

couple stress are prescribed. We also use notation £, for the middle plane internal domain of the plate.
In our case we consider the vertical load and pure twisting momentum boundary conditions at the top and
bottom of the plate, which can be written in the form:

033 (xl,xz,h/2) =o' (x,%,,1), 0y (xl,xz,—h/Z) =o’ (xl,xz,t), (22)
Ty (xl,xz,ih/Z) =0, (23)
Ha (xl,xz,h/2) = (xpxzat)a Ha3 (xl’x2’_h/2) = /lh (xlaxzat)a (24)
sy (x,x,,%£h/2)=0, (25)

where (x,,x,)€ R,
Some basic stress and kinematic assumptions are similar to the Reissner plate theory [16] and other chosen to
be consistent with the micropolar elasticity equilibrium equations.

3.1. Stress and Couple Stress Assumptions

We reproduce the main micropolar plate assumptions presented in [20]. The variation of stress o, and couple
stress g, components across the thickness is represented by means of polynomials of x;.

G, = g;maﬂ (5.3001), (26)

g5 (x,3,0)(1-¢7), 27)

=g (x,,2,,) (1-¢7 )+ G (%.3%,.1), (28)

%f— Jpl (x5, 0)+ & py (%35, ) + 0 (X, %501), (29)

Ho =(l—gz)raﬂ(xl,xz,t)+r;ﬂ(xl,x2,t), (30)

s :%é’s;(xl,xz,t), 31

Mg =G§3 —;jsﬂ(xl,xz,z), (32)

, =0, (33)

=LV, (34)
(1=n)

where p, (x,,%,,0) =1p(x,%,,t), p,y(x,%,,1)= p(x,x,,t),me[0,1] is the splitting parameter, the

2

functions v(x,,x,,t) and v'(x,,x,,f) are defined as v(xl,xz,t):%(,u’(xl,xz,t)—yb(xl,xz,t)) and

v*(xl,xz,t)zé(#t(xl,xz,t)+yb(xl,xz,t)), {z%x3,and a, B €{1,2} . In the future consideration v =0

and v =0.
We also will use the notation of the normalized components of the micropolar plate stress set

S(ﬂ)Z[Maﬁ,Qa,Q;,Qa,Raﬂ,Raﬂ,S J are defined as

3

M,, ( J [[Go.,d f’zmaﬁ, (35)
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0, =5 rdds =2, (36)

:—jla(l o )d§3 qa, 37)
0, =2{'4,(1-¢*)ac, =24, (38)
R, = gj r(1-¢° )d§3_ Toups (39)
Rio= 2] (1-¢*)ac, = 200, (40)
S;‘=@ jflauasda:gs;, 1)

Here, M, and M,, are the bending moments, M,, and M, —the twisting moments, O, —the shear
forces, Q,, and Q, —the transverse shear forces, R,,R,,R/,,R,, —the micropolar bending moments,
R,,R,,R),,R;, —the micropolar twisting moments, S, —the micropolar couple moments, all defined per unit

length.

3.2. Kinematics Assumptions

:_é\lj (xl’x29 )3 (42)
W s 1P (5,50, )
2% ZEQOII (xl,xz,t)(l—§2)+f2a (x],xz’t)’ (44)

gQ (xl’x29 ) (45)

where

Y, Z%j_llé’3uad§3,
W:ij1 (1-¢*)uydg
434 38635
:%(1—42 ) ude,,
Q) =21 (1-6*)p,d¢,
0, =2[ p.dc,
31
:ZI_1§3¢3d§3a (46)
Ua Z%J‘_lluadg?ﬂ

1pa
= E.[_I(Psdé}-
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. . . . 5 A . . .
The terms W, represent the rotations, W +W" vertical displacement, ZQZ +Q, describe microrotation

components, and €, the slope at the middle plane of the plate. Thus, the transverse variation effect of micro-
rotations is not neglected in our kinematic assumptions.
The components of the corresponding micropolar plate strain set g =[eaﬁ,a)ﬁ,a):,c?)a,rm,rap,r;ﬁ} are

defined as

3 1

€ = Zjllé}}/aﬁdéga (47)
3 2

@, =2 [ 7 (1-¢7)dS, (48)

* 3 1

@, =2 [ 7 (1-¢7)dS, (49)

N 3.

&, =7 [ 746, (50)
31

7 =5 [ 648 (51)
3 2

To =ZLM(1—§ )dg, (52)

. 3

Top :Zj_llaﬁd§3~ (53)

The components of Cosserat plate strain can also be represented in terms of the components of set U/ by the
following formulas:

ey = ‘I’ﬂ’a + gmﬂQ},

o, =¥, +&, (Q(,)B +Qﬂ)’
o, =W, +%W,Z +ip (2 +0y),

@ :%Wa + W, + 65 (%Q‘}, e j,

a 2 B
T}a = Q3,a’ (54)
—0OY A
T =Qp Qs ,,
. 5., 3a
T, =—Q, +—-Q,
aff 4 B 2 JiN1

The formulas (54) are called the Cosserat plate strain-displacement relation.
We also assume that the initial condition can be presented in the similar form:

Y, (xl,x2,0):‘Pg (xl,xz),

W(xl,x2,0)= W, (xl,xz),
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0, (xl,xz,O) =0, (xl,xz),

o¥Y —
a—t”’(xl,xz,O):‘Pg (x,x,),

ow _
E(xl,xz,O):wo (x,x,),

ow* —
—(xl,xz,O) =W, (xl,xz),

00" _
—t”‘(xl,xz,O) = ®g (xl,xz),

00" -
at“ (xl,xz,O) = @g (xl,xz),

00 _
—t3(x1,x2,0) =0, (xl,xz),
4. Specification of HPR Variational Principle for the Cosserat Plate Dynamics

The HPR variational principle for a Cosserat plate dynamics is most appropriately expressed in terms of corres-
ponding integrands calculated across the whole thickness. We also introduce the weighted characteristics of dis-
placements, microrotations, strains and stresses of the plate, which will be used to produce the explicit forms of
these integrands.

4.1. The Cosserat Plate Elastic Stress Energy Density
We define the plate stress energy density by the formula [20];

@(S):%J.jld){a,y}dé’}, (55)
M )(Myy) Bar )My 3@+ p)rg s A e
) =i an) T e Too | P0e0e 71500 +200.0; +80.0

3(a—u)M; -

+ (0! fu) ap G H
2hau 280/ au

3(r+€)SuSe | _y+e
2h’ye 1604’ ye

[21Qa (50, +40; )} - 67 o_he [24R2, +45K,
ye

+60R ; R}y + 48R, Ry, |+ [8R, +15R,,R.; +20R ;R |

—L[%(R )(Rys)-15(R:, ) (R ) ~20(R,., ) (B2, )] 0
S0 (35 +27) wa ) (Ryp v )\ Rig oo ) (Ro
_m[(z&a +3R:;a)t—h(v2 +t ):|+ 56011/1(/31/1-4-2#){(51:37777) pMW}
(A+p)h (140+16877+251772} s G L en (307
8404 (34 +2u) 4(1+7) 2u(3A+2u) 12hye
Then the stress energy of the plate P
Us = _[POCD(S)da, (57)

where F, is the internal domain of the middle plane of the plate P.
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4.2. The Cosserat Plate kinetic Energy Density

We define the plate stress energy density by the formula;

_hp Oou O
YC _ZJ.’IYC {5’5}(%3 (58)
.. . . . . . dp Oq . .
Taking into account the kinematics assumptions and integrating Y 5o with respect & in [—1,1]

we obtain the explicit plate stress energy density expression in the form:
h3p[8‘lja )2 hp(@WT ahp(ow Y 2hp ow ow*
Y. =—— +——— + +
24 \ ot 2\ ot 15 ot 3 ot ot

ang (600 (00 Y 2m7 a0 a0  hy(oQ. Y

150 a ) 2| a 3 o o 6\ o

Then the kinetic energy of the plate can be written

TS = jPOYCda, (59)

4.3. The Density of the Work Done over the Cosserat Plate Boundary

In the following consideration we also assume that the proposed stress, couple stress, and kinematic assumptions
are valid for the lateral boundary of the plate P as well.
We evaluate the density of the work over the boundary T', x[—4/2,k/2].

W2 o, u+u,-9)ds, (60)

Taking into account the stress and couple stress assumptions (26)-(34) and kinematic assumptions (42)-(45)
we are able to represent )}, by the following expression:

W=S8, U=M,¥,+OW+0"W" +R Q° +R.Q° +5°Q,, (61)
where the sets S, and U are defined as
5, =[M,.0". 02 R,.E;.5"]
U=, wmw.Q,.0,.0|
and

M, =M 4n;, 0 =Qyn,, R, =R 4n,,

S*=Sun,, 0™ =0)'n,, R, =R, ;n,.
In the above 7, is the outward unit normal vector to T',.
The density of the work over the boundary T, x[—//2,h/2]
W=21" (0,0, +m,,0, )48,
can be presented in the form
W, =S, - U=T1,,¥, + T W+ W + M, Q) + M, Q, + M0,

where
Maﬂnﬂ :Hua7Raﬁnﬂ :Moa7
'n, =I1,,Sn, =M

03> Yata 03>

Qana = Ho}’ Raﬁ'nﬂ = Mo

o

(62)
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Now n, is the outward unit normal vector to I',, and

hY o h
Hga = E I71§3o-aadé/3’ MOG! :Ej—lluoadé}’
/!
:—I -0, dé’p 5_'.71(/103—1‘}13)(1;3,

h o
= _J. O-O dé’}’ oa = EJ‘ilﬂoadé’T (63)
We are able to evaluate the work done at the top and bottom of the Cosserat plate by using boundary con-
ditions (22) and (24)
ITUB (0,515 +m ;0,5 )nyda— I (pW +10Q) ) da.
R
4.4. The Cosserat Plate Internal Work Density

Here we define the density of the work done by the stress and couple stress over the Cosserat strain field:

V\é%ﬁ,(a-yww)dé. (64)
Substituting stress and couple stress assumptions and integrating the expression (64) we obtain the following
expression:
W,=8-E=M e, +0,0,+0;,0,+ 0,0, + R yToy + RopTop + 5,75, (65)
where & is the Cosserat plate strain set of the the weighted averages of strain and torsion tensors

* Jol *
8=[eaﬂ,a)ﬂ,a)a,a)a,rm,raﬂ,raﬂ].

4.5. The Alternate Density Form of the Kinetic Energy

Here we define the density of the kinetic energy:

h Ou op
W=~ p-Z+q-2Lldc,.
* 4I1(p o 1 arj &

which can be presented in the form

wop Y
ot

where

U=[v,.w.0,0 w0

5. Cosserat Plate HPR Dynamic Principle

Let A denote the set of all admissible states that satisfy the Cosserat plate strain-displacement relation (54)
and let ® be a HPR functional on A defined by

=U; +T7 SSPauP Q) |d S ds S, -Uds 66

O(s,n)=Uyp +T; —_[ E+P— - W +1vQ)] a+J'FU (U-U,) +-[ru - Uds, (66)

By

for every s=[U,E,S]e A. Here P=(p,,p,) and Wz(W,W*).
Then

3 (s,n7)=0

is equivalent to the plate bending system of equations (A) and constitutive formulas (B) mixed problems.
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A. The bending equilibrium system of equations:

M 0,=1 Oy (67)
aff,a B~ to 8t2 s
O +p = —62W* (68)
a,a pl po atz s
. o*QY
Ry, +E,(0-0,)=1, — (69)
. 0’Q,
83ﬂyMﬂy +Sa,a :J3 6—2, (70)
t
. R o'W
OQput Py = Po o (71)
. A RN
Raﬂ,a +‘93,57Q7 = Ioa 2a > (72)
ot
n 2h 5h s~ —~ 2 ,
where I =—p,p =—p, [ =—J, J,=—J, = and =—(1- , with the resultant
V= PP E TP L= =g PP p=3(1-n)p
traction boundary conditions:
Maﬂnﬁ :Hoa’ Ra[?‘nﬁ :Mna’ (73)
:zna = H03’ S:zna = YUS’ (74)
at the part ' and the resultant displacement boundary conditions
\P(Z:\POG’W:VV()’QZ:QSQ’QSZQO3’ (75)
atthe part T',.
The constitutive formulas have the following reverse form':
A+u)h’ 3 3p, +5p,) AR’
aa:’u( /J) \Paa+ /Iluh 55 ( pl p2) (76)
3(A+2u) " 6(A+2u) 7
(u-a)h’ (u+a)n’
M, = Y, .+ Y, +(-1 77
Pa 12 a,p 12 B.a ( ) ( )
5(r—¢)h _,  S(r+e)h
Ry, = p Q.+ Q, 4 (78)
_10hy(B47) o ShBr
At~ Alp AN Sfaa TS o A NSRS (79)
3(B+2y) 7 3(B+2y) 7
2(y—€)h A 2(y+e)h 4
Ry, = Qg+ Q, 4, (80)
3 3
8y(y+L)h A A
g, S0P 4 (81)
3(B+2y) " 3(B+2y) ”
S(ug+a)h S(u—a)h 2(u—a)h
g, ey, Slucah, 2wk, (82)
6 6 ' 3 ’
5(u—a)h S5(u-a)'h 2(u+a)h
g Sy, Sluza) by, 2wtk (83)
6 6(,u+a) 3 ’

"In the following formulas a subindex #=1ifa=2and f=2ifa=1.
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A Bauh +(_1)a 8ah o

(u+a) 3(u+ta) "
. Syel’
R A re N
“ 3(y+e) 3’“
4u(i h
_Au(Arph, 2 M,

aa aa T BB +
A+2p TOAR2u T A+2u
Ny, =(u—a)hUy,, +(u+a)hU, ,+(-1)" 2ahQs,

M; _ 4yeh an’

y+e

Proof of the principle. The variation of ©(s)

30(s)=08Uy (n)+5T7 () + j{(/c[s]—g).css{ic[%ﬂ ) 5%—355;

R

ou

where
Sle[S]le-S,

where we call /C the compliance Cosserat plate tensor.

We apply Green’s theorem and integration by parts for S and SU [23] to the expression:

R 20} )

ot

. 6290 o
+ Ma,a+ngﬁ7—Im P Jéﬂ da.

2

ou Y, . d
j[s SE+65P- a—jda— J.Soé-uds—j{Maﬂ‘a—Qﬂ—l(,? S+ Oy =Py —

W de*

ot

_ZV}SW

*Q°
[t @01 E 01

. 0’Q oW
| Spu TE35,Mp —J; P ]éD +( -p, e Jé‘Uﬂ

82

— =8P+ PSW +v&X2 }dmj {88, -(U-U,)+S, -sU}ds+]_S,-oUds,
ot Iy r,

(84)

(85)

(86)
(87)

(88)

Then based on the fact that 65U/ and OE satisfy the Cosserat plate strain-displacement relation (54), we

obtain

ou ou

&9(s,77):5U}§(77)+5TCS(77)+H(IC[S]—&’)ﬁS—S&EJ{S[%ZZ} ] S §P}da

ot

B

IRk 0,-1 Oy N, +| O Cilid W
+ -0,-1,—* + +p
A aff,a B o atz B a,a po 6

2

A . ow o’
+(Qa,a+p2_pu atz Jé‘W"r[ +g3ﬂ7 (Q Q ) 05/3’05_ ox J&O

62

’Q
0 3
+(Raﬂa +6,,0, )én ( ooy My, — S J&’Z}

o'W 00 .,
+(Naﬂ,a_p Y de +( v TE5, Ny — 1, P ]éQ da

+jr6530 -(u-ua)ds+jru(30 -8,)-SUds.
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If 5 is a solution of the mixed problem, then
3 (s,n7)=0

On the other hand, some extensions of the fundamental lemma of calculus of variations [23] together with the
fact that &/ and & satisfy the Cosserat plate strain-displacement relation (54) imply that S is a solution of
the A and B mixed problems. The uniqueness proof is similar to [20].

Remark. The above equilibrium equations and boundary conditions for the Cosserat plate can also be obtained
by substituting polynomial approximations of stress and couple stress directly to the elastic equilibrium (1)-(2)
and the boundary conditions (22)-(25) and collecting and equating to zero all coefficients of the resulting poly-
nomials with respect to variable x;.

6. Micropolar Plate Dynamic Field Equations

In order to obtain the micropolar plate bending field equations in terms of the kinematic variables, we substitute
the constitutive formulas in the reverse form (76)-(88) into the bending system of Equations (67)-(72). The
micropolar plate bending field equations can be written in the following form:

2
LU=k ‘38 tﬁ’ +F(n) (89)
where
I L, L, L, L, 0 Ly kL, 0 L 1
L, L, L, L, Ls 0 kL, Ly 0
L, Ly, Ly 0 Ly Ly L, Ly Ly
Ly, L, 0 L, 0 0 0 0 0
L= 0 L —Ly 0 Ly Ly _kLss Ly 0 |
L16 0 L39 0 Lss L66 _kL36 0 Lss
L, L, Ly 0 Ly Ly L, Ly Ly
0 Lg —Lg 0 Ly Ly kLys Ly kil
L L 0 —Ly 0 Ly Ly KLy, kLss Lo
_h3 _
— 0 0 0 0 0 0 0
12 »
h3
0 — 0 0 0 0 0 0 0
12”
0 0 hp 0 0 0 23—h Yol 0 0
0 0 0 hJ 0 0 0 0 0
K = 0 0 0 0 %J 0 0 %J 0
0 0 0 0 0 %J 0 0 %J
15
2h 8h
0 0 — 0 0 0 — 0
37 15°
0 0 0 0 %J 0 0 hJ 0
0 0 0 0 0 %J 0 0 hJ
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u=[w, ¥, w

Q o o oo o,

3 A(3py, +5p,,)  3A(3p, +5ps,) W (3p, +4p,)
f(?])z— - - 00 0 ———= 0 0],
30(/1+2,u) 30(/1+2,u) 24
pl =77p,

p =—(1_77)P
2
The operators L are defined as follows
2 2 0? 0 0
L, =Cl_12+cz _22_033 L, z(cl _cz)%9]ﬂ3 =Cna_x]aL14 =Cp Ea
0 0? 0? 0 0
L =cy, Ly, :kcna_xlallzz zczg"'QQ_chzs :Cng’LM :_Clza_xl,
0t 0 0 0 0
Ly=c¢ [E""@jalﬂs =0 E:L% =05 a_xl,Lss =" aal’sg =G 5_)61’
0 0 0* &
L,=-¢,—,L,=¢c,—,L,=¢c.| —+—|—-2¢,,,
41 12 or, 42 = Cpp o, 44 6{6)(12 6x22J 12
2 2 e
LSS C7—12+C8 _5_261331‘56 =(C7 —Cg)%,lgg =_Cga
2 2 62 62 62 62
L. =c—+c,——-2¢,,L,=¢c.| —+—|,L, =c¢;,| —+—|,
66 8 xlz 7 ; 13 73 5(8)(?12 axg 77 3 6)612 axzz
0 0 0° 0°
Ly =-cy, g’Lw =Cy a_xlsLss =¢ _12+cs _22_2013’
2 2 P 2
Ly = ke; — +keg—5—¢5, Log = keg — + ke, —5 —¢;5
X 0ox; X Xy
where
. 4 R u(A+u) h(a+p) Sh(a+ p) Sh(oc—,u)2
:—,c = ’c = ,C = ,c = ,
57 3(A+2u) 7 12 } 6 fo6(atp)
h(Se” +6au+5u” ) R ye 10hy(B+y)  Sh(y+e)
C. = , = ,Ch, = ,Cg = >
’ 6(cr+p) © 3(y+e) T 3(B+2y) 7 6
10ha? Sha(a— ) Sh(a—u) a
= 5Clo = O =T = >
3(a+p) 3(a+u) 6 6
5ha ha (50 +3) 2ha(Sa+4u)
C3 = 39614= 3 G5 = .
(a+n) 3(a+p)

The right-hand side, and therefore the solution I/ are the functions of the splitting parameter 7. The opti-

mal value of the parameter 7 corresponds to the minimum of elastic energy over the micropolar strain field.
The algorithm was described in [21]. The system (89) should be complemented with the boundary conditions.
We describe the case of the hard simply supported boundary conditions in the numerical simulation section.
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Numerical Simulation

Let us consider a square plate axa of thickness /4. In our numerical computations we will consider a plate of
thickness 4 = 0.1 m made of polyurethane foam, and the ratio a/h varying from 5 to 30. The values of the
technical elastic parameters for the polyurethane foam are reported in [1]: £ =299.5MPa, v =0.44,1[,=0.62
mm, [, =0.327, N’ =0.04. These values correspond to the following values of Lamé and asymmetric para-
meters: A=762.616, ©=103.993, a=4.333, B=39975, y=39.975, €=4.505 (the ratio B/y is
equal to 1 for the bending).

The boundary G =G, UG, is given by

G ={(x.x,):x, €{0.a},x, €[0,a]}

G, ={(x.x,):x, €{0,a},x, €[0,a]}

and the hard simply supported boundary conditions can be represented in the following mixed Dirichlet-
Neumann form [21]:

G] :W:07W* :0,\}12 :O,Q? :Oaé? 209

Wy Q° QO
G0 =0 g% _(%h _
on on on

G, W =0W =0,% =00 =0,Q0 =0;

0;

Wy Q° Q°
G0, =00 g X _ X
on on on

By applying the method of separation of variables for the two-dimensional eigenvalue problem (89) with the
hard simply supported boundary conditions we obtain the kinematic variables in the following form:

Y™ = 4, cos [m]sin[mmz jsin(wt), P = A, sin [m)cos[mmz jsin(wt),
a a

a a
W™ = A, sin(nnx1 jsin(mmc2 jsin(a)t), Q" =4, cos(’mxl jcos[mnx2 Jsin(wt),
a a a a
Q)" = 4 sin [n_mc,j cos ( Y ] sin(at), Q3™ = A, cos ( T j sin ( i j sin (), (90)
a a a a
W™ = 4, sin (_mrxl j sin ( T j sin(wt), Q"™ = 4, sin (—nnxl ] cos ( T ) sin(ar),
a a a a

. nmx, . ((mmx, ) .
Q)" = A, cos [—IJ sin [—QJ sin(at).
a a

and a standard eigenvalue problem for a system of 9 algebraic equations. Thus the model produces a spectrum of
9 infinite sequences {w.’"”I; (i =1,2,---.9;n,me N) of eigenfrequencies, which are related to the rotatory and

i

flexural vibrations, particularly @™ and @) correspond to the rotatory vibration of the middle plane, ;"
—flexural vibration, @," —transverse variation of flexural vibration, @;", @!", @;" —microrotatory vib-
ration, and @;" , @," —transverse variation of microrotatory vibration.

Preliminary computations show that only @™ ,@)" eigenfrequencies remain nonzero when asymmetric
constants of Cosserat elasticity tend to zero. These frequencies corresponds to the free oscillation of the case of
Mindlin-Reissner Plate. We can see that for the case the first iegenfrequencies {a),.”} in Figures 1-3.

We perform computations for different levels of the asymmetric microstructure by reducing the values of the
elastic asymmetric parameters. Figure 4 illustrates the typical size effect of micropolar dynamic plate theory
that predicts that micropolar plates made of smaller thickness has higher eigenfrequencies that would be

expected on the basis of the Midlin-Reissner plate theory. Similar experimental behavior was reported in [ 1] for
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Figure 1. Dependence of @, =w' onthe 10™ of the original values of asymmetric con-
stants.

0.35 ——— ———————————— ——

0.30

0.25

0.20

0.15

Frequencies @3 and Wy

0.10

0.05

L e IS o s o e e
4

-~-
\-~
0.00 L [ el X X S

3 4 5 6

R P,

(=}
—
N

n

Figure 2. Dependence of @, =@} (solid line) and @, =@, (dashed line) onthe 10 of
the original values of asymmetric constants.

torsion and bending of cylindrical rods of a Cosserat solid.
We also check how the total energy of the free oscillation depends of the value of the shear correction factor
x in the constitutive formulas:

(+a)h (u—a)h 2(p—a)h

C2))

0, =K Y, +x W, + w
6 6 ’ 3 ’

N ’“’“T“Q(;, (1) ’”’T“Qﬂ,

o Gl L

6 a

2
K(,u—a) hW

6(u+a)

. 2(u+a)h

(1-a)

+(-1)" Kza (Qoﬂ +

(u+a)

A

Q

)

We consider a rectangular plate axb of thickness #=0.1m. As we can see from Figure 5, the minimum
value of the shear correction factor x is shifted to the left by 4% - 5% depending on the geometry of the
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(dashed blue line) on the 10™ of the original values of asymmetric constants.
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Figure 4. Comparison of the frequencies wy of the Mindlin-Reissner and w,, of micropolar
plates, which illustrates the influence of the thickness of the micropolar plate (red line—
micropolar plate; blue line—micropolar plate with 10%; green line—micropolar plate with
1% of the original values of asymmetric constants; black line—Mindlin-Reissner plate).

plates. This result is consistent with the changes of this factor used in the Mindlin-Reissner plate theory.

7. Conclusion

This paper presents a mathematical model for the vibration of micropolar elastic plates. This model is based on
the proposed generalization of Hellinger-Prange-Reissner (HPR) variational principle for the linearized micro-
polar (Cosserat) elastodynamics. The modeling of the plate vibration is based on the HPR variational principle
for the dynamics of Cosserat plates, which incorporates most of assumptions of the authors’ enhanced mathe-
matical model for Cosserat plate deformation. The dynamic theory of the plates obtained from the dynamic
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Figure 5. Total energy distribution with respect to the shear correction factor x (blue line—
micropolar plate 3.0 m x 3.0 m; green line—micropolar plate 3.0 m x 4.0 m).

variational principle includes a system of dynamics equations and the constitutive relations. The preliminary
computations of the rectangular plate vibration predict additional natural frequencies, which are related with the
material microstructure and obey the size-effect principle similar to the known from the micropolar plate de-
formation. The computations also show how natural frequencies of micropolar plate converge to classic
Mindlin-Reissner plates and the total vibration energy can get 4% - 5% smaller depending on a parameter in the
constitutive formulas and the geometry of the plates. These result are consistent with the modification (from
5/6 to n’ / 12 ) of the similar parameter used in the Mindlin-Reissner plate theory.
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